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Propagation of the pressure waves in a liquid with gas bubbles is an important topic in the field of fluid dynamics
and mathematical physics. The Kudryashov-Sinelshchikov equation is one of the models that describe the
propagation of nonlinear waves in a bubbly liquid taking into consideration the viscosity of the liquid and the
heat transfer. To explain such behaviors, we mainly focus in this study to explain the dynamics of localized waves
and their variety of interaction solutions to a dimensionally reduced (2 + 1)-dimensional Kudryashov-
Sinelshchikov equation with the aid of the Hirota bilinear method from N-soliton solutions. Four different
forms of localized waves, including solitons, lumps, breathers, and rogues, are derived from the aforesaid
equation based on the long wave limit approach. In particular, the localized waves can be used to find interaction
solutions, which are the single breather or single lump formed by two solitons; interaction between one line
soliton and one breather, as well as one line soliton and one lump soliton among the three solitons; interaction of
the two-line soliton and one periodic breather, two periodic breathers, periodic breather and one lump soliton
from the four solitons. The direction of propagation, phase shifts, shape, energy, and the variety of interaction
solutions of localized waves are affected by these parameters. Moreover, analytical and graphical illustrations of
these interaction solutions and their propagation properties are shown by the three-dimensional and density
plots with the help of Maple 17. These newly discovered solutions in this study can be used to illustrate the
interaction phenomenon of localized waves on ocean surfaces.

Introduction

The study of localized structures is a significant topic in the field of
nonlinear science and mathematical physics. In nonlinear science, soli-
tons, lump waves, breather waves, and rogue waves are localized
structures that are useful in a variety of physical systems, including
those that are described by the surface of the ocean, bubbling liquid gas,
optical fiber, plasma, and other [1-4]. Considerably, these localized
structures can also be seen on ocean surfaces when waves are propa-
gated. Because of its important to nonlinear science, researchers have
noticed to identify the localized structures of a class of nonlinear evo-
lution equations (NLEEs). Conventionally, a solitary wave is a type of
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localized wave that exists in a confined area and does not change its
shape as it moves forward at a steady speed [5]. On the other hand,
soliton identity is preserved after pair-wise collisions [6]. However, a
thorough investigation of such numerical simulations reveals that some
nonlinear waves cannot be retrieved with their original identity after the
collision. [7]. In these circumstances, a nonlinear evolution exact solu-
tion can permit the existence of solitons. Lumps, breathers, and rogues
waves are also exact solutions that illustrate the localized behavior of
any physical model. Lumps are solutions that decay rationally and are
localized in all spatial directions solutions [8], on the other hand,
breathers are solutions that have a periodic structure in one specific
direction [9]. A rogue wave is a unique type of pattern that is localized in
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both space and time and is considered a rational solution [10].
Regarding the interest, researchers have investigated some new inter-
action solutions between four different kinds of nonlinear localized
waves through NLEEs. Construction of analytic solutions for any
nonlinear systems is challenging and time-consuming, but it is an
important task for knowing the behavior of the system. Many popular
and effective techniques [11-31] have been developed to construct
analytic solutions for the variety of nonlinear systems by using symbolic
software such as MATLAB, Maple, and Mathematica. Researchers
[11-31] have demonstrated that the Hirota bilinear method (HBM) may
be used to generate N-soliton solutions from any integrable NLEEs.
Using the long wave limit technique with parameters, the localized
solitons, lumps, breathers, rogues, and their variety of interaction so-
lutions from N-soliton solutions have been found in a particular area of
NLEEs [32-41].

In 2010, Kudryashov and Sinelshchikov [42] demonstrated the
extensive application of nonlinear partial differential equations (PDEs)
for describing pressure waves propagating within a mixture of gas
bubbles and liquid. In this study, we consider the (3 + 1)-dimensional
Kudryashov-Sinelshchikov (KS) equation [43], which leads to

(u + auu, + yuyy), + diy, + eu,, =0, (1.1)

where u(x,y,z,t) is a function that denotes density, heat transfer, and
viscosity; and a,y,d, e are real constant parameters. Equation (1.1) ex-
plains the pressure waves in a mixture of gas bubbles and liquid by
taking into account the viscosity of the heat transfer and liquid [44].
In the past, some scholars [45-56] studied and constructed some
novel solutions to investigate (3 + 1)-dimensional KS equation. For
instance, Feng et al., [45] obtained various rogue waves and resonant
soliton solutions from the (3 + 1)-dimensional KS equation by using the
Neural network method. Via the simplified linear superposition princi-
ple and velocity resonance together with the HBM, Kuo [46] investi-
gated the multi-soliton solutions with resonance to the (3 + 1)-
dimensional KS equation. With the aid of the Jacobi elliptic function
method, Rehab et al., [47] constructed new solitary, shock wave, kink,
and periodic wave solutions for the (3 4+ 1)-dimensional KS equation
with in liquid gas. With the help of the unified and generalized unified
methods, Jisha et al., [48] determined the rational traveling and trav-
eling wave solutions to the KSE with variable coefficients. Hu et al., [49]
constructed the nonautonomous lump solutions by using the HBM
method from the (3 + 1)-dimensional KS equation in which the velocity
and trajectory of these waves are observed with variable dispersion
coefficients. By using the symmetry analysis, Yang et al., [50] obtained
the symmetry reductions and geometric vector fields from the (3 + 1)-
dimensional KS equation. Inc et al., [51] investigated the traveling and
solitary wave solutions, which represent the singular-type, the king-
type, and exponential solutions for the KS equation with the help of
the Riccati Bernoulli sub-ODE method. Rehman et al., [52] used both the
new extended hyperbolic function technique and the Sardar-
subequation method for the KS equation that defines the behavior of
nonlinear waves in gas-liquid mixtures. With the aid of a modified
mathematical method, Seadawy et al., [53] determined the exact trav-
eling and solitary wave solutions of the KS equation, their shape rep-
resents a dark, bright, singular, kink, and periodic wave, where applied
various functions such as hyperbolic, trigonometric and elliptic func-
tions. Akram et al., [54] constructed the traveling wave solutions for the

KS equation by using the improved tan (@)—expansion technique. Liu

[55] explored the exact traveling wave solutions of the generalized KS
equation with the aid of the auxiliary equation method.

