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This research investigates diverse wave behaviors of innovative higher dimensional Boussinesq model (BM)
based on Hirota bi-linear technique. From this, firstly we derive lump and multiple soliton solutions. The study
explores various dynamic behaviors, including interactions involving one up to four solitons. Additionally, the
study analyzes breather waves, twofold periodic wave, periodic line lump wave, and the interactions among bell
solitons. Other interactions analyze include lump wave with periodic wave, 1-stripe soliton and 2-stripe solitons.

Many of these dynamic properties not yet explored in previous research. The trajectories of these solutions are
visualized using Maple software, providing deeper insights into the model’s dynamical behavior.

1. Introduction

The development of exact solutions and novel structures in nonlinear
partial evolution models (NLPEMs) is a crucial area of study in soliton
theory. In latest years, researchers have invested their strength to study
on solitonic solutions and various types interactions in NLPEMs,
employing numerous analytical methods like(G'/G)-expansion tech-
nique,’ Darboux transform,” the exp-function procedure,®* the modified
Kudryashov technique,® Hirota bilinear technique,®® the sub-equation
technique,”'’ the numerical technique,'' the fractional derivative
methods,'>'® the Fourier spectral method,'* and the bilinear network
technique.'>'® Among these, Hirota’s bilinear technique is particularly
effective for obtaining exact solitonic solutions in NLPEMs. Once the
bilinear form of an NLPEM is established, it becomes possible to derive
rogue, multi-soliton, and breather wave solutions.

In recent decades, scientists have been infatuated by dynamic solu-
tions, particularly rogue-lump solutions, which can manifest in
numerous physical contexts like deep ocean waves, plasma, Bose-Ein-
stein condensates, and nonlinear optics.'”'® Lou et al. explored lump
solutions through the variable separation approach,'® in 2002, while a
multifaceted category of lump-type solutions for the KPI equation was
recently developed by Ma et al.’’ Further integrable equations with
lump solutions include the Ishimori-I,?! the Davey-Stewartson-II,> the
Boussinesq,”” and the BKP model equations.”*

* Corresponding author.
E-mail address: belalshimull4@gmail.com (M.B. Hossen).

https://doi.org/10.1016/j.padiff.2025.101320

Lump wave solution is explicit sensible type solutions wholly relied
within limited regions in any directions, while lump waves are restricted
to tiny regions in most directions, though not all.>> >’ Rogue waves,
known for their large, unpredictable, and rapidly occurring nature, pose
significant hazards to deep-sea vessels and are often linked to maritime
disasters.”®2° Recently, researchers have extensively investigated soli-
ton, lump, rogue, and hybrid solution collisions in various nonlinear
models.?”*! Inspired by these studies, our aim is to derive complex wave
solutions and interactions, including collisions of bell solitons with pe-
riodic lump waves, interactions between lump waves and one or two bell
solitons, twofold periodic waves, and two pairs of lump waves arranged
in a line, for the (3+1)-D BqE.>? These interactions not yet previously
explored in the integrable (3+1)-D BqE.

The dispersion of gravity waves that occur on the water’s terrain,
specifically the squarely interaction of a slant waves, is well described by
the Boussinesq equation in two dimensions. The (2+1)-D Boussinesq
model is one of the NLPDEs that may be expressed as

uttfuxx‘ks(uz)xx*uxxxx*uyy:(): (1)

It is frequently used in fluid mechanics and was initially presented by
Allen and Rowlands in 1997 to describe the uniform flow of lengthy,
small-amplitude oscillations on the exterior of shallow water in a canal
with a fixed width.

