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A B S T R A C T   

Propagation of the pressure waves in a liquid with gas bubbles is an important topic in the field of fluid dynamics 
and mathematical physics. The Kudryashov-Sinelshchikov equation is one of the models that describe the 
propagation of nonlinear waves in a bubbly liquid taking into consideration the viscosity of the liquid and the 
heat transfer. To explain such behaviors, we mainly focus in this study to explain the dynamics of localized waves 
and their variety of interaction solutions to a dimensionally reduced (2 + 1)-dimensional Kudryashov- 
Sinelshchikov equation with the aid of the Hirota bilinear method from N-soliton solutions. Four different 
forms of localized waves, including solitons, lumps, breathers, and rogues, are derived from the aforesaid 
equation based on the long wave limit approach. In particular, the localized waves can be used to find interaction 
solutions, which are the single breather or single lump formed by two solitons; interaction between one line 
soliton and one breather, as well as one line soliton and one lump soliton among the three solitons; interaction of 
the two-line soliton and one periodic breather, two periodic breathers, periodic breather and one lump soliton 
from the four solitons. The direction of propagation, phase shifts, shape, energy, and the variety of interaction 
solutions of localized waves are affected by these parameters. Moreover, analytical and graphical illustrations of 
these interaction solutions and their propagation properties are shown by the three-dimensional and density 
plots with the help of Maple 17. These newly discovered solutions in this study can be used to illustrate the 
interaction phenomenon of localized waves on ocean surfaces.   

Introduction 

The study of localized structures is a significant topic in the field of 
nonlinear science and mathematical physics. In nonlinear science, soli
tons, lump waves, breather waves, and rogue waves are localized 
structures that are useful in a variety of physical systems, including 
those that are described by the surface of the ocean, bubbling liquid gas, 
optical fiber, plasma, and other [1–4]. Considerably, these localized 
structures can also be seen on ocean surfaces when waves are propa
gated. Because of its important to nonlinear science, researchers have 
noticed to identify the localized structures of a class of nonlinear evo
lution equations (NLEEs). Conventionally, a solitary wave is a type of 

localized wave that exists in a confined area and does not change its 
shape as it moves forward at a steady speed [5]. On the other hand, 
soliton identity is preserved after pair-wise collisions [6]. However, a 
thorough investigation of such numerical simulations reveals that some 
nonlinear waves cannot be retrieved with their original identity after the 
collision. [7]. In these circumstances, a nonlinear evolution exact solu
tion can permit the existence of solitons. Lumps, breathers, and rogues 
waves are also exact solutions that illustrate the localized behavior of 
any physical model. Lumps are solutions that decay rationally and are 
localized in all spatial directions solutions [8], on the other hand, 
breathers are solutions that have a periodic structure in one specific 
direction [9]. A rogue wave is a unique type of pattern that is localized in 
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both space and time and is considered a rational solution [10]. 
Regarding the interest, researchers have investigated some new inter
action solutions between four different kinds of nonlinear localized 
waves through NLEEs. Construction of analytic solutions for any 
nonlinear systems is challenging and time-consuming, but it is an 
important task for knowing the behavior of the system. Many popular 
and effective techniques [11–31] have been developed to construct 
analytic solutions for the variety of nonlinear systems by using symbolic 
software such as MATLAB, Maple, and Mathematica. Researchers 
[11–31] have demonstrated that the Hirota bilinear method (HBM) may 
be used to generate N-soliton solutions from any integrable NLEEs. 
Using the long wave limit technique with parameters, the localized 
solitons, lumps, breathers, rogues, and their variety of interaction so
lutions from N-soliton solutions have been found in a particular area of 
NLEEs [32–41]. 

In 2010, Kudryashov and Sinelshchikov [42] demonstrated the 
extensive application of nonlinear partial differential equations (PDEs) 
for describing pressure waves propagating within a mixture of gas 
bubbles and liquid. In this study, we consider the (3 + 1)-dimensional 
Kudryashov-Sinelshchikov (KS) equation [43], which leads to 

(ut + αuux + γuxxx)x + duyy + euzz = 0, (1.1)  

where u(x, y, z, t) is a function that denotes density, heat transfer, and 
viscosity; and α, γ, d, e are real constant parameters. Equation (1.1) ex
plains the pressure waves in a mixture of gas bubbles and liquid by 
taking into account the viscosity of the heat transfer and liquid [44]. 

