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A B S T R A C T

In this paper, we study a multilane traffic flow model incorporating the exponential velocity-density relationship, 
which yields a nonlinear first-order system of hyperbolic partial differential (PDEs) equations formulated as an 
initial-boundary value problem (IBVP). This study seeks to construct a physically consistent and computationally 
efficient model for a multilane traffic flow model, which captures nonlinear vehicular interactions and lane- 
changing dynamics. Numerical solutions of the multilane traffic flow model, under the specified initial and 
boundary conditions, are obtained using the finite difference method. The numerical simulations are performed 
by employing the well-known first-order Explicit Upwind Scheme, the Lax-Friedrichs Scheme, and the second- 
order Lax-Wendroff Scheme. We evaluate the convergence rate of the numerical solutions, along with detailed 
well-posedness and stability analysis. To assess the stability and accuracy of three numerical schemes, we 
compare the velocity and density profiles derived from different schemes. The outcomes of our study have 
significant applications in traffic management in the real world, including predicting the effect of congestion, 
optimizing the lane-change effects, and enhancing efficiency through intelligent transportation system intelligent 
transportation system (ITS) and safety on multilane highways.

1. Introduction

Traffic congestion is a worldwide alarming issue, especially in non- 
rural areas. It becomes more critical on multilane highways, as in
teractions between vehicles can lead to significant traffic issues such as 
delays, accidents, and reduced efficiency. Today, cities are growing and 
vehicle ownership is increasing, understanding and managing traffic 
flow on multilane roads becomes essential for effective urban planning 
and transportation management.

Multilane traffic flow models have emerged as powerful tools to 
simulate and analyze traffic dynamics under various conditions.1,2 In 
this paper, we present a multilane traffic flow model designed to 
simulate the behavior of vehicles in complex traffic environments. Our 
model incorporates key factors such as vehicle interactions, 
lane-changing behavior, velocity variations, and road conditions.10–14

The foundation of multilane traffic continuum models is a set of con
servation laws with source terms, and the derivation of the macroscopic 

multilane traffic flow model is based on3-5,15,19. Describe the traffic flow 
balance equation and the closure relations on the balance equations to 
clarify how the multilane traffic model was derived, following6,8 , etc. 
Here, we study a multilane traffic flow model for two lanes based on an 
exponential velocity-density relationship, which yields a non-linear 
first-order hyperbolic system of partial differential equations as an 
IBVP.1 Since finding the analytical solution of these types of PDEs is 
complicated, we implement numerical solutions of these PDEs by using 
finite difference schemes, namely the first-order Explicit Upwind 
Scheme, the Lax-Friedrichs scheme, and the second-order Lax-Wendroff 
difference scheme. We develop computer programming code for the 
first-order Explicit Upwind Scheme, the Lax-Friedrichs scheme, and the 
second-order Lax-Wendroff difference scheme to implement the nu
merical scheme. We also perform numerical simulations of some quali
tative behaviors of traffic flow with respect to various traffic parameters.

Although numerous studies have investigated macroscopic multilane 
traffic models, most existing approaches are restricted to linear velocity- 
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density or Greenshields-type velocity-density relations and seldom 
incorporate explicit lane-changing dynamics within a coupled frame
work. To overcome these limitations, the present study introduces a 
multilane macroscopic traffic flow model based on an exponential 
velocity-density function that more accurately represents the non-linear 
characteristics of real traffic. Furthermore, the application of multiple 
numerical schemes enables a systematic assessment of model stability 
and accuracy. Thus, this research proposes a physically consistent and 
computationally efficient framework for analyzing multilane traffic 
flow, which will reduce the existing gap in the previous research.

The findings of this study offer deeper insights into vehicle in
teractions and flow patterns on multilane highways. So, the develop
ment of more effective traffic management is expected from this study.

Table 1

2. Derivation of the governing PDE system for the multilane 
traffic flow model

The governing equations of the proposed multilane traffic flow 
model are derived from the principle of vehicle conservation, similar to 
the conservation of mass in fluid dynamics. The multilane traffic flow 
model incorporates an exponential velocity-density relation and lane- 
changing interactions, providing a physically consistent and mathe
matically justified framework for examining traffic dynamics.