In this paper, we explore an advanced higher dimensional Boussinesq
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model (BM)*%

1
U — Upx + (uz)xx — Usoex 1+ Zuyy + uyt + Uz = 0. (2)

Previous studies have employed various methods to explore solu-
tions to the Boussinesq equation.33 3% For instance, Xing Li et al.®
explored soliton solutions of Vc-Boussinesq model in higher dimensions
using Bicklund transformation and Painlevé analysis. Sachin et al.>*
explored precise analytical solutions and wave structures for extended
(3 +1)-D Boussinesq equation through symmetry analysis. By Sardar
sub-equation technique, Sulaiman et al.>® discover some new types wave
phenomena of (3+1)-D Boussinesq equation. Liu and Zhu®® derived
multiple rogue wave solutions using a modified symbolic computation
approach, while Wazwaz et. al.>” explored freak upsurge results of the
(3+1)-Dimensional gKP-BM. Singh et al.®® attained bright- and
dark-rogue solutions, and Lu et al.>* applied the HBM to trace lump
solutions in shallow water for two-dimensional generalized BqE. Among
the previous investigation, interactive and colliding incident are
frequently happened naturally. Such interactions of waves are still un-
explored for the new higher dimensional BqE. Owing to this fact, we are
very interested to explore interactions such as the collisions of bell sol-
itons with periodic lump waves, interactions among lump waves and
bell solitons, two lump waves, twofold periodic waves, and two pairs of
lump waves arranged in a line for the model.

This paper is organized as: the bi-linear representation to a given
model is covered in Section 2. Section 3 focuses on lump surge propa-
gation using positive quadratic functions. Section 4 deliberated the
resulting N-soliton solutions and examine various deformed waves and
their interactions. Section 5 addresses three types of solitonic interac-
tion. The important and innovation adresses in Section 6. An enlight-
enment of the conclusion is conversed in Section 7.

2. Bi-linear formation of the Boussinesq model
We now introduce the potential transformation as
U= A(t)qxx 3)
where A = A(t)is a constant. Switching (3) into (2), gives
M — e+ (e~ Mo+ 5 My + My + e =0 (4)

Integrating once (4) w. r. tox, and considering the trivial integration
constant, yeilds

1
qx2t — q3x + j-(t) (qix)x — Qsx + qu,Zy + qx.yt + Qoxz = 0 (5)

Integrating once more w. r. to x, even assuming the trivial integra-
tion constant, we arrive at

1
Qo — Qox + A1) (q5y) — Qax + 792 +dye+4xz =0 ©)]

If M(t) = 3 is chosen as ¢ = 2Iln  fand by applying the formula from
Appendix (A10) in Reference,40 (6) for g becomes:

5(9) = Pa(q) ~ Pa@) + 365 ~ Pa@) + (@) +Pyu(@) + Pusle) = O

)

Based on the results of the P-polynomial provided in and
applying the formula from Appendix (A10) in Reference,’ one obtains

40,41

1
Dyt Dy — Dax + Doy + Dyt + Dy = 0 )

The expression leads to bilinear form as,

1
(p2-p2-0t+ 30+ D0 40D )5 <o ©
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Using the following transformations, we obtain

q= Zlnf(xdﬂ Z, t) ¢=>U(X7y7 Z, t) = C(t)qxx = 6[lnf]xx' (10)
3. Lump type solutions of Boussinesq equation

To acquire lump solutions of (9), we begin with

flump :l//2+§2+(19, (11)
with
w(X,y,2,t) = X +ya + 2zaz + taz + aq 12)
E(x,y,2,t) =X +Yyas + 2as + ta; +ag ’

whereq;,(i=1, 2, 3, ...... , 9)are constraints to be identified. By utilizing
the symbolic computation tool Maple and putting (11) into (9), we
attain some equations for the constraints:

Case-I:

/ 1 1
2 2
a5—a1+2 a1a7fa7f2,a2—fa7a577a1,a6—27a1a7

1
—501ds — Az,
2

a; =ay; =const.,az = a4 =ag =ag =0,
13)

Inserting (13) into (11) along with (12), we get following solution,
1, 1 2
Sump = | X+ a1y +2{ — 74 + 54745
1 2
+ {x+ya5 +z<27a1a77£a1a57a2> +a7t] + ag 14)

We have depicted physical representations of the solution (14) along
with (10) for some values a; = 1.5, a; = 2, and a9 = 1 in Fig. 1.