In the past, some scholars [45–56] studied and constructed some 
novel solutions to investigate (3 + 1)-dimensional KS equation. For 
instance, Feng et al., [45] obtained various rogue waves and resonant 
soliton solutions from the (3 + 1)-dimensional KS equation by using the 
Neural network method. Via the simplified linear superposition princi
ple and velocity resonance together with the HBM, Kuo [46] investi
gated the multi-soliton solutions with resonance to the (3 + 1)- 
dimensional KS equation. With the aid of the Jacobi elliptic function 
method, Rehab et al., [47] constructed new solitary, shock wave, kink, 
and periodic wave solutions for the (3 + 1)-dimensional KS equation 
with in liquid gas. With the help of the unified and generalized unified 
methods, Jisha et al., [48] determined the rational traveling and trav
eling wave solutions to the KSE with variable coefficients. Hu et al., [49] 
constructed the nonautonomous lump solutions by using the HBM 
method from the (3 + 1)-dimensional KS equation in which the velocity 
and trajectory of these waves are observed with variable dispersion 
coefficients. By using the symmetry analysis, Yang et al., [50] obtained 
the symmetry reductions and geometric vector fields from the (3 + 1)- 
dimensional KS equation. Inc et al., [51] investigated the traveling and 
solitary wave solutions, which represent the singular-type, the king- 
type, and exponential solutions for the KS equation with the help of 
the Riccati Bernoulli sub-ODE method. Rehman et al., [52] used both the 
new extended hyperbolic function technique and the Sardar- 
subequation method for the KS equation that defines the behavior of 
nonlinear waves in gas–liquid mixtures. With the aid of a modified 
mathematical method, Seadawy et al., [53] determined the exact trav
eling and solitary wave solutions of the KS equation, their shape rep
resents a dark, bright, singular, kink, and periodic wave, where applied 
various functions such as hyperbolic, trigonometric and elliptic func
tions. Akram et al., [54] constructed the traveling wave solutions for the 

KS equation by using the improved tan
(

φ(η)
2

)
-expansion technique. Liu 

[55] explored the exact traveling wave solutions of the generalized KS 
equation with the aid of the auxiliary equation method. 

It is important to notice here that Eq. (1.1) can be transformed with 
the help of the Korteweg-de Vries equation (KdV) [56], if we put α = 6,
γ = 1,d = 0,e = 0,z = y. Elsewhere, if we set e = d in Eq. (1.1), then it 
reduces to a generalized (3 + 1)-dimensional KP equation, which can be 
found in reference [57]. If we put z = y, d = 1, e = 1 to the (3 + 1)- 
dimensional KS equation, Eq. (1.1) converted to the (2 + 1)-dimensional 

KS equation involving the second-order dispersion term 
(
uyy
)
. But if we 

set z = x keeping fixed other values to the (3 + 1)-dimensional original 
KS equation, Eq. (1.1) also converted to the (2 + 1)-dimensional KS 
equation involving two second-order dispersion terms uxx and uyy, which 
is different from the existing literature. Based on refs. [35,39,58], we 
consider a dimensionally reduced (2 + 1)-dimensional KS equation for 
z = x for this study to examine the localized wave and their interaction 
solutions. The equation becomes 

(ut + αuux + γuxxx)x + duyy + euxx = 0. (1.2) 

In the past, several authors [35,39,58] converted dimensionally 
reduced form of the NLEEs. Lie et al., [58] obtained the localized waves 
and interaction solutions with the help of HBM from the reduced form of 
(3 + 1)-dimensional generalized Kadomtsev-Petviashvili (gKP) equation 
after setting z = x. Kumar et al., [39] reduced the (3 + 1)-dimensional 
Boussinesq equation (BqE) dimensionally after substituting z = y, and 
Wu et al., [35] reduced the (3 + 1)-dimensional Boiti-Leon-Mana- 
Pempinelli (BLMP) equation dimensionally after setting z = x and z =

0 to construct the localized and their interaction solutions to the BqE and 
BLMP equations. 

To the author’s best knowledge, the dimensionally reduced (2 + 1)- 
dimensional KS equation has never been studied for generating localized 
waves and their interaction solutions. In this paper, we will discuss the 
localized waves and their variety of interaction solutions from N-soliton 
using the help of the long-wave limit approach to dimensionally reduced 
(2 + 1)-dimensional KS equation. The exhibited outcomes reveal that 
the attained solitons might help explain the propagation of nonlinear 
waves in a bubbly liquid. 

