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In plasma physics and water waves, the Gilson-Pickering equation is an important unidirectional wave propa-
gation model. A large number of analytic wave solutions have been established in the form of hyperbolic,
trigonometric, exponential, and rational functions using the advanced auxiliary equation approach in this study.
The solutions obtained have been compared with the solutions available in the literature, and it is observed that
we have established further wave solutions than the solutions determined by the other methods, namely the
(G'/G?)-expansion method, sinh-Gordon approach, etc. This method uses a homogeneous balance rule to esti-
mate a polynomial-type solution and delivers an order. A traveling wave transformation has been used to convert
the governing equation into a nonlinear differential equation. Each solution includes a variety of parameters
related to the model and method. Using different parameter values, the nature of wave solutions is defined by
three-dimensional (3D) and two-dimensional (2D) wave profiles. The solitons change their nature and location
for the particular values of the dispersion coefficient a and free parameter «, and shown in 2D figures to illustrate
the different forms of solitons.

Introduction

We have discussed the background information and literature review
in sub-section 1.1. A description of the model is provided in sub-section
1.2. The organization of the article is covered in Sub-section 1.3.

Background and literature review

Nonlinear partial differential equations (NLPDEs) are one of the most
important topics in research, and they are considered an important
illustration for understanding nonlinear tangible phenomena. Therefore,
the analysis of nonlinear phenomena is one of the most exciting topics in
the current era of research. In ocean engineering [1], fluid mechanics
[2,3], plasma physics [4], particle physics [5], biological physics [6],
optical fibers [7], and many other scientific fields, the NLPDEs have
emerged. The NLPDE:s play an essential role in determining the physical
behaviors and dynamic processes of real events.

It has recently become one of the most intriguing issues for the in-
vestigators, and they have focused on finding analytical wave solutions
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to the NLPDEs. These solutions play a significant role in science and
engineering and can be utilized to study the nature of various models. As
a result, several effective and efficient methods have been established to
extract analytic solutions for nonlinear physical models, such as the
Hirota bilinear formulation [8], the Darboux transformation approach
[9], the sub-equation method [10], the modified simple equation
scheme [11], the (w/g)-expansion technique [12], the enhanced
Kudryashov method [13,14], the exp(—¢(¢))-expansion method
[15,16], the Jacobi elliptic function method [17], the extended modified
direct algebraic method [18,19], the Lie symmetry analysis method
[20,21], the enhanced (G’'/G)-expansion method [22,23], the auxiliary
equation method [24], the modified extended exponential rational
function approach [25,26], the enhance MSE scheme [27], the sine-
Gordon approach [28], and other schemes.

In 1995, Gilson and Pickering (GP) were first introduced this equa-
tion in [29], and factorization and Painleve analysis were investigated.
Clarkson et al., [30] explored the symmetry reduction of the GP equa-
tion two years later. In 2009, Chen et al., [31] used the bifurcation
method to examine the qualitative behavior and exact solutions to the

Received 25 May 2022; Received in revised form 12 July 2022; Accepted 17 July 2022

Available online 20 July 2022

2211-3797/© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).


mailto:ali_math74@yahoo.com
www.sciencedirect.com/science/journal/22113797
https://www.elsevier.com/locate/rinp
https://doi.org/10.1016/j.rinp.2022.105834
https://doi.org/10.1016/j.rinp.2022.105834
https://doi.org/10.1016/j.rinp.2022.105834
http://crossmark.crossref.org/dialog/?doi=10.1016/j.rinp.2022.105834&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

S.M.R. Islam et al.

Gilson-Pickering equation. Ebadi et al., [32] explored the conservation
laws of the GP equation by using the (G’/G) method to determine soliton
solutions. Recently, several scholars have examined the exact traveling
wave solutions to the GP model by using different schemes, such as the
simplified (G’/G)-expansion method [33], the first integral method [34],
the Bernoulli sub-equation function method [35], the sinh-Gordon
function and (G'/G, 1/G)-expansion schemes [36], the generalized
exponential rational function method [37], the sine-Gordon expansion
method [38], More recently, Bilal et al., [39] attained the exact wave
solutions to the GP equation by (G'/G?)-expansion and expansion
function methods; and Rani et al., [40] investigated the soliton wave
structure of the GP model by using the tanh-coth method, etc.