Case-II:

@) =03=04=0a5 =0y =g =CONSt.,Az =1 — 2,06 =J1 + X2
4a,a;02 —4a; a3 a3 +4aZa? —4a2asa; +4asay a3 +a? +16a,as
a? —2a;,as —4a,a; +4a% —4azas —8aza; +az +4az+8
15)

Qg =

where y; = 1— lajas — a1a; — lasas — asazandy, = la? + lasa; +
12— 4o~ Jaras - 1a3

Replacing (15) into (11) along with (12), yields the following solu-
tion,

Sump ={x+a1y+2(r — o) Fast+as Y +{x+asy+2z(y, +1,) +art+as}’

4a; 0303 — 4a;azak +4a2a? — 4atasa; +4asa;ai +a% +16asas
a? —2a;as —4a;1a; +4a% — 4azas —8aza; + a2+ 4a% +8

(16

We have depicted physical representations (see Fig. 2) of the solution
(16) along with (10) for a; = 1.5, a3 = 0.2, a4 = 1, as = 0.5, ay =
0.2andag = —0.5. Fig. 2 presents a 3D view of the lump solution of (2) in
various planes along with the corresponding contour shape. It is seen
that Fig. 2 resembles an eye-shaped lump wave profile, consisting of two
valleys and a central hump. Moreover, it is noted that the lump wave has
the uppermost crest relative to its adjacent area and can occur within a
brief period.
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Fig. 1. Lump solution of (14) by picking appropriate parameters: a; = 1.5, a; = 2, andag = 1, 3D plots at t = 0 with (a)z = 0 (b)x = 0 (c)y = Oand relative contour

shapes (bottom) respectively.

4. Multiple soliton solutions and their hybrid structures

Generally, the soliton solutions can be discovered through applying
Hirota’s scheme.*? Consider that f exhibits multi-solitons in the form:

M M
f=fu= ZeXP ( Z &+ Z SiEjCij> a7)
Fsy

e=0,1 i<j

4.1. The 2-soliton solutions and their distorted structures

We take M = 2, so f» is derived as

fo=14¢e" +e% 4+ Cppe” ™, (18)
wherein,
9 = ki(x+piy + gz +1it) + 87, a9

By replacing (18) into (9) and over-simplifications, then set all the
coefficients of exponential terms as zero, which leads to the following
solution:

1
G =k —gpf —pri—r +1(i=1,2),

2
_ o — 24k1k2 ( 0)

C12 o o+ 24’(1’(27

where, 6 = 12k? + 12k + p? — 2p1ps + 4pir1 — 4pira + p2 — 4pary +

4pors + 47‘% — 8riry + 47%.

Then inserting (18) into (10) with (20), we attain the two-soliton
wave of (2). If lettingky =1, ka =2,r1 =ry=1,p; =1, po = 2and 19‘1) =
198 = 0, we can attain a two-kink wave is portrayed in Fig. 3(a).

Using the above method, Eq. (18) generates breather wave by
selecting appropriate constraints. These breather waves of (2) can be
obtained from (20) for the following requirements:

ki =1Iby,ky = —Ibs,p1 = a,p» = —a;, 1 = by,ry = by. 21
For instance, choosing constraints ask; =k, =Ip; = —p2=1.5,r =

ro =1, 8% = 93 = 0, we can attain breather solutions which is illustrated
in Fig. 3(b). Additionally, Eq. (18) can be expressed as:

f=1+exp{(1.5y —1.52)I}{2cos(x +1.5625z +t) + 1} (22)

and thus
u = 6[In(1 + {2cos(x + 1.5625z + t) + 1}exp{(1.5yI — 1.52I)I})],,
(23)

The waveforms presented in (23), exhibit bullet-shaped twofold
periodic waves, as seen in Fig. 3(c). However, by setting the parameters
ask; =k, =Ip; =p, = 1.5I,r; =ry =1, 8% = 89 = 0, Eq. (18) simplifies
to
f =1+ (6.333333333 — I)exp(—3y + 32)

+ 2cos(x — 0.4275z + t)exp(—1.5y + 1.52) (24)
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(a)

-10

(b)
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Fig. 2. Lump solution of (16) by taking suitable parameters: a; = 1.5, a3 = 0.2, a4 = 1, as = 0.5, a; = 0.2andag = —0.5, 3D plots at t = 0 with (a) 2=0 (b) x =0 (c) y

= Oand corresponding contour plots (bottom) respectively.

and thus

u = 6[In(1 + 2cos(x — 0.4275z + t)exp(—1.5y + 1.52)

+(6.333333333 — Iexp(—3y + 32))], (25)

The solution profile given by Eq. (25), illustrates periodic line lump
waves, as exposed in Fig. 3(d).