The outline of this paper is organized as follows: In section 2, we first 
present the N-soliton solutions of (3 + 1)-dimensional KS equation and 
its dimensionally reduced form via the HBM. Section 3 deals with 
localized waves and their variety of interactions among N-soliton solu
tions to the reduced dimensionally KS equation using the long-wave 
limit approach and some restriction parameters. Finally, the discus
sion of the outcomes and the conclusion are found in section 4. 

Dimensionally reduced form of (2 þ 1)-D KS equation and its 
N-soliton solutions 

By applying the dependent variable transformation [43]: 

u =
12γ
α (lnf )xx, (2.1)  

where f(x, y, z) is the unfamiliar function of x, y, z, and time t. If we put 
Eq. (2.1) into Eq. (1.1), then the HBM is given as: 
(

DxDt + γD4
x + dD2

y + eD2
z

)
(f .f ) = 0, (2.2)  

where Ds(s = x, y, z, t) is the Hirota bilinear operator, which can be 
written as 

Dα
x Dβ

yDγ
zD

η
t (f .g) = (∂x − ∂x′)

α( ∂y − ∂y′
)β
(∂z − ∂z′)

γ
(∂t − ∂t′)

ηf (x, y, z, t)

g(x′, y′, z′, t′)|x=x′,y=y′,z=z′,t=t′,

(2.3)  

where α, β, γ, and η are all non-negative integers. 
Based on HBM, N-order soliton solutions of Eq. (1.2) can be deter

mined in Eq. (2.2) and Eq. (2.3), where f can be written as 

fi = 1+
∑N

i=1
evi +

∑N

i<j
Aije(vi+vj) +

∑N

i<j<k
AijAikAjke(vi+vj+vk) +⋯

+

(
∏

i<j
Aij

)
(

e
∑N

i=1
vi
)
,

(2.4) 

and the dispersion variables (vi) and generalized phase shifts (Aij) can 
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be expressed as 

vi = pix+ qiy+ hiz+ ηit+ωi, i = 1, 2, 3, 4,⋯⋯..,N,

Aij =
3γ
(

p2
i pj − pip2

j

)2
− d
(
piqj − pjqi

)2
− e
(
hipj − hjpi

)2

3γ
(
p2

i pj + pip2
j
)2

− d
(
piqj − pjqi

)2
− e
(
hipj − hjpi

)2 , i, j = 1, 2,⋯.,N.

(2.5)  

ηi =
1
pi

(
γp4

i + dq2
i + eh2

i

)
,

where the constants pi, qi, hi, and ωi are parameters related to the phase 
and amplitude of the i th soliton. 

Without losing generality, if we put z = x in Eq. (2.2) then it can be 
transformed into the following HBE: 
(

DxDt + γD4
x + dD2

y + eD2
x

)
(f .f ) = 0. (2.6) 

Also, the generalized phase shifts and dispersion variables are 
changeable because of the given solution of Eq. (2.6), then it becomes: 

fN = 1+
∑N

i=1
evi +

∑N

i<j
Aije(vi+vj) +

∑N

i<j<k
AijAikAjke(vi+vj+vk) +⋯+

(
∏

i<j
Aij

)

(
e
∑N

i=1
vi
)
, (2.7)  

wherevi = pix+ qiy −
1
pi

(
γp4

i + dq2
i + ep2

i

)
t+ωi, i = 1, 2, 3, 4,⋯⋯.., N.

(2.8)  

Aij =
3γ
(

p2
i pj − pip2

j

)2
− d
(
piqj − pjqi

)2

3γ
(
p2

i pj + pip2
j
)2

− d
(
piqj − pjqi

)2 , i, j = 1, 2, 3, 4,⋯⋯,N. (2.9) 

By using Eq. (2.7) into (2.9) in Eq. (2.1), we can determine the 
following N-soliton solutions of Eq. (1.2) 

u =
12γ
α (lnfN)xx, i = 1, 2, 3,⋯⋯⋯.,N. (2.10) 

If we put N = 1, N = 2, N = 3, and N = 4, the solution of u is given 
by Eq. (1.2) which represents one, two, three, and four soliton solutions 
and those solutions are displayed in Fig. 1(a)-(h) under suitable pa
rameters p1 = 1, p2 = − 2, p3 = 3, p4 = 4, q1 = 1, q2 = 2, q3 = − 3, q4 =

3,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b = 1, d = 1, and e = 1.
Moreover, Fig. 1(e)-(h) exhibit the density plot that corresponds to 
Fig. 1(a)-(d). However, from Fig. 1(a)-(h) that the velocity and ampli
tude are the same but propagation is different when t < 0 and t > 0. 