However, no one has yet examined the GP model using the elegant
auxiliary equation approach [24,41,42]. Therefore, motivated by the
study of the aforementioned academics, our aim in this article is to
search for scores of analytical solutions to the GP model utilizing the
sophisticated auxiliary equation approach. The established solutions
include periodic, kink, plane soliton, singular soliton, U shape, parabolic
soliton, bell-shaped soliton etc. which are useful in plasma physics,
optics, fluid mechanics and particle physics. The effects of dispersion
coefficient a and free parameter « on soliton pulses of the GP model have
also been investigated.

Model description

In this sub-section, we considered the GP equation [29-40] which is
read as.

Uy — Qg + 2Pu, — Ully — Tuly, — ptity, = 0 (1.1)
where « is the dispersion coefficient, f is the coefficient of the linearity
and the steeping coefficients are 7 and u. Each coefficient is nonzero real
numbers. This model includes many other nonlinear models, such as the
Eq. (1.1) changes to Fornberg-Whitham equation [43], whena = 1,7 =

—1, . = 3 and $ = 0.5 to the Rosenau-Hyman equation [44], and to the
Fuchssteiner-Fokas-Camassa-Holm equation whena = 0,7 = 1,y =3
and § = 0.

Arrangement of the article

The remainder of the paper is laid out as follows: Section 2 provides
an overview of the advanced auxiliary equation method. Section 3 dis-
cusses how to obtain wave solutions for the GP model. Section 4 dis-
cusses the graphical analysis of the derived solutions as well as the
effects of the dispersion and free parameters on soliton pulses. Section 5
contains a comparison of the obtained solutions to earlier literature. In
Section 6, we come to the conclusion.

Wave solutions of the GP equation

Eq. (1.1) is transformed into a nonlinear equation through the wave
transformation u(x,t) = u(¢) and ¢ = x + ot:
1—p,
(28 —o)u+ (aafu)u”JrTM(u VY- =0 2.1
where o is the speed of the wave and the primes denote the derivatives

with respect to £. Using balancing principle yields N = 2 and expending
the supposed solution of the mentioned method, we attain:

u(€) = Co + C1at + Ca*® (2.2)

Herein Cy, C;, and C, are constants to be determined subsequently
and the function g(¢) satisfies the first order auxiliary equation g'(¢) =
w0 {va=8® +y +xas® }. Substituting solution (2.2) into the Eq. (2.1), we

get the values of the parameters as:
Set 1:

Results in Physics 40 (2022) 105834

t o ko = B = 2y = 2 V)
4 M ’ ay?—4axv—1° 0 /74 —4y% ko(ay? ,40,,(”,1)’
V=42
o 4<i e +1)/}(1x c —o
1= y(ay? —4axv—1) y=2 = U
Therefore, the wave solutions of (1.1) are in the ensuing form:

When y2 —4xv < 0 and « # 0,

—72 +4x (ay’x—dakox-+2ft—x)
2ﬁa<i R tan(w o o ‘)ﬂﬁum)

uyo(x,1) =
12(%,7) V7 — 40 (ay> —daxv—1)
(2.3)
2pa ( +/—r v cot( v “QTZ,(" f:;ﬁ(f)”mﬂ)) - \/7’2_—4‘“’ )
uz 4(x,1) =
34(%,1) V7 —4xv (ay? —daxo—1)
2.4)
When y2 —4kv >0 and x#0,
Zﬂa( + tanh( r 74le,ijgzi;::£lx)+w[ﬁ)) -1 )
(et = 2.5
us 6 (X, 1) ay? —daxv — 1 @9
Zﬁa( + coth (@izyi;i:?ﬁz”ﬂ)) -1 )
N 2.6
ur8(x, 1) ay* —4daxo — 1 @0
When y* +4v? > 0,k # 0 and x = —v,
2 402 Vx4 260 —x )
2ﬂa( =+ tanh <(a(y +4L,2)+<+zifirxu)z\){m ) -1 )
ug 1o(x,1) = — 14 (2 +40))a @7
a7 +402 ) x+2p1—x)\ /72 +40?
Zﬂa( =+ coth <( (r +472)+(+2ift+8:2)'1r - ) ! )
(X, 1) = — @8