Let u1(x, t) and u2(x, t) represent the traffic densities (vehicles per 
kilometer) in lane 1 and lane 2, respectively. The relation between ve
locity and density follows the exponential velocity–density law pro
posed by Underwood2: 

vk( uk) = vkmax

(

exp
(
− uk

ukmax

))

, k = 1,2 

For the exponential velocity-density relationship,2 the flux is 

qk( uk) = ukvkmax

(

exp
(
− uk

ukmax

))

, k = 1, 2 

Applying the law of conservation of vehicles1,3,7,17 to each lane 
yields, 

∂u1

∂t
+

∂q1

∂x
=

u2

T1
2
−

u1

T2
1

∂u2

∂t
+

∂q2

∂x
=

u1

T2
1
−

u2

T1
2

⎫
⎪⎪⎪⎬

⎪⎪⎪⎭

(1) 

3. Numerical solution of the multilane traffic flow model

Due to the complexity of finding the analytical solution, we have to 
solve the multilane traffic flow model by the finite difference method. 
The governing PDE (1) is solved numerically using the finite difference 

method7,9,13. We consider our multilane traffic flow model based on an 
exponential velocity-density relationship with left and right boundary 
conditions as an initial boundary value problem, 

∂u1

∂t
+

∂q1

∂x
=

u2

T1
2
−

u1

T2
1
; a ≤ x ≤ b; to ≤ t ≤ T, T ≥ 0 (3a) 

∂u2

∂t
+

∂q2

∂x
=

u1

T2
1
−

u2

T1
2
; a ≤ x ≤ b; to ≤ t ≤ T, T ≥ 0 (3b) 

With Initial Condition: 

u1(t0, x) = (u1)0(x); a ≤ x ≤ b, u2(t0, x) = (u2)0(x); a ≤ x ≤ b 

Boundary Condition: 

u1(t, a) = (u1)a(t); to ≤ t ≤ T, u1(t, b) = (u1)b(t); to ≤ t ≤ T 

u2(t, a) = (u2)a(t); to ≤ t ≤ T, u2(t, b) = (u2)b(t); to ≤ t ≤ T 

To obtain a numerical solution, we use three numerical schemes, 
namely the first-order Explicit Upwind Scheme, the Lax-Friedrichs 
Scheme, and the second-order Lax-Wendroff Scheme.

4. Explicit upwind scheme

To develop the Explicit Upwind scheme, we approximate the time 
derivative ∂u1

∂t and ∂u2
∂t by the forward difference formula as below. Ac

cording to the Taylor series expansion, we obtain, 

u1(t+ k, x) = u1(t, x) + k
∂u1

∂t
+

k2

2!
∂2u1

∂t2 + …………… 

⇒
∂u1

∂t
=

u1(t + k, x) − u1(t, x)
k

−
k
2!

∂2u1

∂t2 …………… 

⇒
∂u1

∂t
=

u1(t + k, x) − u1(t, x)
k

+ O(k)……………… (4.1) 

Here O(k) is the error introduced by the truncation of the higher- 
order terms.

Now at (tn, xi) assuming, k = Δt, tn + k = tn+1 & u1
n
i = u1(tn, xi), 

and for k→0, then Eqs. (4.1) can be written as 

∂u1

∂t
(tn, xi) ≈

u1(tn + k, xi) − u1(tn, xi)

Δt 

∂u1

∂t
(tn, xi) ≈

u1(tn+1, xi) − u1(tn, xi)

Δt 

∴
∂u1

∂t
(tn, xi) ≈

u1
n+1
i − u1

n
i

Δt
(4.2) 

Eqs. (4.2) represents the first-order forward difference approxima
tion of ∂u1

∂t at (tn,xi).
Similarly, we can write 

∴
∂u2

∂t
(tn, xi) ≈

u2
n+1
i − u2

n
i

Δt
(4.3) 

Eqs. (4.3) represents the first-order forward difference approxima
tion of ∂u2

∂t at (tn,xi).
Again, we discretize the spatial derivative ∂q1

∂x and ∂q2
∂x by the backward 

difference formula. Using Taylor’s series expansion as, 

q1(t, x − h) = q1(t, x) − h
∂q1

∂t
+

h2

2!
∂2q1

∂t2 − …………… 

⇒
∂q1

∂x
=

q1(t, x) − q1(t, x − h)
h

+
h
2!

∂2q1

∂x2 ……………… 

Table 1 
Nomenclature.

Symbol Description Unit

uk Vehicle density Vehicles per km
u1 Vehicle density of lane 1 Vehicles per km
u2 Vehicle density of lane 2 Vehicles per km
ukmax Maximum density or Jam Density Vehicles per km
qk free flow velocity Vehicle velocity km/second
vkmax Maximum velocity km per second
v1max Maximum velocity of lane 1 km per second
v2max Maximum velocity of lane 2 km per second
qk Traffic Flux Vehicles per second
q1 Flux of lane 1 Vehicles per second
q2 Flux of lane 2 Vehicles per second
T2

1 Transition rate from lane 1 to lane 2 Vehicles per km per second
T1

2 Transition rate from lane 2 to lane 1 Vehicles per km per second
t Time Variable Measured in seconds
x space variable Measured Kilometer
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⇒
∂q1

∂x
=

q1(t, x) − q1(t, x − h)
h

+ O(h)……………… (4.4) 

Here, O(h) is the error introduced by the truncation of the higher- 
order terms.