It is important to notice here that Eq. (1.1) can be transformed with
the help of the Korteweg-de Vries equation (KdV) [56], if we puta = 6,
y =1,d =0,e =0,z =y. Elsewhere, if we set e = d in Eq. (1.1), then it
reduces to a generalized (3 + 1)-dimensional KP equation, which can be
found in reference [57]. If we put z=y,d=1,e=1 to the (3 + 1)-
dimensional KS equation, Eq. (1.1) converted to the (2 + 1)-dimensional

Results in Physics 52 (2023) 106786

KS equation involving the second-order dispersion term (). But if we
set z = x keeping fixed other values to the (3 + 1)-dimensional original
KS equation, Eq. (1.1) also converted to the (2 + 1)-dimensional KS
equation involving two second-order dispersion terms u, and uy,, which
is different from the existing literature. Based on refs. [35,39,58], we
consider a dimensionally reduced (2 + 1)-dimensional KS equation for
z = x for this study to examine the localized wave and their interaction
solutions. The equation becomes

(u, + omuy + yuyy), +duy, +eu, = 0. (1.2)

In the past, several authors [35,39,58] converted dimensionally
reduced form of the NLEEs. Lie et al., [58] obtained the localized waves
and interaction solutions with the help of HBM from the reduced form of
(3 + 1)-dimensional generalized Kadomtsev-Petviashvili (gKP) equation
after setting z = x. Kumar et al., [39] reduced the (3 + 1)-dimensional
Boussinesq equation (BqE) dimensionally after substituting z = y, and
Wu et al., [35] reduced the (3 + 1)-dimensional Boiti-Leon-Mana-
Pempinelli (BLMP) equation dimensionally after setting z = x and z =
0 to construct the localized and their interaction solutions to the BqE and
BLMP equations.

To the author’s best knowledge, the dimensionally reduced (2 + 1)-
dimensional KS equation has never been studied for generating localized
waves and their interaction solutions. In this paper, we will discuss the
localized waves and their variety of interaction solutions from N-soliton
using the help of the long-wave limit approach to dimensionally reduced
(2 4+ 1)-dimensional KS equation. The exhibited outcomes reveal that
the attained solitons might help explain the propagation of nonlinear
waves in a bubbly liquid.

The outline of this paper is organized as follows: In section 2, we first
present the N-soliton solutions of (3 + 1)-dimensional KS equation and
its dimensionally reduced form via the HBM. Section 3 deals with
localized waves and their variety of interactions among N-soliton solu-
tions to the reduced dimensionally KS equation using the long-wave
limit approach and some restriction parameters. Finally, the discus-
sion of the outcomes and the conclusion are found in section 4.

Dimensionally reduced form of (2 + 1)-D KS equation and its
N-soliton solutions

By applying the dependent variable transformation [43]:

1%y

u=—-
a

(Inf),.., 2.1

where f(x,y, 2) is the unfamiliar function of x,y, z, and time t. If we put
Eq. (2.1) into Eq. (1.1), then the HBM is given as:

(DXD, +yD} +dD? + eDf) (.f) =0, (2.2)

where Ds(s = x,y,2,t) is the Hirota bilinear operator, which can be
written as
DEDIDID!(f.8) = (0 — 9,) (9, — )" (0 — 0.) (0, — 0,)f (x,y,2.1)
g(x/7 ylv Z/7 l’) ‘x:x"y:)’v,zzzl,t:l’.
2.3)
where a, §, 7, and 5 are all non-negative integers.

Based on HBM, N-order soliton solutions of Eq. (1.2) can be deter-
mined in Eq. (2.2) and Eq. (2.3), where f can be written as

N N N
i=1

i<j i<j<k

+ (HA,,) (),

i<j

(2.4)

and the dispersion variables (v;) and generalized phase shifts (4;) can
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be expressed as

vi=pix+qy+hz+nt+o;,i=172734 - -

2
B 3y <P?P./‘ *P[Pf) - d(Pin - 1’./%‘)2 - e(hij - thi)2

e - . s = 1,2, N
3v(p?p; +pip})” — d(pig; — piai)” — e(hip; — hipi

(2.5)
1
= (vp! +dq; + ehy),

where the constants p;, q;, h;, and w; are parameters related to the phase
and amplitude of the i th soliton.

Without losing generality, if we put z = x in Eq. (2.2) then it can be
transformed into the following HBE:
(DuDy 7D} +dD} +eD?) (1) = . (2.6)

Also, the generalized phase shifts and dispersion variables are
changeable because of the given solution of Eq. (2.6), then it becomes:

=1+ i e’ + iA,-je(v‘H’) + i A:inkAfke(v‘+vi+vk) kit <HAU>
P

i<j i<j<k i<j

N
(62) : 2.7
1
wherev; = pix +q;y —; (yp? +dq? +ep,.2)t+a),~, i=1,2,3,4, . ., N.
(2.8)
2 2)? 2
3¢ (2 —p}) —d(pia— pia)
= 2}i7j:1’273747 """ ,N. (2~9)

U 3o+ pi?)” - d(pigy — i)

By using Eq. (2.7) into (2.9) in Eq. (2.1), we can determine the
following N-soliton solutions of Eq. (1.2)

(@)

(b)

Fig. 1. Graphical representations of N-soliton solutions via the Eq.
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12y

_ (2.10)
a

u (Infy) i = 1,2,3, -weneee, N,
IfweputN =1, N =2, N =3, and N = 4, the solution of u is given
by Eq. (1.2) which represents one, two, three, and four soliton solutions
and those solutions are displayed in Fig. 1(a)-(h) under suitable pa-
rametersp; = 1,po=—-2,p3=3,ps=4,q, =1, =2,43 =-3, q4 =
3,1 =0,03=0,03 =0, =0,a=1,y=1b=1,d=1, and e=1.
Moreover, Fig. 1(e)-(h) exhibit the density plot that corresponds to
Fig. 1(a)-(d). However, from Fig. 1(a)-(h) that the velocity and ampli-
tude are the same but propagation is different when t < 0 and t > 0.

Interaction solutions and localized waves from N-soliton
solutions

In this part, we investigate the interaction solutions and localized
waves from N-soliton solutions among two, three, and four-line solitons.

Localized waves between two solitons

In this part, we obtained two cross-line solitons, two-parallel line
solitons, x-periodic breather (PB) soliton, y-PB soliton,xy-PB soliton, and
one lump soliton solution of Eq. (1.2). If we set N = 2 in Eq. (2.7), the
function f, can be written as

f=1+e" +e? +Ape ™. B.1

Now, setting Eq. (3.1) into Eq. (2.1) then the solution of two solitons
can be expressed as follows:

12y

= (3.2)
a

u

(Inf),,-

Family-I: Interaction solutions of two cross-line and two parallel-line solitons
s

To determine the interaction of two cross-LS and parallel-LS for Eq.
(2.1), the parameters p;, g;, and w; must meet the following requirements

(¢) (d)

0
X X

(2.10) of Eq. (1.2) in the (x,y) plane when t=2 with p; = 1,

P2=—-2,p3=3,pa=4,q=1,¢2=2,45=-3,q4=3,01 =0,02 =0,w3 =0,w04 =0,a=1,y=1,b=1,d=1,ande =1: 3D plotfor @) N=1,(b) N=2,(c)N =

3, and (d) N = 4. (e)-(h) the corresponding density plot of (a)-(d).
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pi=rigi=s;,({i=12),

where two real constants are r; and s;; r; # 0 and s # so.