1+ (¥ +40*)a
When 7% +40% < 0,k # 0 and k = —v,

(a7 +40? )x+2p1—x)\/ —y* —40?
Zﬂa(i —y2—40? tan( (r 72“2%%02),, - ) -7 +4vz>

u X,1)=
1a14(51) V74 (= 1+ (P2 +40%)a)
(2.9)
(a(7?+40% ) x+2p1-x)/ —1*—4v?
2ﬂa<:|: —y?—40? cot( «r ”,2+(2yz+81,2){, r ) -7 +41)2>
is16(x,1) =

V740 (= 1+ (P2 +40%)a)

(2.10)
When y%2+4v2 <0 and k= v,

\/ —7? +402 (ay? x—dav’ x+2p1—x)
2ﬂa<:|: —y+40? tan( ! zlgaygy,:a,]zajl; ’ ) —/rr—a? )

17,18 (x,0) =
1718(51) V7P —40* (ay* —4av*—1)
(2.11)
A/ —7? +402 (ay? x—dav x4+ 2f1—x
2ﬁa(i —y2+40? cot( r +2'Za§gy_4a,,zliul>+ a >) —\/y2—4v2>
U100 (x,1) =

V1P —40* (ay? —4av* —1)

(2.12)
When y2+4v? >0 and k= v,
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Fig. 1. 3D plots of the solution |u; (x, t)|, for picking parameter values f# = 0.5,y = 1,k = 0.1,0 = 1.01 (A) for @ = 0.001, (B) for @ = 0.005, (C) for « = 0.009 and (D)
the 2D combined line plots of the solution |u; (x,t)| of (A)-(C) at t = 0.
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Fig. 2. 3D plots of the solutions |ug(x,t) | for the parameter values g = 0.5,y = 1,0 = 1.01 (A) for a« = 0.01, (B) for @ = 0.03, (C) for a = 0.05 and (D) the 2D
combined line plots of the solutions |ug(x,t) | of (A)-(C) att = 0.
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Fig. 3. 3D plots of the solutions |us3(x, t)| for parameter values f = 0.09,v = 0.01 (A) for a = 0.9, (B) for @ = 1.04, (C) for @ = 1.08 and in Fig. (D), the 2D combined
line plots of the solution |uss(x,t)| of (A)-(C) att = 1.
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Fig. 4. 3D plots of the solutions |us (x,t)| for picking parameters g = 0.5,y =1,k = 0.1,0 = 1.01 with (A) @ = 0.1, (B) @ = 0.11, (C) @ = 0.12 and (D) the 2D
combined line plots of the solutions |u4; (x,t)| of (A)-(C) at t = 0.
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Fig. 5. 3D plots of the solutions |uz; (x,t)| for # = 0.5,y = 1,0 = 1.01 with (A) x = 0.02, (B) @ = 0.04, (C) @ = 0.06 and (D), the 2D combined line plots of (A)-(C) at

t=0.

Table 1
Comparison of the attained solutions with Yokus et al., [36] solutions.

Yokus et al., [36] solutions obtained by (G*/
G,1/G)

The solutions attained in this article

6y%e Taking
(r? —a)(y?>e —1) Q:,@r:mw: 2

_x _ K’ 4axv + 1
r= 3 and O 3(x,t) = u(x,t), then the and wr(x, t) — u(x,t), then the

solutions of the Eq. (2.58) turns to
u(x,t) = Qcosech?{I'(x —nt) }

Takingk =1,¢; =0,Q =

solutions of the Eq. (48) turns to
u(x,t) = Qcosech?{I'(x — nt) }

. Choosing
Choosing k =1,¢; =0,Q = oG 2
Q=—2T= =0,
6% X K 4akv + 1

2 —agee 1) 24023000 = andun(x.0) = u(x.t), then the
u(x,t), then the solutions of the Eq. (53) solutions of the Eq. (2.58) turns to
turns to u(x,t) = Qcosech?{I'(x — nt) }
u(x,t) = Qcosech*{I'(x — nt) }