4.2. The 3-solitons solutions and their distorted structures

We consider M = 3, so fsis derived as

f3 =1 + eS] + 832 + 683 + C12691+92 + Cl3e191+193 + C23682+93

+ C12Co3Cr3e" 2703 (26)
where, 9; =ki(x +piy + qiz +rit) +9°,(1 < i < 3),and g;, Cyjin whichj >
i i,j =1, 2, 3derives from (17).

For parameterr) =ro=r3=1,k; =ka=k3=2,p1 =1,p2 =2,p3 =
—1 and 99 = 93 = 93 = 0, leads to the collision of 3-bell solitons, as
depicted in Fig. 4(a) with contour plot Fig.(b). This figure shows the
interaction between three bell-shaped solitons, which act together at (0,
0).

In addition, by taking the parametersr; =ry = 1,r3 = —1,k; =k, =
Lks=1,p;1 =1,pp = —2,p3 = -1 and &) = 99 = 93 = 0, then (26) re-
duces to

9 13 i<3yf%2>
—<z2+ t) — €

3

i 9
f= Jrexfyf%z—t |:1 + (i _ El) el <x+y 4”[) + <,§ + ﬁl) g ibe=2y+t)

13 13
(301,
219
27)

This is a solution with complex values, where both the real and
imaginary components represent the collision between a periodic wave
at that point a periodic line lump upsurge, where the lump upsurge
emerging along the diagonal. We have portrayed physical illustrations of
the solution (27) in Fig. 4(c).

For the values k; =k, = 2L,k =1p; =p, =L,p3=-1r=rp =1,
r3 = —land &9 = 95 = 93 = 0,then (26) reduces to

) (7))

73"

15
1+ 7350 4 49g~ 45 | 2 2t 2ic0g (2x -5 e 2t>

1030 15

f= ~877 eIt teog <2x -5 % + 2t) (28)
576 4 syi7co: 15 19453 , o s,
8776" *fgin( 2x 3 z+2t) + 877 e* i

It is also complex valued solution. It represents interface amongst a
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Rlu)

Riuy

(d)

Fig. 3. (a) Collision between two bell solitons of (2) (3D view on top, density plot below), (b) Breather wave solutions of (2) for: ki =k, =Ip1 = —p2=1.5,r1 =ry =
1, 19(1’ = 192 =0, at t = 0; (c) Real part of the twofold periodic wave for (22) (3D view on top, density plot below), (d) Periodic line lump waves for (24) (3D view on

top, density plot below).

periodic lump wave, in addition a bell soliton, where the bell soliton
propagates along the diagonal and periodic lump wave transmits across
the x-axis. We have portrayed physical illustrations of the solution (28)
in Fig. 4(d).

4.3. The 4-solitons solutions and their distorted structures

We take M = 4, so fais derived as

14e" +e” €% 1 €% +Crpe” ™ 1 Crae ™ +Cpae 9 + Cope o
_ 9549 9549 9119249 9119249,
fa=1 +Cp4€" "% 4+ C34€" 1% + C15Cp3C13" 7277 4 C15Cp4 Crge™ +2%
9149349 9549349 914948340
+C13C14C34€" 737 + Cp3C04C34€72 73771 4 C13Co3C34e™ 77272154

(29)

238

1
f=1+2eYcosp, +e” +e +%eﬁ4 +13e %= e”5{ ——cosp, +

97

T 3457

16224 i)e3x+3 —%z-+—4r:7
10573

_36550861C ! 7 36550861

3133, .., 54925 20111
—y—22+2t 2x-+2y+4z+2t _
AT 3457 ¢ +( 10573

o { 6971926

1 1
0sp; + 3498368 sinﬁl} + e"7{ 534 cosp; + Z:gg

where, 9; =ki(x +py +qiz +1it) +8?,(1 < i < 4),and g;, Cyin whichi <
j; i, j = (1, ..., 4)originates from (17).