Interaction solutions and localized waves from N-soliton 
solutions 

In this part, we investigate the interaction solutions and localized 
waves from N-soliton solutions among two, three, and four-line solitons. 

Localized waves between two solitons 

In this part, we obtained two cross-line solitons, two-parallel line 
solitons, x-periodic breather (PB) soliton, y-PB soliton,xy-PB soliton, and 
one lump soliton solution of Eq. (1.2). If we set N = 2 in Eq. (2.7), the 
function f2 can be written as 

f2 = 1+ ev1 + ev2 +A12ev1+v2 . (3.1) 

Now, setting Eq. (3.1) into Eq. (2.1) then the solution of two solitons 
can be expressed as follows: 

u =
12γ
α (lnf2)xx. (3.2)  

Family-I: Interaction solutions of two cross-line and two parallel-line solitons 
(LS) 

To determine the interaction of two cross-LS and parallel-LS for Eq. 
(2.1), the parameters pi, qi, and ωi must meet the following requirements 

Fig. 1. Graphical representations of N-soliton solutions via the Eq. (2.10) of Eq. (1.2) in the (x, y) plane when t = 2 with p1 = 1, 
p2 = − 2, p3 = 3, p4 = 4, q1 = 1, q2 = 2, q3 = − 3, q4 = 3,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b = 1, d = 1, and e = 1: 3D plot for (a) N = 1, (b) N = 2, (c) N =

3, and (d) N = 4. (e)-(h) the corresponding density plot of (a)-(d). 
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pi = ri, qi = si, (i = 1, 2),

where two real constants are ri and si; ri ∕= 0 and s1 ∕= s2. 
(i) For two cross-LS: The cross-LS is maintained the following 

structure 
(r1s2 − r2s1) ∕= 0. If we put r1 = 3,r2 = − 2, s1 = 3, s2 = 0, ω1 = 0,

ω2 = 0, α = 1, γ = 1, b = 1, d = 1, and e = 1 in Eq. (3.2), then Eq. (3.2) 
becomes 

u = 12
(
ln
(
1 + e3x+3y− 33t + e− 2x+10t + 37ex+3y− 23t) )

xx. (3.3) 

3D and density plots for the interaction of two cross-LS solutions are 
presented by Eq. (3.3) in Fig. 2 (a)-(f) for varying time t = − 1, t = 0, t =
1. Fig. 2(d)-(f) show the density plots of the two cross-LS presented in 
Fig. 2(a)-(c). In addition, two LS are crossly meet with each other (see 
Fig. 2(a)-(f)). It is also seen that one LS propagates along the x-axis with 
a negative direction and is perpendicular to it, while the other soliton 
propagates along the x-axis with a positive direction. 

(ii) For two parallel soliton molecules 
The parallel two soliton molecules satisfy the following conditions 

(r1 − r2)(s1 − s2) ∕= 0, but r1s2 − r2s1 = 0. As per aforesaid rules, if we set 
r1 = 5, r2 = − 3,s1 = − 5, s2 = 3, ω1 = 0,ω2 = 0,α = 1, γ = 1, b = 1, d =

1, and e = 1 in Eq. (3.2), then Eq. (3.2) becomes 

u = 12
(
ln
(
1 + e5x− 5y− 135t + e− 3x+3y+33t + 16e2x− 2y− 102t) )

xx. (3.4) 

Fig. 3(a)-(f) exhibit the interactions of two parallel soliton mole
cules, which are depicted as a density plot and 3D plot in the (x, y) plane. 
Besides, Fig. 3(d)-(f) illustrates the density plot that corresponds to 
Fig. 3(a)-(c). At time t < 0, two parallel soliton molecules are divided 
with one highest amplitude and another with the lowest amplitude. It 

can be seen at t = 0, these LSs are overlapping with each other. It is also 
seen that at t > 0, two soliton molecules are separated from each other 
but the soliton position change at time t < 0. Moreover, the shape and 
amplitude keep unchanged when it propagates for t < 0 and t > 0 but 
the position of solitons is changed. The figures are not attached here 
because due to space consumption. 