(i) For two cross-LS: The cross-LS is maintained the following
structure

(ris2 —r2s1) #0. If we put r; = 3,ro =—2,51 =3,52=0, w1 = 0,
w2 =0,a=1,y=1,b=1,d=1, and e =1 in Eq. (3.2), then Eq. (3.2)
becomes
U= 12(ln(1 +63x+3y733t + e*ZxHOt + 37ex+3y723t) ) . (33)

xx

3D and density plots for the interaction of two cross-LS solutions are
presented by Eq. (3.3) in Fig. 2 (a)-(f) for varying timet = —1,t =0,t =
1. Fig. 2(d)-(f) show the density plots of the two cross-LS presented in
Fig. 2(a)-(c). In addition, two LS are crossly meet with each other (see
Fig. 2(a)-(). It is also seen that one LS propagates along the x-axis with
a negative direction and is perpendicular to it, while the other soliton
propagates along the x-axis with a positive direction.

(ii) For two parallel soliton molecules

The parallel two soliton molecules satisfy the following conditions
(r1 —r2)(s1 —s2) # 0, but r1s2 —r2s1 = 0. As per aforesaid rules, if we set
rn =5,rp = —3,51 =-5,8 = 3, w1 = 0,(02 = 0,&2 1,7: 1,b = 1,d:
1,and e =1 in Eq. (3.2), then Eq. (3.2) becomes

U= 12(1[1(1 + eSx—Sy—lSSt + e—3x+3y+33l + 16e2x—2y—1021) ) (34)

xx’

Fig. 3(a)-(f) exhibit the interactions of two parallel soliton mole-
cules, which are depicted as a density plot and 3D plot in the (x, y) plane.
Besides, Fig. 3(d)-(f) illustrates the density plot that corresponds to
Fig. 3(a)-(c). At time t < 0, two parallel soliton molecules are divided
with one highest amplitude and another with the lowest amplitude. It

(a)

=20%

(b)

x(e) y
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can be seen at t = 0, these LSs are overlapping with each other. It is also
seen that at t > 0, two soliton molecules are separated from each other
but the soliton position change at time t < 0. Moreover, the shape and
amplitude keep unchanged when it propagates for t < 0 and t > 0 but
the position of solitons is changed. The figures are not attached here
because due to space consumption.

Family-II: One y-periodic breather (PB) solution
To investigate one y-PB wave solution for Eq. (1.2), this maintained
the following structure for Eq. (3.2) into Eq. (3.1):

pr=p2=1l,q :q§ =1Is;,w; = w, = 0,and], #0,s; #0,

where ‘** denotes the conjugate of a complex number and I? = —1.

Substituting the values of parameters j = 3,51 =3, w1 = 0,02 =0,
a=1,y=1,b=1,d=1,and e =1 in Eq. (3.2), then it becomes in the
following form

"= 12(11‘1(1 +%E'~4ﬁz+x + e%w%xﬂly + e%w%x—yy) > . (3.5)

Fig. 4(a)-(f) represent one y-PB wave solution, which is shown by Eq.
(3.5) and displayed by density and 3D plots. For better understanding,
Fig. 4(d)-(f) illustrate the density views from Fig. 4(a)-(c). The given
one y-PB wave solution moves always perpendicular to the y-axis with
varying timest = —1,t =0, and t = 1, respectively (see Fig. 4(a)-(f)).
The position of the y-PB wave is shifted from the positive to the negative
direction at various times (t = —1, 0, 1). Moreover, both the amplitude
and shape of the y-PB wave remain constant.

(c)

10 : -10

-10 0
X

T

0 10 20 -10 0 10 20
X X

Fig. 2. The profile of two cross-line soliton solutions via Eq. (3.3) in the (x,y) plane withr; =3, = —2,51 =3,52 =0, w1 = 0,02 =0,a=1,y=1,b=1,d=1,
and e = 1: 3D plot for (a) t =—1, (b) t =0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c).
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0
X X X

Fig. 3. The profile of two parallel soliton molecules solution via Eq. (3.4) in the (x,y) plane withr; =5,r; = —3,51 =—5,52 =3, w1 = 0,02 =0,a=1,y=1,b=
1,d=1, and e = 1: 3D plot for (a) t =—1, (b) t = 0, and (c) ¢ = 1. (d)-(f) the corresponding density plot of (a)-(c).

(@) (b) (c)

-10 0 10 20
X X X

Fig. 4. The profile of one y-periodic breather solution |u(x,y,#) | via Eq. (3.5) in the (x,y) plane with l; = 3,51 = %,wl =0,w2=0,a=1,y=1,b=1,d=1,ande =
1: 3D plot for (a) t =—1, (b) t =0, and (c) ¢ = 1. (d)-(f) the corresponding density plot of (a)-(c).
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Family-III: Interaction solutions between one (x,y)-PB wave and one x-PB
wave

To obtain one (x,y)-PB wave solution of Eq. (1.2), satisfies the
following structure for Eq. (3.2) into Eq. (3.1):

pi=pr=hL, =g, =r+1Is;, ® =@, =0, and [, #0,r, #0,5, #0,
(3.6)
If we put [ = rn=%3si=10=0,0=0a=1y=1b=1,
d=1,and e =1 in Eq. (3.2), then it becomes in the following form:

Results in Physics 52 (2023) 106786

Fig. 5(a) and 5(c) represent one (x,y)-PB wave solution, which is
specified by Eq. (3.7) and displayed by 3D and density plots. On the
other side, we have investigated the x-PB wave for Eq. (1.2), which
maintained the following structure for Eq. (3.2) into Eq. (3.1):

pi=p,=1Imi,q =51,q:=s51,0, =w, =0, andm; # 0,5, #0 (3.8)

Substituting the value of m; = %,sl =301 =0,0,=0,a=1,y=1,
b=1,d=1,and e =1 in Eq. (3.2), it turns in the following form:

- (%HI) tHixt (%—l) y (%—41) tHixt (%Jrl) y
u= 12(111(1 4 e Y e +e ) ) . 3.7)

xx

Fig. 5. Profile of periodic breather solution |u(x,y,#) | at# = 0. 3D plot of (a) one (x,y)-periodic breather solution via Eq. (3.7) with l; = %,rl = %,sl =101 =0,w3 =

1

0,a=1,y=1,b=1,d=1,e =1, and (b) one x-periodic breather solution via the Eq. (3.10) withm; =3,51 =3,01 = 0,02 =0, =1,y =1,b = 1,d = l,e =

1.(c)-(d) corresponding density plot of (a)-(b).