Now at (tn, xi) assuming, h = Δx, xi − h = xi− 1 & q1
n
i = q1(tn, xi), 

and for h→0, then Eqs. (4.4) can be written as 

∂q1

∂x
(tn, xi) ≈

q1(tn, xi) − q1(tn, xi − h)
Δx 

∂q1

∂x
(tn, xi) ≈

q1(tn, xi) − q1(tn, xi− 1)

Δx 

∴
∂q1

∂x
(tn, xi) ≈

q1
n
i − q1

n
i− 1

Δx
(4.5) 

Similarly, we can write 

∴
∂q2

∂x
(tn, xi) ≈

q2
n
i − q2

n
i− 1

Δx
(4.6) 

Eqs. (4.5) and (4.6) represent the first-order backward difference 
approximation of ∂q1

∂x and ∂q2
∂x respectively at (tn,xi).

Now, substituting Eqs. (4.2) and (4.5) in Eqs. (3a), we obtain 

u1
n+1
i − u1

n
i

Δt
+

q1
n
i − q1

n
i− 1

Δx
=

u2
n
i

T1
2
−

u1
n
i

T2
1 

⇒ u1
n+1
i = u1

n
i −

Δt
Δx

(
q1

n
i − q1

n
i− 1

)
+ Δt

(
u2

n
i

T1
2
−

u1
n
i

T2
1

)

(4.7) 

Similarly, substituting Eqs. (4.3) and (4.6) in Eqs. (3b), we obtain 

u2
n+1
i − u2

n
i

Δt
+

q2
n
i − q2

n
i− 1

Δx
=

u1
n
i

T2
1
−

u2
n
i

T1
2 

⇒ u2
n+1
i = u2

n
i −

Δt
Δx

(
q2

n
i − q2

n
i− 1

)
+ Δt

(
u1

n
i

T2
1
−

u2
n
i

T1
2

)

(4.8) 

Eqs. (4.5) and (4.6) represent the explicit upwind finite difference 
schemes applied to the multilane traffic flow model, formulated as the 
initial-boundary value problem (IBVP) given by Eqs. (3a) and (3b).

For the exponential velocity-density relationship, the traffic flux is 

q1
n
i = q

(
u1

n
i
)
= u1

n
i v1maxexp

(

−
u1

n
i

u1max

)

(4.9) 

q2
n
i = q

(
u2

n
i
)
= u2

n
i v2maxexp

(

−
u2

n
i

u2max

)

(4.10) 

q1
n
i− 1 = q

(
u1

n
i− 1

)
= u1

n
i− 1v1maxexp

(

−
u1

n
i− 1

u1max

)

(4.11) 

q2
n
i− 1 = q

(
u2

n
i− 1

)
= u2

n
i− 1v2maxexp

(

−
u2

n
i− 1

u2max

)

(4.12) 

Using Eqs. (4.7) and (4.9) in Eqs. (4.5), we obtain 

u1
n+1
i = u1

n
i − v1max

(Δt
Δx

)(

u1
n
i exp

(

−
u1

n
i

u1max

)

− u1
n
i− 1exp

(

−
u1

n
i− 1

u1max

))

+ Δt
(

u2
n
i

T1
2
−

u1
n
i

T2
1

)

(4.13) 

Using the equation and (4.10) in equation (4.6), we obtain 

u2
n+1
i = u2

n
i − v2max

(Δt
Δx

)(

u2
n
i exp

(

−
u2

n
i

u2max

)

− u2
n
i− 1exp

(

−
u2

n
i− 1

u2max

))

+ Δt
(

u1
n
i

T2
1
−

u2
n
i

T1
2

)

(4.14) 

Eqs. (4.13) and (4.14) represent the explicit upwind finite difference 
scheme of the multilane traffic flow model with the Exponential 
velocity-density relationship.