Family-II: One y-periodic breather (PB) solution 
To investigate one y-PB wave solution for Eq. (1.2), this maintained 

the following structure for Eq. (3.2) into Eq. (3.1): 

p1 = p2 = l1, q1 = q*
2 = Is1,ω1 = ω2 = 0, andl1 ∕= 0, s1 ∕= 0,

where ‘*’ denotes the conjugate of a complex number and I2 = − 1.
Substituting the values of parameters l1 = 3, s1 = 1

2,ω1 = 0,ω2 = 0,
α = 1, γ = 1, b = 1, d = 1, and e = 1 in Eq. (3.2), then it becomes in the 
following form 

u = 12
(

ln
(

1 +
48
49

e139
4 t+x + e139

8 t+1
2 x+3Iy + e139

8 t+1
2 x− 3Iy

))

xx
. (3.5) 

Fig. 4(a)-(f) represent one y-PB wave solution, which is shown by Eq. 
(3.5) and displayed by density and 3D plots. For better understanding, 
Fig. 4(d)-(f) illustrate the density views from Fig. 4(a)-(c). The given 
one y-PB wave solution moves always perpendicular to the y-axis with 
varying times t = − 1, t = 0, and t = 1, respectively (see Fig. 4(a)-(f)). 
The position of the y-PB wave is shifted from the positive to the negative 
direction at various times (t = − 1, 0, 1). Moreover, both the amplitude 
and shape of the y-PB wave remain constant. 

Fig. 2. The profile of two cross-line soliton solutions via Eq. (3.3) in the (x, y) plane with r1 = 3, r2 = − 2,s1 = 3, s2 = 0, ω1 = 0,ω2 = 0,α = 1, γ = 1, b = 1, d = 1,
and e = 1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c). 

Md. Nuruzzaman et al.                                                                                                                                                                                                                        



Results in Physics 52 (2023) 106786

5

Fig. 4. The profile of one y-periodic breather solution |u(x, y, t) | via Eq. (3.5) in the (x, y) plane with l1 = 3, s1 = 1
2,ω1 = 0,ω2 = 0,α = 1, γ = 1, b = 1, d = 1, and e =

1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c). 

Fig. 3. The profile of two parallel soliton molecules solution via Eq. (3.4) in the (x, y) plane with r1 = 5, r2 = − 3,s1 = − 5, s2 = 3, ω1 = 0,ω2 = 0, α = 1, γ = 1, b =

1, d = 1, and e = 1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c). 
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Family-III: Interaction solutions between one (x, y)-PB wave and one x-PB 
wave 

To obtain one (x, y)-PB wave solution of Eq. (1.2), satisfies the 
following structure for Eq. (3.2) into Eq. (3.1): 

p1 = p2 = l1, q1 = q*
2 = r1 + Is1, ω1 = ω2 = 0, and l1 ∕= 0, r1 ∕= 0, s1 ∕= 0,

(3.6) 

If we put l1 = 1
6 , r1 = 1

3, s1 = 1,ω1 = 0,ω2 = 0, α = 1, γ = 1, b = 1,
d = 1, and e = 1 in Eq. (3.2), then it becomes in the following form: 

Fig. 5(a) and 5(c) represent one (x, y)-PB wave solution, which is 
specified by Eq. (3.7) and displayed by 3D and density plots. On the 
other side, we have investigated the x-PB wave for Eq. (1.2), which 
maintained the following structure for Eq. (3.2) into Eq. (3.1): 

p1 = p*
2 = Im1, q1 = s1, q2 = s1,ω1 = ω2 = 0, and m1 ∕= 0, s1 ∕= 0 (3.8) 

Substituting the value of m1 = 1
2, s1 = 3,ω1 = 0,ω2 = 0,α = 1, γ = 1,

b = 1, d = 1, and e = 1 in Eq. (3.2), it turns in the following form: 

Fig. 6. The profile of lump soliton solution |u(x, y, t) | via Eq. (3.11) in the (x, y) plane with l1 = 1
5, l2 = 2,r1 = 1

2,s1 = 5,ω1 = ω*
2 = Iπ,α = 1, γ = 1, b = 1, d = 1, and 

e = 1: 3D plot for (a) t = − 0.5, (b) t = 0, and (c) t = 0.5. (d)-(f) the corresponding density plot of (a)-(c). 