(a) (b)

(©)

Fig. 6. The profile of lump soliton solution |u(x,y,#)| via Eq. (3.11) in the (x,y) plane with ly =1l =211 =451 =501 =0, =Ir,a=1,y=1,b=1,d=1,and
e = 1: 3D plot for (a) t =—0.5, (b) t = 0, and (c) ¢ = 0.5. (d)-(f) the corresponding density plot of (a)-(c).



Md. Nuruzzaman et al.

u= 12(ln (1 T I e L ﬂeW) ) )

18 3.9

Fig. 5(b) and 5(d) represent one x-PB wave solution, which is
specified by Eq. (3.9) and displayed by 3D and density plots. Moreover,
the amplitude and the shape of the x-PB wave is the same but their
position changes at various time.

Family-IV: Lump soliton and rogue wave solutions

To obtain one lump soliton for Eq. (1.2), if setting parameters q; =
mip1,qz = Map2, p1 = he,p2 = Le, and w; = w, = 7i in Eq. (2.7), then
the function f» can be written as
fr=WViVatap)hhe +0(e). (3.10)

Taking the limit as é—0 in Eq. (3.10), then the lump soliton solution
of Eq. (1.2) can be determined in the following from Eq. (3.2):

U= 172},(111(% Vo4 an) )., (3.11)
where,

Vi=x+my—(e+md+y)ti=12, (3.12)

ap = ! (3.13)

d(m; — mz)z.

Substituting the parameters m; = m, = r; +Is;; (s; # 0) to (3.13)-
(3.10), we find that a one-lump soliton will result from the collapse of
the two-soliton solution. Taking I} =%l =2,r =35 =501 =w, =
Ir,a=1,y=1,b=1,d=1, and e = 1 to the Egs. (3.13)-(3.10), we can

(2)

—

250+

0
X

(b)

Results in Physics 52 (2023) 106786

find a lump soliton solution. Fig. 6(a)-(f) represent a lump soliton so-
lution, which is specified by Eq. (3.11) and displayed by 3D and density
plots. In addition, Fig. 6(d)-(f) display the density plot that corresponds
to Fig. 6(a)-(c). Besides, the lump wave maintained one crest and two
trough positions (see Fig. 6(a)-(f)). It is also seen from Fig. 6 that the
lump wave preserves its original size and shape, but the position is
changed at various timesatt = —5,t =0, and t = 5.

On the other hand, we can investigate the rogue wave solution from
Eq. (1.2) through the class of solution u given by Eq. (3.11), if we choose
the value of m; and m;, are all only real constants. According to the rule
of mention, we can be obtained a rogue wave solution, which is shown in
Fig. 7(a)-(f), If we put s; = 0 and other parameters I} =11, =2, =3,
w1 =wy,=Ir,a=1,y=1,b=1,d=1, and e=1 in Eq. (3.11). From
Fig. 7 (a)-(f), we can be seen that the amplitude and shape of rogue
waves are changed but their position are unchanged with different times
att=-1,t =0, and t = 1. Table 1 provides some mathematical aspects
for the selecting proper parameters to produce localized wave and
interaction solutions with the two soliton solutions of Eq. (1.2).

Localized waves between three solitons

In this subsection, we obtain localized waves and their interaction
solutions among three solitons as well as their explanation of graphs
shown by the KSE. The specific localized waves and their interaction
solutions, viz. three cross-LS, the intersection between two parallel and
one-LS, three parallel-LS, the interaction between one LS and one PB,
one lump and one-LS. If we set N = 3 in Eq. (2.7), then the function f3
can be written as:

0 0 20
X X

Fig. 7. The profile of line rogue wave solution |u(x,y,?) | via Eq. (3.11) in the (x,y) plane withly =1l =21 =151 =001 =w;=Ir,a=1,y=1b=1d=1,
and e = 1: 3D plot for (a) t =—1, (b) t = 0, and (c) ¢t = 1. (d)-(f) the corresponding density plot of (a)-(c).
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Table 1
Various localized wave forms and their interaction solutions between two solitons.
N-soliton Localized wave forms Parameters
N=2 Two LS P1 = T,p2 =72,q1 = §1,q2 = S2, @1 = w2 = 0.Cross-LS: (ry1s2 —ras1) # 0.
Parallel-LS: (r; —r3) (s —s2) # 0; but rys2 —rzs7 = 0.
One y-PB pr=p2=b, q1=¢;=Is1, ;1 =w; =0, and ; # 0,5, #0.
One x-PB p1=p;=1Im, q =$1, g2 = 51, 0 =wy = 0,andmy #0, 5, #0.
One (x,y)-PB pr=p2=hL,q1 =g =ri+Is1, ;1 =wy =0,and L #0,r; #0, 51 #0.

One lump soliton

qi =mp;,pi = Le(i=1, 2),my =m, =r +Is1, 01 = w, = Iz, and e—0.

f3 — 1+ev1 +evz +ev; +Alzev1+v2 +A13€V1+V3 +A23€V2+v3 _»_Alza}evﬁ»vfrm7
(3.14)

where v; and Ay are shown in Eq. (2.8) and Eq. (2.9) and the phase shift
contains Ajp3 = A12A23A13. Now, putting Eq. (3.14) into Eq. (2.10), then
three soliton solutions of Eq. (1.2) can be expressed as:

12y

_ (3.15)
a

(lnf3 )xx

u

Family-I: Interaction between three-LS solutions
To investigate the interaction between three-LS solutions for Eq.

(1.2), the parameters p;, g;, and w; must meet the following requirements
for Eq. (3.15):

pi=rinqi=s;,({=12,3), ando; = 0, = w3 =0, (3.16)
where two real constants are r; and s;.

(i) For three cross-LS solutions

The three cross-LS solutions are maintained the following structure
as Hi#j(risj —rjs)) 0. If we put r; =3, =1,r3 =2,51 =2,55 =—1,
s3=—1w1=0,0,=0,03=0,a=1,y=1,b=1,d=1,and e=1 in
Eq. (3.16), then we can determine the three cross-LS solutions which as
follows:

83 103 " 83 995 3 83 105 3 571787 1067 1
=12(1 1 —Q_T“t+3x+2y —3t+x—y —%H—Zx—%y Y ottty T 5 tSxtsy T gy O St bxtyy ) 3‘17
! ( "( te te e 307 T a7 *a07° 67419143 . 3.17)
(a) (b) (©)
10
y 0
l‘ )
=20
=10 0 10 20 =10 0 10 =10 0 10 20
X X X
Fig. 8. The profile of  three cross-line soliton solutions via Eq. (3.17) in the (x,y) plane with r = 3, r, =

1rg3 =2,51 = 2,50 =—1,53 =—%,a)1 =0,w2=0,03=0,a=1,y=1,b=1,d=1, and e = 1: 3D plot for (a) t=-1, (b) t=0, and (c) ¢t =1. (d)-(f) the corre-

sponding density plot of (a)-(c).
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Fig. 8(a)-(f) represent three cross-LS solutions, which are indicated
by Eq. (3.17) and shown by 3D and density plots. In addition, Fig. 8(d)-
(f) displays the density plot that corresponds to Fig. 8(a)-(c). It can be
seen from the above graphs that the shape and amplitude of three LS
keep unchanged but their position changed with varying time t =
—1,t =0,t =1, respectively.