5. Lax-Friedrichs scheme

Similarly, to develop the Lax-Friedrichs Scheme, we approximate the 
time derivative ∂u1

∂t and ∂u2
∂t by the forward difference formula at any point 

(tn,xi), 

∂u1

∂t
(tn, xi) ≈

u1
n+1
i − u1

n
i

Δt
(5.1) 

∂u2

∂t
(tn, xi) ≈

u2
n+1
i − u2

n
i

Δt
(5.2) 

We approximate the spatial derivative ∂q1
∂x and ∂q2

∂x by the central dif
ference formula. Using Taylor’s series expansion as, 

q1(t, x+ k) = q1(t, x) + k
∂q1

∂x
+

k2

2!
∂2q1

∂x2 + …………… 

q1(t, x − k) = q1(t, x) − k
∂q1

∂x
+

k2

2!
∂2q1

∂x2 − …………… 

Now, subtracting the above two equations, we obtain 

q1(t, x+ k) − q1(t, x − k) = 2k
∂q1

∂x
+ O

(
k2) (5.3) 

Here, O
(
k2
)

is the error introduced by the truncation of the higher- 
order terms.

Now at (tn, xi) assuming, k = Δx, xi − k = xi− 1, xi + k = xi+1 & 
q1

n
i = q1(tn,xi), and for k→0, then the Eqs. (5.3) can be written as 

∂q1

∂x
(tn, xi) ≈

q1(tn, xi + Δx) − q1(tn, xi − Δx)
2Δx 

∂q1

∂x
(tn, xi) ≈

q1(tn, xi+1) − q1(tn, xi− 1)

2Δx 

∴
∂q1

∂x
(tn, xi) ≈

q1
n
i+1 − q1

n
i− 1

2Δx
(5.4) 

Similarly, we can write 

∴
∂q2

∂x
(tn, xi) ≈

q2
n
i+1 − q2

n
i− 1

2Δx
(5.5) 

Substituting Eqs. (5.1) and (5.4) into Eqs. (3a) without the source 
term, we obtain, 

u1
n+1
i = u1

n
i −

Δt
2Δx

(
q1

n
i+1 − q1

n
i− 1

)
(5.6) 

Substituting Eqs. (5.2) and (5.5) into Eqs. (3a) without the source 
term, we obtain, 

u2
n+1
i = u2

n
i −

Δt
2Δx

(
q2

n
i+1 − q2

n
i− 1

)
(5.7) 

Eqs. (5.6) and (5.7) represent the FTCS (Forward Time Central 
Space) schemes. From Von Neumann stability analysis, it is confirmed 
that the scheme is unconditionally unstable. But the scheme can be 
stable for sufficiently small Δt

Δx, if we replace u1
n
i by 12

(
u1

n
i+1 + u1

n
i− 1

)
in the 

Eqs. (5.6), and in that case, the Eqs. (5.6) becomes 

u1
n+1
i =

1
2
(
u1

n
i+1 + u1

n
i− 1

)
−

Δt
2Δx

(
q1

n
i+1 − q1

n
i− 1

)
(5.8) 

Now, including the source term of (3a) into (5.8), we get 

u1
n+1
i =

1
2
(
u1

n
i+1 + u1

n
i− 1

)
−

Δt
2Δx

(
q1

n
i+1 − q1

n
i− 1

)
+ Δt

(
u2

n
i

T1
2
−

u1
n
i

T2
1

)

(5.9) 
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Similarly, for Eqs. (3b), we can write, 

u2
n+1
i =

1
2
(
u2

n
i+1 + u2

n
i− 1

)
−

Δt
2Δx

(
q2

n
i+1 − q2

n
i− 1

)
+ Δt

(
u1

n
i

T2
1
−

u2
n
i

T1
2

)

(5.10) 

Eqs. (5.9) and (5.10) represent the Lax-Friedrichs finite difference 
schemes applied to the multilane traffic flow model, formulated as the 
initial-boundary value problem (IBVP) given by Eqs. (3a) and (3b).

For the exponential velocity-density relationship, we have 

q1
n
i+1 = q

(
u1

n
i+1

)
= u1

n
i+1v1maxexp

(

−
u1

n
i+1

u1max

)

(5.11) 

q2
n
i+1 = q

(
u2

n
i+1

)
= u2

n
i+1v2maxexp

(

−
u2

n
i+1

u2max

)

(5.12) 

q1
n
i− 1 = q

(
u1

n
i− 1

)
= u1

n
i− 1v1maxexp

(

−
u1

n
i− 1

u1max

)

(5.13) 

q2
n
i− 1 = q

(
u2

n
i− 1

)
= u2

n
i− 1v2maxexp

(

−
u2

n
i− 1

u2max

)

(5.14) 

Using Eqs. (5.11) and (5.13) in Eqs. (5.9), we obtain 

u1
n+1
i =

1
2
(
u1

n
i+1 + u1

n
i− 1

)
− v1max

( Δt
2Δx

)(

u1
n
i+1exp

(

−
u1

n
i+1

u1max

)

− u1
n
i− 1exp

(

−
u1

n
i− 1

u1max

))