Insertingk =1,¢; =0,Q = ? and Inserting Q = %,n = 2f and
O15(x,t) = Oa5(x,t) = u(x,t), then the

solutions of the Egs. (50) and (55) turns to

uze(x,t) = u(x,t), then the solutions
of the Eq. (2.64) turns to

Q Q
1 ey 1O ey
\7? —40? (ay? x—dav?x+2p1—x)
Zﬂa( + tanh( e —dr D) —1
— 2.1
Uy (X, 1) ay? —4dav? — 1 (213)
Zﬂa( + coth(v ’435,”2’3;3?323””"”) - 1)
t) = 2.14
U23.24 (X, 1) art —da? — 1 ( )
Wheny=x=¢andv =0,
2exp(p (2= + x) ) pa
1,425,26()67 f) ==+ p( (a(pz—l ) ) (2.15)

(1 —exp(p(GF5+x)) ) (ag? — 1)

Table 2
Comparison of the attained solutions with Bilal et al., [39] solutions.

Wheny =« + v,

(42 (C52 ey ) (rvo) )K +1 )

Zﬁa (exp —1+(—x+v)’a

x(xi0)a, oy .
(CXP(Z( iﬁ*»ﬁl 2)( +)>K71)(GK272GKU+(11)271)

Ury0s(x,1) =
1+ (—x+v)’a
(2.16)
Wheny = —(x + v),

o (Hexi?a -2 ) (—x+0)
2pa (exp <% +x
2 (A s ) (o) N
K — exp (-14+(—«x+v)a)

U z0(x, 1) = £

5

—1+(—k+v)a
(2.17)
Whenov =0,
2pa( + wexp(HL ) - 1)
uz1 3 (%, 1) = P (2.18)
(K exp <77(“7{;2+f1’”)> - 1>(ay2 -1)
Whenk =y =0 #0,
2/}0:( + tan (7%‘ s s g )02 e )
uz3z4(x, 1) = (2.19)

V=o*Bav? +1)

When v =y = ¢ and x = 0; and when « = 0 inputting the values
results in constant solutions, which are not mentioned here because
constant solutions have no physical relevance.

Set 2:

2(y* — 8y°Kv + 160°K?)
= ay? —4aKv + 1
2(2ay* — 8aKv + 1)
~ @y — 8a272Kv + 1602K20? + 2ay% — 8aKv + 1’

7”2_270

Bilal et al., [39] solutions attained by (G’/ G2)-expansion method

The solutions attained in this article

TakingY =-1,I'=1,A = % (2k—1n),Q = —% (2k —n) and O, (x,t) = u(x,t), then the
solutions of the Eq. (27) turns to
u(x,t) = Atanh?(x —nt) + Q

. _3(2k-n) ,  2(2k-n)
Selecting A = ~1evyr Q= YT

solutions of the Eq. (30) turns to
u(x,t) = Atan?{y(x —nt) } + Q

¥ = 2VYT and O3 (x,t) = u(x,t), then the

. _ 24a’p 2af(—8a-—1)
Taking & =167 179~ 11 =L
. 2B(8a+1) B )
k=1n= 1602 + 80+ 1 and usg(x,t) = u(x,t), then the solutions of the Eq. (2.33) turns
to
u(x,t) = Atanh?(x —nt) + Q
. 240> pv? 2ap( — 3a0? — 1)
Selecting A = 92202 — 1" 9a2v% -1
V3v(92?v* — 6av? +1) 24 — 12apv?
= 26’ —1) N = 5030t — 6an? £ 1 and uss(x,t) = u(x,t), then the

solutions of the Eq. (2.40) turns to
u(x,t) = Atan®{y(x —nt) } + Q
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2pa(ay* + 8avk — 1) 24y pra’

Cy = ,C =
O T @yt = 8Pk + 16a2k%0? — 17!

24512
a2yt — 8a2y kv + 1602k20* — 17

Cz:

a2yt — 8a2y?kv + 16a2k202 — 1

Therefore, the wave solutions of (1.1) are established in the

following form:
When y? —4xv < 0 and v # 0,

2pa( — 1+ (—p* + 4xv) (3tan(y)” +

2)a)