(ii) For interaction between two parallel-LS and one-LS solutions

In this part, we obtain the interaction between two parallel-LS and
one-LS, which is presented by the structure [[,;(risj —1js;) = O and

Zi#j(risj - rjsl-)2 #0. Taking r; =3,r2 =2, r3 =—1,51 = 3,5y = 2,53 =
1,1 =0,03=0,w3=0,a=1,y=1,b=1,d=1, and e= 1 in Eq.
(3.15), then we can find an intersection between two parallel and one LS
solution becomes:

Results in Physics 52 (2023) 106786

Here, the obtained solution of Eq. (3.18) is shown by the 3D and
density plots, which is presented in Fig. 9(a)-(f) with various time at
t=-1,t=0,t = 1.Inaddition, Fig. 9(d)-(f) display the density plot that
corresponds to Fig. 9(a)-(c). At t = 0, we can see the intersection be-
tween overlapping two LS and one LS as shown in Fig. 9(e). Moreover,
with varying time (¢t =—1 and t = 1), the amplitude and shape of
interaction between two parallel and one LS keep unchanged but their
position is changed.

(iii) For three parallel soliton molecules solution

To obtain the three parallel soliton molecules, which maintained the
following structure 3, ; (rs; — rjsi)z =0.Iftakingr; = 3,rp = 1,13 = 2,
S1 = 3,82 = 1,53 = 2, w1 = 0,6()2 = 0,(03 = 0,a= 1,)/= l,b = 1,d= 17
and e = 1 in Eq. (3.16), then the three parallel soliton molecules solution
is

u=12 <1I1 (1 + e—33t+3x+3y + e—32+x+y + e—12r+2x+2y + 16—36H»4x+4y + le—451+5x+5y + le—ISt+3x+3y + ie—48t+6x+6y) ) (3 19)
4 64 . ’
u=12(In(1 + e*33t+3x+3y + e—121+2x+2y + e3t—x+y 4 Lef45t+5x+5y + ief301+2x+4y + ie—91+x+3y + ;8742#4)&6)1 . (318)
2 15625 -
-10 0 10 20 =10 0 10 20 -10 0 10 20
X X X
Fig. 9. The profile of interaction between two parallel and one-line soliton solutions via Eq. (3.18) in the (x,y) plane withr; =3,r; =2,r3 = —1,51 = 3,52 =2,53 =

1,01 =0,02 =0,03=0,a=1,y=1,b=1,d =1, and e = 1: 3D plot for (a) t =—1, (b) =0, and (c) ¢t = 1. (d)-(f) the corresponding density plot of (a)-(c).
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(c)

0 10
X

20 =10 0

X
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Fig. 10. The profile of three parallel soliton molecules solution via Eq. (3.19) in the (x,y) plane withr; = 3,r; = 1,3 =251 =3,52=1,53 =2, w1 = 0,02 = 0,
w3 =0,a=1,y=1,b=1,d=1,and e = 1: 3D plot for (a) t =—2, (b) =0, and (c) ¢ = 2. (d)-(f) the corresponding density plot of (a)-(c).

Here, the obtained solution of Eq. (3.19) is shown by the 3D and
density plots, which is presented in Fig. 10(a)-(f) with various time at
t=-2,t=0,t=2. In addition, the Fig. 10(d)-(f) display the density
plot of Fig. 10(a)-(c). Fig. 10 (e), three parallel soliton molecules express
one line soliton when at time t = 0. Moreover, with varying times (¢t =
—2 and t = 2), the shape and amplitude of the three parallel soliton
molecules keep unchanged but their position changed.

Family-II: Interaction between one LS and one PB solution

To obtain the interaction of one LS and one PB solution for Eq. (1.2),
the parameters p;, g;, and @; must meet the following requirements for
Eq. (3.15) into Eq. (3.14):

pr=b+Im, py=5L—Im, qg=ri+Is;, p=r1—1Is;,p3=1h, q;
=r,andw; = w, = w3 =0,

(3.20)

where ; #0,1; #0,m; #0,r; #0,r2 #0, and s; # 0.

(i) To obtain the interaction of one LS and one (x,y)-PB solution,
which is contained the following conditions l;r; —lor; # 0. In Fig. 11
(a1)-(as), a density plot is used to show the interaction of one LS with
one (x,y)-PB solution. It can be seen from the mentioned figures, their

10

shape and amplitude are the same but their position is changed with
varying time att = —2,t = 0,t = 2.

(ii) To determine the interaction of one LS and one x-PB solution,
which  contains the conditions L =0,s; =0. If taking
m=ib=-2rn=1rn=20=0w=00;=0a=1y=1b=
1,d =1,e =1 in (3.20) along with Eq. (3.15), then we can be seen that
the interaction of one LS and one x-PB solution are depicted in Fig. 11
(b1)-(b3).

(iii) Furthermore, if we put m; = 0, r; =0 in Eq. (3.20) and take
11 :%,12 :71, S1 :71752 = 3,601 = 0,602 = 0,(03 = 0,6{ = 1,}’ = 1,b =
1,d=1,e=1 in Eq. (3.15), then we can get the interaction of one LS
and one y-PB solution. Additionally, with varying time (t = —2,t = 0,
t = 2), obtained solutions are illustrated by a density plot which is
displayed in Fig. 11(c1)-(c3). On the other hand, for the parallel one LS
and one (x, y)-PB wave, it is maintained the following structure
liry —lor; = 0. Due to space consumption, the graphical figures are not
attached here.