Fig. 5. Profile of periodic breather solution |u(x, y, t) | at t = 0. 3D plot of (a) one (x, y)-periodic breather solution via Eq. (3.7) with l1 = 1
6,r1 = 1

3,s1 = 1,ω1 = 0,ω2 =

0,α = 1, γ = 1, b = 1, d = 1, e = 1, and (b) one x-periodic breather solution via the Eq. (3.10) with m1 = 1
2, s1 = 3,ω1 = 0,ω2 = 0,α = 1,γ = 1,b = 1,d = 1,e =

1.(c)-(d) corresponding density plot of (a)-(b). 

u = 12
(

ln
(

1 +
432
433

e
1115
108 t+1

3 x+2
3 y + e

(

1115
216 +4I

)

t+1
6 x+

(

1
3− I

)

y
+ e

(

1115
216 − 4I

)

t+1
6 x+

(

1
3+1

)

y ))

xx
. (3.7)   

Md. Nuruzzaman et al.                                                                                                                                                                                                                        



Results in Physics 52 (2023) 106786

7

u = 12
(

ln
(

1 + e141
8 It+1

2 Ix+3y + e− ‘141
8 It− 1

2 Ix+3y +
47
48

e6y
))

xx
. (3.9) 

Fig. 5(b) and 5(d) represent one x-PB wave solution, which is 
specified by Eq. (3.9) and displayed by 3D and density plots. Moreover, 
the amplitude and the shape of the x-PB wave is the same but their 
position changes at various time. 

Family-IV: Lump soliton and rogue wave solutions 
To obtain one lump soliton for Eq. (1.2), if setting parameters q1 =

m1p1, q2 = m2p2, p1 = l1ε, p2 = l2ε, and ω1 = ω*
2 = πi in Eq. (2.7), then 

the function f2 can be written as 

f2 = (V1V2 + a12)l1l2ε2 +O
(
ε3). (3.10) 

Taking the limit as ε→0 in Eq. (3.10), then the lump soliton solution 
of Eq. (1.2) can be determined in the following from Eq. (3.2): 

u =
12γ
α (ln(V1V2 + a12) )xx, (3.11) 

where, 

Vi = x+miy −
(
e+mi

2d + γ
)
t, i = 1, 2, (3.12)  

a12 =
1

d(m1 − m2)
2. (3.13) 

Substituting the parameters m1 = m*
2 = r1 +Is1; (s1 ∕= 0) to (3.13)- 

(3.10), we find that a one-lump soliton will result from the collapse of 
the two-soliton solution. Taking l1 = 1

5, l2 = 2, r1 = 1
2,s1 = 5,ω1 = ω*

2 =

Iπ,α = 1, γ = 1, b = 1, d = 1, and e = 1 to the Eqs. (3.13)-(3.10), we can 

find a lump soliton solution. Fig. 6(a)-(f) represent a lump soliton so
lution, which is specified by Eq. (3.11) and displayed by 3D and density 
plots. In addition, Fig. 6(d)-(f) display the density plot that corresponds 
to Fig. 6(a)-(c). Besides, the lump wave maintained one crest and two 
trough positions (see Fig. 6(a)-(f)). It is also seen from Fig. 6 that the 
lump wave preserves its original size and shape, but the position is 
changed at various times at t = − 5, t = 0, and t = 5. 

On the other hand, we can investigate the rogue wave solution from 
Eq. (1.2) through the class of solution u given by Eq. (3.11), if we choose 
the value of m1 and m2 are all only real constants. According to the rule 
of mention, we can be obtained a rogue wave solution, which is shown in 
Fig. 7(a)-(f), If we put s1 = 0 and other parameters l1 = 1

5, l2 = 2, r1 = 1
2,

ω1 = ω*
2 = Iπ, α = 1, γ = 1, b = 1, d = 1, and e = 1 in Eq. (3.11). From 

Fig. 7 (a)-(f), we can be seen that the amplitude and shape of rogue 
waves are changed but their position are unchanged with different times 
at t = − 1, t = 0, and t = 1. Table 1 provides some mathematical aspects 
for the selecting proper parameters to produce localized wave and 
interaction solutions with the two soliton solutions of Eq. (1.2). 

Localized waves between three solitons 

In this subsection, we obtain localized waves and their interaction 
solutions among three solitons as well as their explanation of graphs 
shown by the KSE. The specific localized waves and their interaction 
solutions, viz. three cross-LS, the intersection between two parallel and 
one-LS, three parallel-LS, the interaction between one LS and one PB, 
one lump and one-LS. If we set N = 3 in Eq. (2.7), then the function f3 
can be written as: 

Fig. 7. The profile of line rogue wave solution |u(x, y, t) | via Eq. (3.11) in the (x, y) plane with l1 = 1
5, l2 = 2, r1 = 1

2,s1 = 0,ω1 = ω*
2 = Iπ,α = 1, γ = 1, b = 1, d = 1,

and e = 1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c). 
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f3 = 1+ ev1 + ev2 + ev3 +A12ev1+v2 +A13ev1+v3 +A23ev2+v3 +A123ev1+v2+v3 ,

(3.14)  

where vi and Aij are shown in Eq. (2.8) and Eq. (2.9) and the phase shift 
contains A123 = A12A23A13. Now, putting Eq. (3.14) into Eq. (2.10), then 
three soliton solutions of Eq. (1.2) can be expressed as: 

u =
12γ
α (lnf3)xx (3.15)  

Family-I: Interaction between three-LS solutions 
To investigate the interaction between three-LS solutions for Eq. 