+ Δt
(

u2
n
i

T1
2
−

u1
n
i

T2
1

)

(5.15) 

Using Eqs. (5.12) and (5.14) in Eqs. (5.10), we obtain 

u2
n+1
i =

1
2
(
u2

n
i+1 + u2

n
i− 1

)
− v2max

( Δt
2Δx

)(

u2
n
i+1exp

(

−
u2

n
i+1

u2max

)

− u2
n
i− 1exp

(

−
u2

n
i− 1

u2max

))

+ Δt
(

u1
n
i

T2
1
−

u2
n
i

T1
2

)

(5.16) 

Eqs. (5.15) and (5.16) represent the Lax-Friedrichs finite difference 
schemes of the multilane traffic flow model with the Exponential 
velocity-density relationship.

6. Lax-Wendroff scheme

To derive the Lax-Wendroff scheme for the Eqs. (3a) and (3b), we 
will use the following methods: 

v Lax-Friedrichs scheme at 

⎛

⎜
⎝tn, x

i+1
2

⎞

⎟
⎠ and 

⎛

⎜
⎝tn, x

i− 1
2

⎞

⎟
⎠ for half step size

v Leap-frog scheme 

⎛

⎝tn+
1
2, xi

⎞

⎠ for half step size

Step-1: We take the Lax-Friedrichs scheme (5.9) without source 

term, for half step at 

⎛

⎜
⎝tn, x

i+1
2

⎞

⎟
⎠ is 

u1
n+1

2
i+1

2
=

1
2
(
u1

n
i+1 + u1

n
i
)
−

Δt
2Δx

(
q1

n
i+1 − q1

n
i
)

(6.1) 

And at 

⎛

⎜
⎝tn, x

i− 1
2

⎞

⎟
⎠ is 

u1
n+1

2
i− 1

2
=

1
2
(
u1

n
i + u1

n
i− 1

)
−

Δt
2Δx

(
q1

n
i − q1

n
i− 1

)
(6.2) 

Step-2: (The Leap-frog scheme)
To derive the Leap-frog scheme, we approximate both time and space 

derivatives by the central difference formula. Using Taylor’s series 
expansion, we have 

u1(t+ k, x) = u1(t, x) + k
∂u1

∂t
+

k2

2!
∂2u1

∂t2 + ………… 

u1(t − k, x) = u1(t, x) − k
∂u1

∂t
+

k2

2!
∂2u1

∂t2 − …………… 

By subtracting the above two equations, we get 

∂u1

∂t
=

u1(t + k, x) − u1(t − k, x)
2k

+ O
(
k2) (6.3) 

Here, O
(
k2
)

is the error introduced by the truncation of the higher- 
order terms.

Now at (tn, xi) assuming, k = Δt, tn + k = tn+1 , tn − k = tn− 1 & 
u1

n
i = u1(tn,xi), and for k→0, then the Eqs. (6.3) can be written as 

∂u1

∂t
(tn, xi) ≈

u1(tn + k, xi) − u1(tn − k, xi)

2Δt 

∂u1

∂t
(tn, xi) ≈

u1(tn+1, xi) − u1(tn− 1, xi)

2Δt 

∴
∂u1

∂t
(tn, xi) ≈

u1
n+1
i − u1

n− 1
i

2Δt
(6.4) 

Similarly, we approximate the spatial derivative ∂q1
∂x by the central 

difference formula using Taylor’s series expansion, as we have 

∴
∂q1

∂x
(tn, xi) ≈

q1
n
i+1 − q1

n
i− 1

2Δx
(6.5) 

Using Eqs. (6.4) and (6.5) in Eqs. (3a) without the source term, we 
obtain 

u1
n+1
i − u1

n− 1
i

2Δt
+

q1
n
i+1 − q1

n
i− 1

2Δx
= 0 

⇒ u1
n+1
i = u1

n− 1
i −

(Δt
Δx

)(
q1

n
i+1 − q1

n
i− 1

)

This is known as the Leap-frog scheme.