Family-III: Interaction between one lump soliton and one LS solution

To determine the interaction between one lump and one LS for Eq.
(1.2), the parameters p;, g;, and w; must meet the following requirements
for Eq. (3.15) into Eq. (3.14):
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(ay)

Fig. 11. The profile of interaction between one line soliton and one periodic
breather solution |u(x,y,#) | via Eq. (3.15) in the (x,y) plane. (a;)-(a3) interac-
tion of one line and one (x, y)-periodic breathers with & =3,l, = 2,m; = -,
rn=2ry=1s% =1w; =0,w2 =0,ws =0,a =1,y = l,b = l,d =l =
1, whent = —2,t = 0,t = 2;(b1)-(b3) interaction of one line and one x-periodic
breather withmy =11, = -2r;1 =1,r; =201 =0,02 = 0,03 = O, = 1,
y=1,b =1,d =1,e =1, whent=-2t=0,t = 2; (c1)-(c3) interaction of one
line and one y-periodic breather withl; =11, = —1,51 = -1, = 3,0, = 0,
wy; =0,w3 =0, =1,y =1,b =1,d =1,e =1, whent = -2t = 0,¢t = 2.

q1 = mp1,qy = Mypy, qs = msps3, p1 = L&, p, = he, 0w, = , = ri, andw;

I
e

(3.21)

Putting Eq. (3.21) in Eq. (3.15) then the function f; can be written as

f3 = (a12 +V1 V2)lllz€2 + (Vl V2 +023V1 +L113V2 +a12 +a12a23)e931112€2 +0(€3).
(3.22)

Taking the limit as e—0 in Eq. (3.22), then the interaction between
one lump and one LS solution of Eq. (1.2) can be written from Eq. (3.15):

12;
= Ty(ln((mz +ViVa) + (ViVa 4 anVi + aisVa + ap + apax)e”™ ) ),
(3.23)
where
V,~=x+m,-y—(e+m,-2d+y)t,i= 1,2, (3.24)
ajpp = —d(m1 - I’Vlz)z7 (3.25)
a3 = 3yp3 —dm2p? +2dpimym; —dpZm?,i=1,2, (3.26) and
4 d 2.2 2 t
by = prt pamyy P AR+ )t 3.27)
P3
Substituting I; = %, L=2p3=-1,r = —%7 s =—4,m;3 = —%, w1 =

w,=Ir,w3=0,a=1,y=1,b=1,d=1, e=1 in Eq. (3.23) into Eq.
(3.27), we get interaction between one lump and one LS solution.
Moreover, the obtained solution of Eq. (3.23) is shown by the 3D and
density plot, which is presented in Fig. 12(a)-(f) with various time at t =
—0.5,t =0, t = 0.5. In addition, the Fig. 12(d)-(f) display the density
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plot of Fig. 12(a)-(c). Fig. 12(a), the lump soliton first shows on the
positive side of the x-axis at time t = —0.5, when it separates from the
LS. It is also seen from Fig. 12 (b), the lump soliton and LS are over-
lapped when t = 0. Moreover, at time t = 0.5, the LS and lump soliton
are separated in the opposite positive direction of x-axis, which can
observe in Fig. 12 (c). However, we deeply investigated that the inter-
action of lump soliton and LS changes their position but the shape is
unchanged. Table 2 provides some mathematical aspects for selecting
the proper parameters to produce localized waves and interaction so-
lutions with three-soliton solutions of Eq. (1.2).

Localized wave solutions between four solitons

In this part, we obtain the localized waves and their interaction so-
lutions among four solitons and their explanation of graphs shown by
the KSE. The specific localized waves and interaction solutions, viz. two
LS and one PB, two PB, one lump and one PB, and two lump soliton
solutions. Putting N = 4 in Eq. (2.7), then the function f4 can be written
as:

ﬁ — 1+eV| +evz +eV3 +em +Alze\/|+vg +Al3e\/|+v3 +Al4ew+\'4 +A23evz+V3
+ HApe M £ AT Ay T f Ayt T L Al T
+A2348V2+V3+V4 +A1234ev|+vz+vz+v47

(3.28)

where the phase shift contains Ajss = A12A23A13 and Ajazq =
A12A13A14A23A24A34.

Now, setting Eq. (3.28) into Eq. (2.10) then the four soliton solutions
can be written as

12y
T

(3.29)

u

(lnﬁl).wm

Family-I: Interaction between two LS and one PB solutions

If we take py =p;=bL +Imy, qu =q; =r1 +Is1;, ps =b, ps =1,
g3 = S2, @4 = s3, and w1 = wp = w3 = w4 = 0 in Eq. (3.29), then we can
obtain the intersection between two LS and one PB solution from four
solitons. For particular values L, ls,l3,my,r1, $1,52, and s3, the intersec-
tion between two LS and one PB can be changed their direction which
may be a direction along the (x,y)-axis,x-axis, and y-axis. These di-
rections are as follows:

(i) If substituting the parameters , =11, =3,l3 =1,m; =0,r, =},
s1=1,59=3,s53=1,01 =0,w03 =0,03 =0,w4 =0,a=1,y=1,b=
1,d=1,e=1 in Eq. (3.29), then the acquired solution of interaction
between two LS and one PB are presented by 3D and density plots in
Fig. 13(a) and Fig. 13(d).

(i) If setting L =0,m; =1,lb =2,I3=1,ry =—1,51 = 0,52 =5,
S3 :2,601 = 070)2 :070)3 :0,604 :O,a: 17}’: 17b: l,d: 1762 1
in Eq. (3.29), then the obtained solution of interaction between two LS
and one x-PB are presented by 3D and density plots in Fig. 13(e) and
Fig. 13 (b), whereas the Fig. 13(e) displays the density plot of Fig. 13(b).

(iii) prutting L = %, rn=010L=3I13=1m; =0,51 =1,55 =3,53 =
1,0 =0,03=0,w3 =0,04 =0,a=1,y=1,b=1,d=1,e=1 in Eq.
(3.29), then the obtained solution of interaction between two LS and one
y-PB are displayed by density plot and 3D plots in Fig. 13(c) and Fig. 13
(f), whereas the Fig. 13(f) presents the density plot of Fig. 13(c).

Family-II: Interaction between PB solutions

If putting the parameters I} =—3 b =-%s =-1s=1 w1 =0,
w2 = 0,03=0,w4=0,a=1,y=1,b=1,d=1,e=1 in Eq. (3.29),
then the obtained solution of interaction between two parallel x-PB is
presented by 3D and density plots in Fig. 14(a) and Fig. 14(d). Else-
where, if we set the parameters I} =3, =351 =—1,5p =% 01 = 0,
w2 =0,03 =0,04 =0,a=1,y=1,b=1,d=1,e=1inEq. (3.29), we
get two parallel y-PB solutions. Moreover, the obtained solution of Eq.
(3.29) is shown by the 3D and density plots, which is presented in Fig. 14
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Fig. 12. The profile of one lump and one line soliton solution |u(x,y,t)| via Eq. (3.23) in the (x,y) plane

(b) and Fig. 14(e). In addition, Fig. 14(e) displays the density plot of
Fig. 14(b).