For the principlesky =1, ko =k3=2,ks4 =—-2,p1 =p3s=1,p2=2,pa
=-12,rn=1rn=-1,r3=1.2,r4=2and & = 93 = 93 = 85 = 0, yield
collision of four-bell soliton solutions, as revealed in Fig. 5. Fig. 5(a)
elucidates the interaction of four bell-shaped solitons, which collide at
(0, 0). We also present the corresponding contour plot with different
color schemes for enhanced clarity.

Additionally, when the values k; =k =Lks = 1,ks =2,p; =p, =
ILps=1ps=2ri=rp=r4=1, r3 = 2and 8 =9 =93 =93 =0,
then Eq. (29) reduces to

192
97 sing, }

sing, } (30)
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Nieey

Fig. 4. (a) Collision of three bell solitons via (26) at t = 0, z = 0; (b) contour plot corresponding to (a), (c) collision between a periodic line lump trend as well as
periodic wave, as determined by the solution of (27) (3D view on top, density plot on the bottom), (d) collision between a bell soliton and a periodic line lump wave
utilizing (27) at t = 0, z = 2; (3D view on top, density plot on the bottom).
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13

Fig. 5. The collision of four bell solitons through (26) 3D view at z = 0, (a) t = —2; (b) t = 0; (c) t = 2; silhouette plots of the corresponding 3D view (bottom)
respectively.

(u)

RARRANAAN

(b)

Fig. 6. (a) Collision among periodic wave, bell soliton, and a periodic line lump wave through (30) (3D plot on top, density plot below), (b) Collision of a paired
periodic wave with a periodic line lump wave for (31) (3D plot on top, density plot below).
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where,-
Pr=x—-3z+tpy=x+y—Yza+2p;=2x+4y+2z+2t,p, =

3x+5y —3z2+4t, s =x— B2+ 206 =3x+4y— 3z + 41,6, =2x +
3y+ 3z+ 2t.

The real and imaginary components of this complex-valued result
show how a periodic wave, a periodic line lump wave, and a bell-like
soliton interact. In this interaction, the bell soliton appears along the
diagonal, while the lump waves are aligned along the x-axis. We have
depicted physical representations of the solution (30) in Fig. 6(a).

Partial Differential Equations in Applied Mathematics 16 (2025) 101320

with
A (x,y,2,t) = xap +ya; + zay + tas + a4 (33)
Ax(x,y,2,t) = xbo + yby + 2by + tbs + by’

here a;b; the coefficients a;’s associated with (i = 0, 1, ..., 4) serve as

undefined coefficients to be calculated. By replacing Eq. (32) into Eq. (9)
and using symbolic computation, we acquire some equations for the
constraints:

For the values k; =k, =I,ks =k, = 2I,p1 =p, =I,p3 = 1,ps = 2, Case-1:
r=rs=1,r=-1,r3 =2and 8(1) = 198 = 19(3) =99 = 0,Eq. (29) written
as
g (9613840 (109 144
) ) . 97 97 2509 2509
f =1 + 82171 + e—2172 _ 191821;/3 + e—y+z
394145 603923 eitr
3138 7972
; 1535 1152 . 491 336 ; 509429 36965 ;
—y—2 —lyg [t —ly9 - il —/10 — 3 —l711 31
e {e + ( 5473 54731>e + < 373*3731)6 * ( 4773 7922 l)e } 31)
11,48\ o, (261243, 1716635 ) 5, (19296 22474 .
2 25 25 1189 3074 163763 116421
+e-
47441 49243\ .
— 71 e 14
13706 7569
where,

37 9 3
n=X+ty-——2+2ypp=x+2y-7z+ty; =y - ity =X—g

53
z+t,75:7x74y+jzft,

77 21 3 59
y6:3x+2y7?z+5t,y7:x72y+72+3t,y8:x7727t,y9:3x+4_y772+t,

4

71 15 9 37
yw:fxfzerjszt,y11 :x+2y+7273t,y12 :fyffz+2t,ylg:x+ysz+3t,yl4:x+2yf7z

4

This is a complex-valued solution, where both the real and imaginary
portions illustrate the collision between paired periodic wave and pe-
riodic line lump wave, while lump wave positioned along the x-axis.
Inside Fig.—6(b), we portrayed the physical representations solution of
Eq. (31).