(1.2), the parameters pi, qi, and ωi must meet the following requirements 
for Eq. (3.15): 

pi = ri, qi = si, (i = 1, 2, 3), andω1 = ω2 = ω3 = 0, (3.16)  

where two real constants are ri and si. 
(i) For three cross-LS solutions 
The three cross-LS solutions are maintained the following structure 

as 
∏

i∕=j
(
risj − rjsi

)
∕= 0. If we put r1 = 3, r2 = 1, r3 = 2, s1 = 2, s2 = − 1,

s3 = − 1
2,ω1 = 0,ω2 = 0,ω3 = 0, α = 1, γ = 1, b = 1, d = 1, and e = 1 in 

Eq. (3.16), then we can determine the three cross-LS solutions which as 
follows: 

Table 1 
Various localized wave forms and their interaction solutions between two solitons.  

N-soliton Localized wave forms Parameters 

N = 2 Two LS p1 = r1, p2 = r2,q1 = s1,q2 = s2, ω1 = ω2 = 0.Cross-LS: (r1s2 − r2s1) ∕= 0.  
Parallel-LS: (r1 − r2) (s1 − s2) ∕= 0; but r1s2 − r2s1 = 0.

One y-PB p1 = p2 = l1, q1 = q*
2 = Is1, ω1 = ω2 = 0, and l1 ∕= 0, s1 ∕= 0.

One x-PB p1 = p*
2 = Im1, q1 = s1, q2 = s1, ω1 = ω2 = 0, and m1 ∕= 0, s1 ∕= 0.

One (x, y)-PB p1 = p2 = l1, q1 = q*
2 = r1 +Is1, ω1 = ω2 = 0, and l1 ∕= 0, r1 ∕= 0, s1 ∕= 0. 

One lump soliton qi = mipi, pi = liε (i = 1, 2), m1 = m*
2 = r1 +Is1, ω1 = ω*

2 = Iπ, and ε→0.

Fig. 8. The profile of three cross-line soliton solutions via Eq. (3.17) in the (x, y) plane with r1 = 3, r2 =

1,r3 = 2, s1 = 2, s2 = − 1, s3 = − 1
2,ω1 = 0,ω2 = 0,ω3 = 0,α = 1, γ = 1, b = 1, d = 1, and e = 1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corre

sponding density plot of (a)-(c). 

u = 12
(

ln
(

1 + e−
94
3 t+3x+2y + e− 3t+x− y + e−

81
8 t+2x− 1

2 y +
83
407

e−
103
3 t+4x+y +

83
407

e−
995
24 t+5x+3

2 y +
83
407

e−
105
8 t+3x− 3

2 y +
571787

67419143
e−

1067
24 t+6x+1

2 y
))

xx
. (3.17)   
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Fig. 8(a)-(f) represent three cross-LS solutions, which are indicated 
by Eq. (3.17) and shown by 3D and density plots. In addition, Fig. 8(d)- 
(f) displays the density plot that corresponds to Fig. 8(a)-(c). It can be 
seen from the above graphs that the shape and amplitude of three LS 
keep unchanged but their position changed with varying time t =
− 1, t = 0, t = 1, respectively. 

(ii) For interaction between two parallel-LS and one-LS solutions 
In this part, we obtain the interaction between two parallel-LS and 

one-LS, which is presented by the structure 
∏

i∕=j
(
risj − rjsi

)
= 0 and 

∑
i∕=j
(
risj − rjsi

)2
∕= 0. Taking r1 = 3, r2 = 2, r3 = − 1, s1 = 3, s2 = 2, s3 =

1,ω1 = 0,ω2 = 0,ω3 = 0, α = 1, γ = 1, b = 1, d = 1, and e = 1 in Eq. 
(3.15), then we can find an intersection between two parallel and one LS 
solution becomes:  

Here, the obtained solution of Eq. (3.18) is shown by the 3D and 
density plots, which is presented in Fig. 9(a)-(f) with various time at 
t = − 1, t = 0, t = 1. In addition, Fig. 9(d)-(f) display the density plot that 
corresponds to Fig. 9(a)-(c). At t = 0, we can see the intersection be
tween overlapping two LS and one LS as shown in Fig. 9(e). Moreover, 
with varying time (t = − 1 and t = 1), the amplitude and shape of 
interaction between two parallel and one LS keep unchanged but their 
position is changed. 