Further, the
ro = 7%,81 :7%,52 :%,wl = O,(Dz = O,(Dg = O,(D4 = 0,(1 = 1,}/ = l,b =
1,d=1,e=1 in Eq. (3.30), we get interaction between two cross
xy-PBs, which is displayed in Fig. 14 (c) and Fig. 14 (f). It can be ob-
tained figures that the shape and amplitude remain constant, but their
position is changed. However, the propagation process is not shown
above all figures for the sake of brevity.

considering parameters L =3L=4r= 1

Family-III: Interaction between one lump soliton and one PB solution

To investigate the interaction between one lump soliton and one PB
solution for Eq. (1.2), the parameters p;, q;, and ®w; must meet the
following requirements for Eq. (3.29) into Eq. (3.28):

12y

gi=mp; (i=1,2,3,4),py =Le,py =he, 0, = a); =7nl, and w3= w,
=0.
(3.30)
Now, putting Eq. (3.30) in Eq. (2.7) then the function f; can be
written as
fi = (an+ViV)hibe® + (ViVa+anVi +ai3Va +an + apas)e 11
+ (ViVa+ayuVi +aisVy +apn + ajgan)e 1 Le
+as[ViVa + (an+ax) Vi + (ais+ais) Vo + an + (a3 tais) (axs+axu) |
x e LE +0(€).
(3.31)

Taking the limit as e—~0 in Eq. (3.31), then the obtained lump soliton
solution of Eq. (1.2) can be written from Eq. (3.29), as follows:

u= 7(1}1((012 + V] Vz) + (Vl V2 + (,123V1 + a3 Vz + ajp + a13a23)e"3 + (V] V2 + a24V1 + a14V2 + ajp + (l14024)€” + 034[‘/1 V2 + (a23+a24)V1

+(aztaw)Va + an + (ai3+au) (an+axs)] x e ))

xx

12

(3.32)



Md. Nuruzzaman et al.

Results in Physics 52 (2023) 106786

Table 2
Various localized wave forms and their interaction between three solitons.
N-soliton Localized wave forms Parameters
N-=3 Three LS pi =Ti,qi =si,(i=1,2,3),and@y = @y = w3 = 0.For Cross-LS: [ (risj —7js:) # 0;
For Parallel-LS:3, ; (risj — risi)> = 0;
For cross and parallel-LS:
[l (risy —1351) = 0 and 3=, (risj — rjsi)z #0.
One LS + one (x,y)-PB p1=p; =b+Im,qu =q; =r1+I51,ps =b,qs =ro.
For cross-line interaction: lyr» —lor; # 0 and
For parallel-line interaction:lyjr; —lor; = 0.
One LS + one x-PB pr=py=Im.q1=q=r,ps=hb, g3 =r;,and w1 = w, = w3 =0.
One LS + one y-PB pir=p2=bL,q1=q¢, =Is1,p3 =b,q3 =r2,and w; = w2 = w3 = 0.
One LS + one lump soliton ¢1 =mip1,q2 = Map2,q3 = M3p3,p1 = Lie,p2 = be,wy = wy = 71, and w3 = 0, and 0.
where,
Sfo = (ViVaVaVa+auViVa +anuViVs +ap ViV +auVa Vs
_ v 2 L
Vi=x+my—(e+mid+y)ti=12, (3.33) +aiVaVi+anVsVy + anas + apas + ayas)ibhlet + 0(€).
2 (3.39)
ap = 7d(m1 - I’I’Lz) ) (334)

12y

u= 7(ln(Vl VoVsVi 4+ asa ViV + apa ViV + a3 ViVa + a1 Vo Vs + ai3Va Vi + a1 V3 Vi + anass + aizans + aan) ),

2

a;, = 3ypt — dm?p* + 2dp*mm, — dp*m?, (i = 1,2;r = 3,4) (3.35)
A( —dBq? + 2dPq3qs — di2¢?) 2
34 = ( 6 3422 3224 332); (3.36)
12yl5 — dl3q4 + 2dI3q394 — dl3q;
and
* +dm?p? + ep?)t
b= ot pumy P AR ), 3.37)

Pi

Consideringm; =m, =1 +1Is1,q3 =q, =ra+Is;,andps =ps = 1
with the Egs. (3.37). Then the solution of Eq. (3.32) indicates the
interaction between one lump and one PB. If taking [; = %, L=41;= %,
n=2rn=%s=-4sm=->tw=w,= Ino;=0,0,=0,a=1,y =
1,b=1,d =1,e =1, then the obtained solution of Eq. (3.32) is shown
by the 3D and density plots, which is presented in Fig. 15(a)-(f) with
various time at t =—1,t =0, t = 1. In addition, Fig. 15(d)-(f) display
the density plot that corresponds to Fig. 15(a)-(c). At time t = —1, the
lump solution is located near the breather from the right sides, but when
t =1, it is situated opposite of the breather. In addition, it can be
observed that one lump and one breather is overlapped at.t = 0

Family-IV: Interaction between two lump soliton solutions

To obtain the interaction between two lump soliton solutions for Eq.
(1.2), the parameters p;, g;, and w; must meet the following requirements
for Eq. (3.29) into Eq. (3.28):

qi = mp; (l =123, 4)7 pi = lig, (l =1,2,3, 4)7 o) = C();
=zl, and w;= wz = 7. (3.38)

Substituting Eq. (3.38) in Eq. (2.7) then the function f4 can be written
as
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Taking the limit as ¢—0 in Eq. (3.39), then the interaction between
two lump soliton solutions of Eq. (1.2) can be written as

(3.40)

where,
Vi=x+my—(e+m’d+y)ti=12734 (3.41)
ay= —dim —m)*, (1 <i<j<4) (3.42)

Consideringm; =m, =r; +1Is;,my =my, =ry+Is;,andps =ps =13
with the Egs. (3.42)-(3.41), then the solution of Eq. (3.40) indicates the
interaction between the two lump soliton solutions. If taking
L=3Lb=1L=-1L4=2nrn=} n=-3s=4=40=0,=
In,03 =w, =Ir,a=1,y=1,b=1,d=1,e =1, then the obtained so-
lution of two lump soliton is presented by the 3D plot in Fig. 16(a)-(e).
From Fig. 16, two lump soliton propagates along the y-axis and x-axis
direction when t =—2t =—1,t =0,t = 1,t = 2, respectively. In addi-
tion, during that time (t = —2,t = 2), we observed that two lump among
this one is visual and another clearly along the x-axis and y-axis direc-
tion. It is also seen from the above figures that during the propagation,
two lump solitons move closer when the time (t = 0) and otherwise, it
separates. Table 3 provides some mathematical aspects for selecting the
proper parameters to produce localized waves and interaction solutions
with four-soliton solutions of Eq. (1.2).