uzs(x,1) = = (2.20)
-1+ 16(1(1)—%) a?
2Ba( — 1+ (— y* + 4xv) (3cot(y)* +2)a
) = 21 E (7 )(2 o) +2)a) (2.21)
-1+ 16<KU 7%> a?
8 ( (Ku—é)zaz)w (ﬁt——) (Kv—Tz) a—ﬂﬁs) \/m
where y = .
(—ay?+4ax—1)%
When y? —4xv > 0 and v # 0,
2pa(1 + (— y* + 4kv) (3tanh(y)” — 2 )a
() — — P (= I : ) o) (2.22)
~1+16(x - 7) @
2Ba(1 + (= y* + 4xv) (3coth(y)* — 2 )a
uzs(x, 1) = — d ( (=7 )( ; 2()() ) ) (2.23)
-1+ 16(1<1) —%) a?
When y% +402 < 0,k # 0 and k = —v,
2pa(1 + (7% + 40%) (3tan(y)’ +2)a
(1) = — 2L+ 4 2({) Je) (2.24)
1+ 16(1}2 +%) e
28a(1 + (¥ + 40?) (3cot(y)* + 2)a
u40(x, [) = — ( ( )( 2()2) ) ) (225)
-1+ 16(1)2 +%) a?
8(— (1)2+4)2a2x+(ﬁt—§)( 2 y2)a+m—i)\/m
where y = .
(u72+4auz+1)
When y? +40? > 0,k #0 and x = —,
2pa( — 1+ (y* + 40*) (3tanh(y)* — 2)a
(1) = 2 ( (r ) : 2(){) )2) (2.26)
-1+ 16(1)2 +§) a?
2Ba( — 1+ (7* + 40%) (3coth(y)* — 2)a
wan 1) = 2 ( (r I : 2()() )2) (2.27)
1+ 16(1)2 +%) pe
When 2 +4v% < 0 and k = v,
2Ba( — a(3tan(y)® +2)7* — 1 + 4a((3tan(y)* + 2 )v?
(1) = 2= ) )2y2 _ 2((4 W +2)) (528
a?yt — 8a?y*v? + 16a%v* — 1
2Ba( — a(3cot(y)® +2)7* — 1 + 4a((3cot(y)* + 2 )v?
() — L= aBeotlr) +2)7" — L dal(Beotly) +2)07) -, o
a?yt — 8a?y?v? + 160%v* — 1
where g 0 (-0 ) (0-5) (Do) y AR
(—ar? Fav2—1)2 .
When 32 +40> > 0 and « = v,
(er) = 2pa( — a(3tanh(y)’ — 2)7* + 1 +4a(3tanh(y)’ — 2)v*)
st = a2yt — 8a2y20? + 16a%0* — 1
(2.30)
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_ 2Ba( — a(3unh(y)’ = 2)y* + 1 + 4a(3tanh(y)’

“2)0)

tgo (¥, 1) = %yt — 8a?y?? 4 160214 — 1
(2.31)
2 2 y
8((v-2)" (14%) "x @+ (pt=%) (v+5) (v—5) a—L-2)\ /12 —42)
where y = ()" (v4h) = *(gayzzzga;z)% FaGHVr .
When y? = 4«v,
8 (ﬂztz — P+ - 3a)
Uyg7 (X7 t) = (2/}1‘ _ x)2 (2.32)
When kv < 0,y =0 and k # 0,
2pa(12oxtanh(y)’a — 8avk + 1
ugg(x,1) = — ( 6 — 1 ) (2.33)
2pa(12vkcoth(y)’a — 8avk + 1
Ugo(x,1) = — ( 620 — 1 ) (2.349)
where;( _ /=KD (16a2;<2021((::juﬂf)ut 8avkx— 2/3£+x).
Wheny=0and v = —x,
24(1 + exp(—2k(y)))*fa2i> 2fa(—8ax* — 1)
uso(x, 1) = — - e T (2.35)
(=14 exp(—2k(y))) (16a2k* — 1) 0o
KZ
where y = 716255;;@;22111
Wheny=x=¢andv =0,
sy (1) = 24(exp(e(x))) ﬁazfl’z 24exp(¢(x))ﬁa  2pa(ag®—1)
" (1—exple(n)) (2@t —1)  (1—exp(p(x)))(@®¢*~1)  a?¢*~1
(2.36)
2
where y= 77{122(532:;2)f; + x.