5. Interaction aspects of integrable (3 4 1)-D Boussinesq
equation

In this segment, we describe three types of interaction phenomena of
(2) like (i) lump and a stripe soliton, (ii) lump, periodic upsurge, also a
double stripe soliton, (iii) two double stripe solitons.

5.1. Lump and stripe soliton interaction

To get the lump and stripe soliton interaction of (2), consider f has
the following form,

f = k() + k] A% + kzeAz (32)

~ 14b}+ 4b — b2 — 4bibs — 4b3

b 3k =
2= by ki =0,
ap — :(12:(13:(14:k0: k2: b(): b] :b3:b4:C0nSt.
(34)
Therefore, replacing Eq. (34) into Eq. (32), yields,
f _ ko + kzebox+bu 1},z(“bgﬂbgib,?oqblbr%g) +b3t+by (35)
Case-2:
1 4b} + 4b% — b?> — 4b,b; — 4b?
a; = —2as,by =~ o+ %% : 1 3700202:0»
4 bo
as = ag = b(): b] :b3:b4:k0: k1: k2:COTlSt.
(36)
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(a) (b) (c)

Fig. 7. Profile of Eq. (32) by selecting appropriate parameters: ky = 1, ko =5, k3 =2,a3 =1, a4 = 2.5,bg = 1.5,b; =b3 =1, bs = —linxy — plane forz =0 at (a) t =
—6 (b) t = 0 and (c) t = 6 (3D plot on top, density plot below).

(b) ©

Fig. 8. Profile of Eq. (40) with selected parameters: k; = 2.5, ap = a; = ag = 1, a4 = 0.25, b3 = 1.25, b4 = 1.5, 3D view withz = 0at (a) t = -5 (b) t=0and (c) t =5,
along with their corresponding density plots (bottom) respectively.

Therefore, replacing Eq. (36) into Eq. (32), yields, a4 = 2.5,bp = 1.5, by = b3 =1, by = —1 are demonstrated in Fig. 7.

4 2_p2_, _4p2
#((4b3 462 b3 —aby by —ab? )

f=ko+hki(—2yas + tas + as)* + ko™ B Hbatthy 5.2. Interface of lump, periodic wave as well double stripe solitons
37
Consider f has the form as,
The graphical representations of this solution, as shown in Eq. (37) f
along with Eq. (10), for the parameters ask; =1, kp =5,ks =2,a3 =1, f =1+ kocosh(A3) + kycos(Ayg) (38)
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Fig. 9. Shape of (40) with selected constraints:k; = 2.5, a0 =a; =1, a3 =1.25,a4=1,b3 =2,bs =1, 3D view withz=0at (a) t = -6 (b) t =0 as well as (c) t = 6,
with consistent contour plans (bottom) individually (d) Imaginary part of (b) (3D plot on top, density plot at the bottom).

where A; and A are defined in (33). By replacing (38) into (9) and using
symbolic calculation, we derive the following constraints equations:
14a3+4a3 —a? —4a,a; —4a?
4 aop ’

Ap=a; =as=0ay =b3=b4=k1 =const.,ax =

1, 4 4
(28a3 +4a3 —gaf —3%as —gaﬁ) a sk,

24a3 ’

bo=—— by =—2bs by = 0
6Cl0

" 124
(39)

with

a = \/736(13 + 3a2 + 12a;a3 + 12a2and

p = /14443 — o} - 8a}a; — 243 — 32m a} — 164}

Therefore, replacing (39) into (38) along with (33), yields the
following solution,

4ag +4a3 —a} — 4a,a; — 4al
f=1+1‘62k;4cosh{aox+a1y I };Z( al+4a2 aal a,a; a3)+a3t+a4}
0 0
wx <28a3 +4a2 f%af fgal as fga§> az
+k1COS ——Zyb?,—'r +b3t+b4
6ay 24(18
(40)

The graphical representations via (37) along with (10), for k; =1, ky
=5,k3=2,a3=1,a4=2.5,by=1.5,by =b3 =1, by = —1 are illustrated
in Fig. 8.