Now, we take the Leap-frog scheme for half step at 

⎛

⎝tn+1
2,xi

⎞

⎠

u1
n+1
i = u1

n
i −

(Δt
Δx

)

⎛

⎜
⎝q1

n+1
2

i+1
2
− q1

n+1
2

i− 1
2

⎞

⎟
⎠ (6.7) 

For the exponential velocity-density relationships, we have

qk(u) = ukvkmax

(

exp
(

− uk
ukmax

))

, k = 1,2; which impies 

q1
n+1

2
i+1

2
= q1

⎛

⎜
⎝u1

n+1
2

i+1
2

⎞

⎟
⎠ = u1

n+1
2

i+1
2

v1maxexp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i+1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(6.8) 

q1
n+1

2
i− 1

2
= q1

⎛

⎜
⎝u1

n+1
2

i− 1
2

⎞

⎟
⎠ = u1

n+1
2

i− 1
2

v1maxexp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i− 1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(6.9) 
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Now, using Eqs. (6.8) and (6.9) in Eqs. (6.7), we get 

u1
n+1
i = u1

n
i −

(Δt
Δx

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

u1
n+1

2
i+1

2
v1maxexp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i+1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

− u1
n+1

2
i− 1

2
v1maxexp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i− 1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

u1
n+1
i = u1

n
i − v1max

(Δt
Δx

)

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

u1
n+1

2
i+1

2
exp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i+1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

− u1
n+1

2
i− 1

2
exp

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

−

u1
n+1

2
i− 1

2
u1max

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

(6.10) 

Now, using Eqs. (6.1) and (6.2) in Eqs. (6.10), we obtain 

u1
n+1
i = u1

n
i − v1max

(Δt
Δx

)

⎛

⎜
⎝

(
1
2
(
u1

n
i+1+u1

n
i
)
−

Δt
2Δx

(
q1

n
i+1 − q1

n
i
)
)

exp

⎛

⎜
⎝

−

(
1
2

(
u1

n
i+1 +u1

n
i
)
− Δt

2Δx

(
q1

n
i+1 − q1

n
i
)
)

u1max

⎞

⎟
⎠ −

(
1
2
(
u1

n
i +u1

n
i− 1

)

−
Δt

2Δx
(
q1

n
i − q1

n
i− 1

)
)

exp

⎛

⎜
⎝ −

(
1
2

(
u1

n
i +u1

n
i− 1

)
− Δt

2Δx

(
q1

n
i − q1

n
i− 1

)
)

u1max

⎞

⎟
⎠

⎞

⎟
⎠

+Δt
(

u2
n
i

T1
2
−

u1
n
i

T2
1

)

(6.11) 

Similarly, for the Eqs. (3b), we obtain 

u2
n+1
i = u2

n
i − v2max

(Δt
Δx

)

⎛

⎜
⎝

(
1
2
(
u2

n
i+1+u2

n
i
)
−

Δt
2Δx

(
q2

n
i+1 − q2

n
i
)
)

exp

⎛

⎜
⎝

−

(
1
2

(
u2

n
i+1 +u2

n
i
)
− Δt

2Δx

(
q2

n
i+1 − q2

n
i
)
)

u2max

⎞

⎟
⎠ −

(
1
2
(
u2

n
i +u2

n
i− 1

)

−
Δt

2Δx
(
q2

n
i − q2

n
i− 1

)
)

exp

⎛

⎜
⎝ −

(
1
2

(
u2

n
i +u2

n
i− 1

)
− Δt

2Δx

(
q2

n
i − q2

n
i− 1

)
)

u2max

⎞

⎟
⎠

⎞

⎟
⎠

+Δt
(

u2
n
i

T1
2
−

u1
n
i

T2
1

)

(6.12) 

Where q1
n
i = q1

(
u1

n
i
)
= u1

n
i v1maxexp

(

−
u1

n
i

u1max

)

q2
n
i = q2

(
u2

n
i
)
= u2

n
i v2maxexp

(

−
u2

n
i

u2max

)

q1
n
i±1 = q1

(
u1

n
i±1

)
= u1

n
i±1v1maxexp

(

−
u1

n
i±1

u1max

)

q2
n
i±1 = q2

(
u2

n
i±1

)
= u2

n
i±1v2maxexp

(

−
u2

n
i±1

u2max

)

Eqs. (6.11) and (6.12) represent the Lax-Wendroff scheme of the 
multilane traffic flow model based on the exponential velocity-density 
relationship.

7. Well-Posedness and stability condition of numerical schemes

The implementation of the Explicit Upwind Scheme, the Lax- 
Friedrichs scheme, and the Lax-Wendroff scheme is not straightfor
ward, because the multilane traffic flow model, we are considering that 
the vehicles are moving in only one direction8,16,18, so the characteristic 

speed ck

(
un

ki

)
= qʹ

k

(
un

ki

)
must be non-negative, which implies 

qʹ
k

(
un

ki

)
≥ 0 

In particular, if we consider the exponential velocity-density rela
tion, then we can write 

qk

(
un

ki

)
= un

ki
vkmax

(

exp
(

−
un

ki

ukmax

))

, k = 1, 2 

⇒qʹ
k

(
un

ki

)
= vkmax

(

exp
(

−
un

ki

ukmax

))(

1 −
un

ki

ukmax

)