When y =« + v,

(1) 2pa(10(4+ (v —x)*a)xexp(y) + (— 1+ (0 —x)’a) (exp(y)2 +1))
usy (x,1) = ;
52 (-1 +(D7K)2a)(Kexp(y/)71)z(l +(I/*K)2a)
(2.37)
wherey = 4 (1 (pr5) ) a+7,z)’
(1+ v— K)Za)
andy = 8<I'7K)( M (ﬂt/)( —K) a+ﬁ;7§).
(1+ v—K) 2 )
Wheny = —(x +v),
sy (1) = Zﬁa(lO(éwL (v f;()2a)xexp()() + (, 1+ (v 7K)Za) (exp(y) +5° ))
o (1+(=x)’a) (= 1+ —r)’a)(x—exp(z))’
(2.38)
wherey = 40 (2 (s ;%) v—x) Jl,z)’
(1+(p X) ,,)
andy = 2 (s i G ) Pl y)
(1+ v—x)’a )
Whenv = 0,
(x,1) 2ap(k(ay* — 1)exp(y) + (10y%ka + 2i)exp(y) + ay* — 1)
usq(x,1) =
i (kexp(y) — 1)*(@r* — 1)
(2.39)
 r(ePrx—dapt®+ 202 x-2p1+x)
Where y = w1
Whenk =y =0 #0,
e (9tan< 3U(9a204)+2(132::?—i>6w = Zﬂm) av? + 6av? — 1)
) = 9a2v* — 1
(2.40)

Whenv =y =0,
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24pa*
usg(x,t) = ————+2pa (2.41)
SO0 = gy
When x =v andy =0,
(5.1) 24an® (U( - éfﬁfffiﬁiz)ﬁﬂ +x) )ﬁazvz 2pa(8av® — 1) (2.42)
Us7 (X, = .
T 16a20* — 1 16a20* — 1

Whenv =k =0;v =y = ¢ andk =0;x =y =0; andkc = 0, entering
the values lead to constant solutions which are not stated here since
constant solutions have no physical implication.

Set 3:

L 7*aCy — 8y%axvCsy + 16av?k2Cy — 24apK® — y*Cy + 4x0Cy
- By (ary* — 4axv — 1)

2 vC: C:
d 0= 2C2:C2,C1:y72

a."l:72

- 7(1;/2 —daw—1 "k
Therefore, for the values presented in Set 3, the wave solutions of
(1.1) are found in the form:

When y2 —4xv < 0 andv # 0,

V (—r2+4x 2x—4axvx —x z
Cz(tan( (o (ar's—da +2ﬁ[')) +l>(xvfj)

2(ay? —dakv—1)
uss(x,1) = p (2.43)
2
V(=2 +4xo (ay® x—daxv x+2pt—x
C2 (cot( — z(fg:?yfmmill) = )) + 1) (KU — é)
o (x, ) = — (2.44)
When y2 —4xv > 0 andv # 0,
(KI/ - %) (tanh(€) + 1)(tanh(Q) + 1)C»
ueo(x,1) = — 2 (2.45)
(& (KI/ - %) (coth(€) — 1)(coth(Q) + 1)
ug (x,1) = — = (2.46)
\/ (72 —4xv( ay®x—dakvx+2pt—x
whereQ = 2(r(1y2—4(1)(1/—1) )
when y2 +4v% < 0,k # 0 andx = —v,
2
() (w2 )
Ll()z()f7 l) = — 02 (2.47)
x(y?+40? —x)\/ —r*—4v? ?
a( +2) <cm<< e ==u
Ues(X,1) = — " (2.48)
When y? +4v? > 0,k # 0 andk = —v,
G (uz + é) (tanh(Q) — 1)(tanh(Q) + 1)
uga(x, 1) = 5 (2.49)
%
G, (1)2 + é) (coth(Q) + 1)(coth(Q) — 1)
ugs (x, 1) = p (2.50)
x (72 +4%)a+2pt—x \/;m
whereQ = (= —2)+(272+8u2))a .
When y? +4v? < 0 andx = v,
V(=7 +4v? (ay?x—dav?x+2pt—x 2
G (ta“( 2<ar(2—4a02—1> D 1) o-ne+y
ugs (x, 1) = 2
(2.51)
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N 2
C, (COt <\/(77~+4n~ (ay“x—4m)zx+2/it—x)) +1 ) (l) + %) (U _ %)