Discussion and concluding remarks

It is earlier noted that the nonautonomous lump wave, periodic,
breather, rogue wave, and resonant multiple soliton solutions to the (3
+ 1)-dimensional KS equation, which has been published by particular
researchers [2,43,45-55] with variety methods. In this paper, we have
chosen a dimensionally reduced (2 + 1)-dimensional KS equation, which
leads to N-solitons with each other via the HBM. Thereafter, we have
examined the novel interaction and localized wave solutions from
N-solitons. According to the authors, there is no study of localized waves
and the various interactions of soliton solutions.
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Fig. 13. The profile of interaction between two-line and one-periodic breather solutions |u(x,y,?)| via Eq. (3.29) with ®1 = 0,w2 = 0,03 = 0,04 =0,a =1,y =1,

=1,d=1,e=1 att=1. (a) two line soliton and one xy-periodic breather with I; = %,12 =3,13=1,m; =0,r; = %,sl =1,s0 = 3,53 = 1; (b) two line soliton and
one x-periodic breather with l; = 0,m; = 1,I, = 2,I3 = 1,r; =—1,s1 = 0,52 = —5,s3 = 2; (c) two line soliton and one y-periodic breather with I; = %,lz =3,l3=1,

s1 = 1,50 = 3,53 = 1. (d)-(f) the corresponding density plot of (a)-(c).

To show the importance of localized waves and how they interact
with N-soliton solutions in a reduced (2 + 1)-dimensional KS equation,
we used Maple 17 software to display 3D and density plots to obtain
solutions, which represents soliton, breather, rogue, lump, and their
various interaction solutions. A variety of interaction solutions can
happen between various wave patterns such as one LS and one PB, one
LS and one lump soliton, two LS and one PB, two PBs, and two lump
solitons. In Fig. 1, we display the N-soliton solutions of Eq. (1.2) as
determined by Eq. (2.10). It is clear from Fig. 1 that interaction between
N-soliton solutions is entirely elastic. For N = 2, the cross-LS, parallel-
LS, one y-PB, one (x,y)-PB, one x-PB, lump soliton, and rogue wave
solutions are determined, which are displayed in Figs. 2-7. In addition,
for N = 3, we have investigated the various interaction solutions from
three solitons, such as three cross-LS, two parallel-LS and one LS, three
parallel-LS, one LS, and one PB for (x,y), one LS and one x-PB, one LS
and one y-PB, and one lump and one LS through the selection of specific
parameters, as depicted in Figs. 8-12. Finally, for N = 4, we also pre-
sented a variety of interaction solutions from four solitons, for example,

14

two LS and xy-PB, two LS and one x-PB, two LS and one y-PB, two
parallel x-PB, two parallel y-PB, two cross xy-PB, one lump and one PB,
and two lump solitons, which are displayed in Figs. 13-16. It is signifi-
cant to note that the parameters for the long wave limit approach, which
is used to calculate the lump soliton and rogue waves, are constrained
[59]. Tables 1-3 present mathematical criteria for ensuring the stability
of localized wave and their interaction solutions derived from two,
three, and four soliton solutions of Eq. (1.2). These tables provide
guidelines for selecting appropriate constraint parameters. It should be
noted that the article does not provide interaction solutions for N > 5,
because the computer used to analyze the data cannot handle such
complex calculations. Moreover, in the future, we will focus on inter-
action solutions of higher order N-soliton and consider how to provide
these interactions with some better parameters. The findings of this
study may be helpful for explaining the propagation of nonlinear waves
in a bubbly liquid.
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Fig. 14. The profile of the interaction between two periodic breather solutions via Eq. (3.29) with@; = 0,02 = 0,03 = 0,04 =0, =1,y =1,b=1,d=1,e =1 at
t = 1. (a) two parallel x-periodic breathers with Iy = —1,1, = —1,s1 = —1 52 = 1; (b) two parallel y-periodic breathers with l; =—1,1, =1 51 =—1,52 = (¢) two cross
xy-periodic breathers with Iy = 3,1, =% r1 =%, ra = =151 = —%,52 = 1. (d)-(f) the corresponding density plot of (a)-(c).
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Fig. 15. The profile of interaction solutions between one lump and one periodic breather |u(x,y,?)| via Eq. (3.32) in the (x,y) plane with Iy = 1,l, = 4,I3 = 1,
r=2ry=3%s51 =55 =50 =0;=It,03=0,0s=0,a=1,y=1,b=1,d=1,e=1. 3D plot for (a) t=-0.25, (b) =0, and (c) ¢ = 0.25. (d)-() the corre-
sponding density plot of (a)-(c).
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Fig. 16. The profile of interaction solution between two lump soliton solutions |u(x,y,#)| via Eq. (3.40) in the (x,y) plane with ) =3I, =1,I3 =—1,1; = 2,
rn=ir=-3s1=4s55=401 =0, =It,03=0,0,=0,0=1y=1b=1,d=1,e=1.3Dplotfor ()t = -2, (b) r=-1,(c) =0, and (d)r = 1,(e)t = 2.

Table 3
Various localized wave forms and their interaction between four solitons.
N-soliton  Localized wave forms Parameters
N=4 Two LS and one xy-PB pi=p2=hL,q :q;:rl +Is1,p3 =lo,ps = 13,93 = 52,94 = s3,and w1 = w2 = w3 = w4 = 0.
Two LS and one x-PB pr=p,=Im.q1 =q2 =1,p3 =, ps =, ¢3 =52, 44 =3, and 01 =Wy = w3 = w4 =0.
Two LS and one y-PB pr=p2=h,q1 = q§ =1Is;,p3=bLbps=13,q3 =52,qs =s3,and 01 = w2 = w3 = w4 = 0.
Two parallel x-PB pr=py=Ih.qi=q=s1.p3=ps=Ib,g3=qs =52, and 01 = wy = w3 =ws =0.
Two parallel y-PB pr=p2=bL,q1=qy=Is1.p3=ps=Lb,q3=q, =Isz,and 01 = wy = w3 = w4 =0.
Two crosses (x,y)-PB p=p2=b,qi=q¢=r+s1,p3=ps=b,qs=q;=r+Isz,and 01 =wy = w3 =w4 =0.

One lump soliton and one ¢
PB
Two lump solitons Q@

m, =ry + Isz,e—0.

=mp1,q2 = MoPa, P3 =Pa = 3,43 = @y = o +Is2,p1 = e, pa = boe, 01 = 0, = Ir,03 = w4 = 0, My =m, =11 + Is1,6=0.

=Mmip1,qa = MaP2, g3 = M3P3, 4 = MaP4, P1 = 1€, p2 = lae, p3 = l3¢, pg = Lue, 01 = (0; =w3 = w; =Ir,m = m; =r+s;, m3 =
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