≥ 0, k = 1, 2 (7.1) 

Since vkmax > 0 and exp
(

−
un

ki
ukmax

)

> 0, so the above inequality (7.1) 

implies that, 

⇒
(

1 −
un

ki

ukmax

)

≥ 0, k = 1, 2 

⇒ukmax ≥ un
ki
, k = 1, 2 

This is the required well-posed condition.
Now, from Eqs. (7.1), noting that 0 ≤ un

ki
≤ ukmax, we have 

0 ≤ q́k

(
un

ki

)
≤ vkmax

It follows that the characteristic speed ck

(
un

ki

)
= qʹ

k

(
un

ki

)
is bounded 

and satisfies the well-posedness condition.
CFL Stability Condition of the Explicit Upwind Scheme:
The CFL stability condition of the explicit upwind scheme is 

max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒

(Δt
Δx

)
≤ 1 

With the exponential flux max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒ = vkmax, so the above 

inequality gives the practical condition vkmaxΔt
Δx ≤ 1, where k = 1, 2. This 

is the well-posedness and the CFL stability condition of the explicit 
upwind scheme for both lanes.

CFL Stability Condition of the Lax-Friedrichs Scheme:
The CFL stability condition of the Lax-Friedrichs scheme is 

max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒

(Δt
Δx

)
≤ 1 

With the exponential flux max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒ = vkmax, so the above 

inequality gives the practical condition vkmaxΔt
Δx ≤ 1, where k = 1, 2.

CFL Stability Condition of the Lax-Wendroff Scheme:
The CFL stability condition of the Lax-Wendroff scheme is 

max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒

(Δt
Δx

)
≤ 1 

With the exponential flux max
i

⃒
⃒
⃒qʹ

k

(
un

ki

)⃒
⃒
⃒ = vkmax, so the above 

inequality gives the practical condition vkmaxΔt
Δx ≤ 1, where k = 1, 2.
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It is mentioned that if the lane-changing rates are large (small T), a 
Courant safety factor

α ≤ 1 is applied, 

Δt ≤ min
(

Δx
v1max

,
Δx

v1max
,αTmin

)

, Tmin = min
(
T2

1 , T1
2
)

This ensures the stability of the coupled multilane system with the 
explicit source terms.

8. Numerical simulation and result discussion

The density and velocity profiles are obtained using the first-order 
explicit upwind scheme, the Lax-Friedrichs scheme, and the Lax- 
Wendroff scheme. To incorporate these schemes, we consider the 
following assumptions: 

➣ The highway is assumed to have two lanes with a total length of 10 
km, where our spatial domain is [0, 10] km.

➣ We perform a numerical experiment for 1.5 min.
➣ Periodic initial and boundary conditions were applied.

To implement the explicit upwind difference scheme, the Lax- 
Friedrichs scheme, and the Lax-Wendroff difference schemes for 
the exponential velocity density relationship initial and boundary 
conditions are considered as below: 

Initial condition : u0(x) = A ∗ sin(a ∗ x(i)) + B 

Left boundary Condition : ua(t) = C ∗ sin(b ∗ t) + D 

Where u0(x) means initial density, i.e, density at time t = 0 , and ua(t)
stands for density at the boundary, i.e. at the point x = a. 

➣ At the right boundary, we consider the Neumann boundary 
condition.

➣ The exponential velocity–density function introduced by the Un
derwood model is assumed.

➣ We perform a numerical experiment for 1.5 minutes; we consider 
1500 spatial grid points with a spatial step size Δx = 0.0067 km and 
360 temporal grid points with a step size Δt = 0.25 second

➣ For the multilane traffic flow model, we consider the car transition 
rate from lane 1 to lane 2 is 30% and from lane 2 to lane 1 is 45%.

➣ We have considered the maximum velocity to be v1max = v2max =

60km/hour = 0.0167km/sec. It is noted that, to satisfy the CFL con
dition, the velocity is expressed in units of kilometers per second.

Also, maximum density ukmax is estimated by the following equations 

ukmax = k ∗ max(u(0, x)); k ≥ 1 

We have chosen k=8; which implies ukmax = u1max = u2max = 383 
vehicles per km in the spatial domain [0, 10], whereas maximum ve
locity and maximum density are considered as constant in the whole 10 
km chosen highway.

In this section, we have presented the density profiles of the multi
lane traffic flow model (two-lane) without source term/ transition rate, 
with source term/ transition rate, and also presented velocity profiles by 
using the first-order explicit upwind scheme, the Lax-Friedrichs scheme, 
and the Lax-Wendroff scheme. The convergence of schemes is also 
shown in this section.