2(ayr—4av?—1)
ugr (x,1) = p (2.52)
When 7% +402 > 0 andx = v,
C,(— y*tanh?(y) + 4v*tanh®(y)+y* — 40°
Ues (X, 1) = — 2 W S w0 ) (2.53)
0
C,( — y*coth?(y) + 4vcoth? (y)+y> — 40?
Ugo (x,1) = — 2( W 0 W ) (2.54)
_. 2 x_4qv2 _
wherey = T,

Wheny? = 4«v,
(2\/,5(72&“)+2)2c2_(2w<_u(72ﬁt+x)+2)\/E02+&
42— 2p1+ ) K (=2t +x) .
(2.55)

u70(x,t) =

When xv < 0,y =0 andx #0,

e 2
uy (x,1) = UTczsechz ( i (i‘;’:;er 1 pr+ %) ) (2.56)
upn(x,t) = — UTCZcosechz ( v (1(::;){_*_7 12/3t +) ) (2.57)
When y =0 ando = —«,
acsenp (At )
uz3(x,1) = 3 (2.58)
( (—4(2(1K2x+/it7%x)x) )
—l+texp| ——paqr
Wheny=x=¢andv =0,
u74(x t) _ CZ(CXP(¢(X)))2 Czexp((p(x)) (259)
(1 —exple(x)? 1 —exp(e(x))
wherey = H% + x.
Wheny =« + o,
2
o (3, 1) = 20— KV explr) (2.60)
(kexp(y) — 1)k
o) (X w—x)2a x
wherey = %77@:5”)
Wheny = —(k+0),
2
g (v, 1) = 2= KV explr) 2.61)
(k —exp(x))x
v (% (v-x)2a x
wherey = W
Wheno = 0,
wna(et) = Cr(exp(r(n)” | Crlexp(r(1) (2.62)
’ (1 —xexp(r(y))” &1 —xexp(r(x)))
wherey = ljffl + x.
Whenk =y =0 #0,
3C 3v(3av’x — 2pt +
uzs(x,1) = 220ec? (\/- (2(3(11):2 n ﬁ x)) (2.63)
Whenv =y =0,
76 (x, 1) = G (2.64)

k(= 2pt + x)°

When « = v andy =0,
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(2.65)

2
w77 (x, 1) = Cytan® <v< Pt +x> ) +C

—4av? — 1

Inserting the values results in constant solutions when x = 0, which
are not given here because they are not applicable in real fields.

Results and discussion

In the Gilson-Pickering equation, « is the dispersion coefficient, f is
the linear coefficient and the steeping coefficients are designated by ¢
and . In order to illustrate the impacts of dispersion, we will graphically
depict the results by changing the values of the parameters related to the
solutions obtained in this section. It is important to note that we have
constructed explicit and stable wave solutions to the Gilson-Pickering
equation in a variety of ways, including using hyperbolic, trigono-
metric, exponential, rational, and other functions. By setting numerous
individual values to the derived solutions, the soliton profile for each
solution is formed. We have drawn the 3D and 2D combined line plots of
the solution |u; (x,t)| of the gained wave solution. The 3D wave phe-
nomena represent the singular periodic wave profile of the solution (2.3)
and wave propagates along x axis, which is depicted in Fig. 1(A) due to
the values of @ = 0.001,5 = 0.5,y = 1,k = 0.1 and v = 1.01 within the
interval —10 < x,t < 10. As a result of changing the values of « = 0.005
and 0.009, we get same type of 3D wave structure which are shown in
Fig. 1(B, C). We observed that for different soliton values of «, the
amplitude component of the solution are different, is exposed in Fig. 1
(D).

We have also drawn the 3D and 2D combined line plots of the gained
wave solution |ug(x,t)|. The 3D wave profile depicts the kink soliton of
the solution (2.7) as shown in Fig. 2 (A) due to the valuesa = 0.01, § =
0.5,y =1 and v = 1.01 within the range —10 < x,t < 10. Changing the
value of @ = 0.03 and 0.05, we get same type of 3D wave structure which
are shown in Fig. 2(B, C). We perceive that the amplitude component of
the solution differs for various parametric values of a, is exposed in
Fig. 2(D).

The wave structure of the solution |us3(x, t)| represents a U shape
wave profile for the value @ = 0.9 which is shown in Fig. 3(A). This
characteristic remain unchanged after increasing the value a = 1.04
which is shown in Fig. 3(B), and also Fig. 3(C) shows a U shape wave
profile for the value « = 1.08. In addition, illustrations of 2D combined
line plots are shown in Fig. 3(D). It is seen that the wave profile of Fig. 3
(D) are similar but the amplitude and phase of the wave profile are
different.