Furthermore, a dissimilar kind of interaction arises with minor ad-
justments to the constraints ky = 2.5,ap=a; =1,a3=1.25, a4 =1, b3 =
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Fig. 10. Interaction of two-stripe solitons via (43) with selected parameters: k; = —2.5, ap = 3, a; = 1, a3 = 2, a4 = 1.5, b3 = 2, by = 1, in the xy — plane and z = 0 at
(@) t= -5 (b) t =0 and (c) t = 5, (3D upper, density plot lower).

2,bs =1, as portrayed in Fig. 9. This figure illustrates the interactions of Fig. 10. From the figure, it is observed that two couple of bell solitons
lump and the periodic wave. transform into a periodic lump wave.
5.3. Two double stripes soliton interaction 6. Important and innovation

To get the interaction between two double stripes soliton of (2), In nonlinear chastisement, wave propagation into shallow water is a
consider f has the form as, persistently inspected province. The innovative creations are:
f =1+ kosinh(A;) + kisinh(A,) (41)

(a) Asthe new higher BqE contained multi-dimensional occurrences,
It’s explore novel communicating interaction among diverse
wave pattern in the marine engineering.

(b) New Hirota bilinear structure of the model is established by

where A; and A are well-defined in (33). By inserting (41) into (9) and
applying symbolic computation, we obtain the resulting equations for
the constraints:

4aj + 4a% — a? — 4aa; — 4a?
ap = g :a3:a4:b3:b4:k1 = const.,a; = 0 0 L 37b0: v

400 6a0
1 4 4 (42)
4 _ An2 L a2 ~a?
b o b (4"0 Ady + 3t 3mas + 3‘13>7 1024} + @ + dayaa + dad)ky
1= 3,02 = 24a3 Ko = 124}
bilinear differential form, which can be applied to cover all
with possible single-, multi-soliton even interaction among various
waves of the previous literature.
y = \/ —36aj — 3a? — 12a;a; — 1243 (c) This research newly established wave pattern affords precise
. . . . analytical solutions for new model as commerce of lump, periodic
Therefore, replacing (42) into (41) with (33), we acquire the wave, double stripe-solitons, two double stripes soliton interac-
following result,
1
4al — 4a2 +-a® + ia1a3 + ﬁag rz
. rX 3 3 3

f=1+k;sinh afzybg - Y + bt + by

o o (43)
I(12a} + @® + 4a;,a; + 4a2)k 1 z(4ag + 4a% — a2 — 4a;a3 — 4a2
: (1245 + l?2a41 3 +43) lsinh(a0x+a1y+z (4ag + 4a3 c: 1 3)+a3t+a4)
0 o

tion, relations of lump, the periodic wave, interaction of two-
stripe solitons, making it possible to explore all incident wave
We present graphical representations of the solution (43) along with dynamics in relevant field of study in soliton theory.
(10) for k1 = 72.5, ap = 3, a = ]., as = 2, aqs = 1.5, bg = 2, b4 =1in

11
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(d) Conveyed studies have been directed on the Boussinesq-type
models in fluid mechanism as well as plasma physics. Sundry
investigators have observed into the (3 + 1)-dimensional
Boussinesq-type model, that is given above, in a challenge to
recovering recognize gravity surfs on the superficial of water.

7. Conclusion

We have successfully examined a novel integrable (3+1)-D Boussi-
nesq model that asserts processing of accurate solutions for collisions of
exponentially restricted structures. We achieved the lump, breather,
solitary, and massive colliding-wave solutions amongst the solutions by
taking advantage of the Hirota bilinear structure. Such collision wave
solutions can be caused by relationships among bell soliton and double
periodic lump waves, lump and bell soliton, lump, periodic and two bell
solitons, and interaction of double stripe waves. Analyzing the results
shows that it is possible to understand complex physical phenomena of
the Boussinesq model with adequate graphical representations. The
obtained results showed that the enforced inquiry procedure supports a
straightforward and easy methodical approach to address any nonlinear
damage that occurs in engineering and applied problems while using the
bilinear method.

Our findings contribute new insights to the field, revealing dynamic
properties and interactions not previously documented. This research
not only enhances the understanding of the (3+1)-D Boussinesq equa-
tion but also opens avenues for further studies in nonlinear wave theory.
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