In Fig. 1–12, we present numerical experiments of density profile 
without including transition rate, density profile with including transi
tion rate, velocity profile and convergence for lane 1 and lane 2 for 1.5 
min or 90 s of multilane traffic flow model to visualize the behavior of 
density, velocity and convergence with respect to time and space by 
using Explicit Upwind scheme, Lax-Friedrichs scheme and Lax-Wendroff 
scheme respectively. After including the transition rate, we observe that 
the density profile of lane 1 is increasing, whereas the density profile of 
lane 2 is decreasing, and we also observe that the velocity profile of lane 
2 is higher compared to the velocity profile of lane 1 because the dif
ference in the car density of lane 1 is higher than the density of lane 2.

Fig. 1. Density profile of Lane 1 and Lane 2 without including transition rate / source term.

Fig. 2. Density profile of Lane 1 and Lane 2 with including transition rate / source term.
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9. Comparison among Explicit Upwind, Lax-Friedrichs, and Lax- 
Wendroff schemes

In this section, we would like to inquire which scheme among the 
explicit upwind scheme, the Lax-Friedrichs, and the Lax-Wendroff for 
the multilane traffic flow model provides us with better results. In this 
part, the schemes for various traffic flow parameters of the multilane 
traffic flow model are compared and examined.

Based on the assumption stated in Section 8, the numerical results of 
the density profile (Fig. 13) and velocity profile (Fig. 14) for the explicit 
upwind scheme, the Lax-Friedrichs scheme, and the Lax-Wendroff 

scheme in the multilane traffic flow models are provided.
In Fig. 13, we have presented a comparison of density among the 

explicit upwind scheme, the Lax-Friedrichs scheme, and the Lax- 
Wendroff scheme of lane 1 and lane 2, respectively, whereas in 
Fig. 14, we have presented a comparison of velocity among the explicit 
upwind, the Lax-Friedrichs, and the Lax-Wendroff schemes of lane 1 and 
lane 2, respectively.

From Figs. 13 and 14, by comparing the density profiles and velocity 
profiles, we find that the Lax-Wendroff scheme gives a better approxi
mation compared to the Explicit Upwind scheme and Lax-Friedrichs 
scheme for the multilane traffic flow model.

Fig. 3. Velocity profile of Lane 1 and Lane 2 with including transition rate/ source term.

Fig. 4. Convergence of Lane 1 and Lane 2 including transition rate/ source term.

Fig. 5. Density profile of Lane 1 and Lane 2 without including transition rate/ source term.
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10. Conclusion

➣ Three numerical schemes, namely the Explicit Upwind scheme, the 
Lax-Friedrichs scheme, and the Lax-Wendroff scheme, were applied 
to simulate the multilanetraffic flow model.

➣ All schemes produced stable and consistent solutions for traffic 
density and velocity.

➣ Convergence analysis confirmed that the numerical solutions 
converge smoothly with grid refinement, validating the stability and 
reliability of the Explicit Upwind scheme, the Lax-Friedrichs scheme, 
and the Lax-Wendroff scheme.

➣ The Lax-Wendroff scheme is stable and demonstrates superior ac
curacy and faster convergence compared to the other schemes.

➣ The Lax-Friedrichs scheme is more diffusive but computationally 
efficient, making it suitable for large-scale or real-time traffic 
simulations.

➣ The Explicit Upwind scheme is stable and provides medium accuracy 
compared to the Lax-Friedrichs scheme and the Lax-Wendroff 
scheme.

➣ Finally, we may conclude that the Lax-Wendroff scheme is recom
mended for high accuracy compared to the Explicit upwind and Lax- 
Friedrichs schemes, whereas the Lax-Friedrichs scheme provides a 

Fig. 6. Density profile of Lane 1 and Lane 2 with including transition rate/ source term.

Fig. 7. Velocity profile of Lane 1 and Lane 2 with including transition rate/ source term.

Fig. 8. Convergence of Lane 1 and Lane 2 including transition rate/ source term.
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Fig. 9. Density profile of Lane 1 and Lane 2 without including transition rate/ source term.

Fig. 10. Density profile of Lane 1 and Lane 2 with including transition rate/ source term.

Fig. 11. Velocity profile of Lane 1 and Lane 2 with including transition rate/ source term.

Fig. 12. Convergence of Lane 1 and Lane 2 including transition rate.
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Fig. 13. Comparison of density profile among Explicit Upwind, Lax-Friedrichs and Lax-Wendroff schemes.

Fig. 14. Comparison of velocity profile among Explicit Upwind, Lax-Friedrichs and Lax-Wendroff schemes.
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practical balance between accuracy and efficiency compared to the 
Explicit upwind and Lax-Wendroff schemes
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