The constraint y? + 402 > 0, x # 0 and x = —v is imposed in the so-
lution uy; (x, t). The solution of the Gilson-Pickering equation, which is a
hyperbolic function, is shown in the cases of 3D and 2D waves. For the
values a=0.1,=0.2,y=0.1,0=0.3 inside the displacement
—10 < x,t <10, the 3D waves exhibit the bell-shaped soliton and the
wave propagates along the x axis, depicted in Fig. 4(A). We achieve the
same type of 3D wave structure as illustrated in Fig. 4(B, C) by adjusting
the value of v = 0.11 and v = 0.12. As illustrated in Fig. 4(D), the varied
values of v, and the phase and amplitude component of the solution
(2.26) are frequently different.

For k = 0.02, the solution u7; (x,t) corresponds to the soliton profile
of the parabolic type shown in Fig. 5(A). On the other hand, as shown in
Fig. 5(B) and Fig. 5(C), there was no change in the shape of the soliton
profiles even after increasing the value of x from 0.04 to 0.06. The 2D
combined line plot of the solution uy; (x,t) att = 0, corresponding to the
3D wave profile for different value of x are depicted and presented in
Fig. 5(D).

Comparison
In this section, we compare the solutions obtained in this article with

the analytic wave solutions accessible in the literature of the GP equa-
tion. Some approaches for studying the GP equation were used in the
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early literature, including the (G'/ G,1/G)-expansion method [36], the
sinh-Gordon function method [36], the tanh-coth method [40] etc. We
compare the obtained solutions to those established by Yokus et al., [36]
and Bilal et al.,, [39] solutions. More precisely, Bilal et al., [39]
considered the (G'/G?)-expansion and expansion function methods and
obtained soliton solutions of the GP equation. On the other hand, Yokus
et al., [36] considered the (G /G, 1/G)-expansion and the sinh-Gordon
function methods and obtained soliton solutions of the GP equation.

It is noted that Bilal et al., [39] found fourteen exact solutions to the
GP equation using the (G'/G?)-expansion method and fourteen exact
solutions by using expansion function method. On the other hand, the
advanced auxiliary equation method is used to create lot of wave solu-
tions of the well-known GP equation. Both methods have some common
solutions as shown in Tables 1 and 2. It is observed that we have
established huge amount wave solutions than the solutions determined
by the (G'/G?)-expansion method.

We also compare the solutions found by Yokus et al., [36] and the
solutions established in this article. By using the sinh-Gordon function
method, Yokus et al., [36] achieved only four exact solutions to the GP
equation. Furthermore, the G /G,1/G)-expansion method was also used
to investigate analytical wave solutions to the GP equation and found
ten solutions in [36] by Yokus et al., On the contrary, by the advanced
auxiliary equation method, we attain a lot of soliton solutions of the
described equation. These solutions are expressed by the rational func-
tion, hyperbolic function, exponential function and trigonometric
function. Finally, we can say that we have got a huge number of wave
solutions than the sinh-Gordon function and the (G’ /G,1/G)-expansion
methods by using the suggested method.

Conclusion

We have successfully applied the advanced auxiliary equation tech-
nique to the GP equation in this article and obtained a large number of
analytical wave solutions to this equation using this technique. The
analytical wave solutions comprise different parameters that provide the
periodic, kink-shaped, bell-shaped, U-shaped, parabolic-shaped solitons
and some other shapes for specific values. We displayed the 3D and 2D
combined plots of some selected solutions by changing the values of the
parameters. The 2D combined plots indicate the impact of the dispersion
coefficient and free parameters in the figures. The Figs. 1-5 demonstrate
that the dispersion coefficient has greater impact than the free param-
eters in changing the nature and position of the solitons. We have also
compared the results obtained with the results available in the previous
literature. This study shows that the advanced auxiliary equation
method appears to be robust, compatible and simple to use, and it
provides lots of wave solutions of NLPDEs with various free parameters
that are useful to describe the wave profile in science and engineering.
The method could be used to investigate a variety of additional NLPDEs
and it is our future endeavor.
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