(iii) For three parallel soliton molecules solution 
To obtain the three parallel soliton molecules, which maintained the 

following structure 
∑

i∕=j
(
risj − rjsi

)2
= 0. If taking r1 = 3, r2 = 1, r3 = 2,

s1 = 3, s2 = 1, s3 = 2, ω1 = 0,ω2 = 0,ω3 = 0, α = 1, γ = 1, b = 1, d = 1,
and e = 1 in Eq. (3.16), then the three parallel soliton molecules solution 
is  

Fig. 9. The profile of interaction between two parallel and one-line soliton solutions via Eq. (3.18) in the (x, y) plane with r1 = 3, r2 = 2,r3 = − 1, s1 = 3, s2 = 2, s3 =

1, ω1 = 0,ω2 = 0,ω3 = 0,α = 1, γ = 1, b = 1, d = 1, and e = 1: 3D plot for (a) t = − 1, (b) t = 0, and (c) t = 1. (d)-(f) the corresponding density plot of (a)-(c). 

u = 12
(

ln
(

1 + e− 33t+3x+3y + e− 12t+2x+2y + e3t− x+y +
1

25
e− 45t+5x+5y +

1
25

e− 30t+2x+4y +
1
25

e− 9t+x+3y +
1

15625
e− 42t+4x+6y

))

xx
. (3.18)   

u = 12
(

ln
(

1 + e− 33t+3x+3y + e− 3t+x+y + e− 12t+2x+2y +
1
4
e− 36t+4x+4y +

1
4
e− 45t+5x+5y +

1
4

e− 15t+3x+3y +
1
64

e− 48t+6x+6y
))

xx
. (3.19)   
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Here, the obtained solution of Eq. (3.19) is shown by the 3D and 
density plots, which is presented in Fig. 10(a)-(f) with various time at 
t = − 2, t = 0, t = 2. In addition, the Fig. 10(d)-(f) display the density 
plot of Fig. 10(a)-(c). Fig. 10 (e), three parallel soliton molecules express 
one line soliton when at time t = 0. Moreover, with varying times (t =
− 2 and t = 2), the shape and amplitude of the three parallel soliton 
molecules keep unchanged but their position changed. 

Family-II: Interaction between one LS and one PB solution 
To obtain the interaction of one LS and one PB solution for Eq. (1.2), 

the parameters pi, qi, and ωi must meet the following requirements for 
Eq. (3.15) into Eq. (3.14): 

p1 = l1 + Im1, p2 = l1 − Im1, q1 = r1 + Is1, q2 = r1 − Is1, p3 = l2, q3

= r2, and ω1 = ω2 = ω3 = 0,
(3.20)  

where l1 ∕= 0, l2 ∕= 0, m1 ∕= 0, r1 ∕= 0, r2 ∕= 0, and s1 ∕= 0. 
(i) To obtain the interaction of one LS and one (x, y)-PB solution, 

which is contained the following conditions l1r2 − l2r1 ∕= 0. In Fig. 11 
(a1)-(a3), a density plot is used to show the interaction of one LS with 
one (x, y)-PB solution. It can be seen from the mentioned figures, their 

shape and amplitude are the same but their position is changed with 
varying time at t = − 2, t = 0, t = 2. 

(ii) To determine the interaction of one LS and one x-PB solution, 
which contains the conditions l1 = 0, s1 = 0. If taking 
m1 = 1

2, l2 = − 2, r1 = 1, r2 = 2,ω1 = 0,ω2 = 0,ω3 = 0,α = 1, γ = 1, b =

1, d = 1, e = 1 in (3.20) along with Eq. (3.15), then we can be seen that 
the interaction of one LS and one x-PB solution are depicted in Fig. 11 
(b1)-(b3). 

(iii) Furthermore, if we put m1 = 0, r1 = 0 in Eq. (3.20) and take 
l1 = 1

2, l2 = − 1, s1 = − 1, s2 = 3,ω1 = 0,ω2 = 0,ω3 = 0, α = 1, γ = 1, b =

1, d = 1, e = 1 in Eq. (3.15), then we can get the interaction of one LS 
and one y-PB solution. Additionally, with varying time (t = − 2, t = 0,
t = 2), obtained solutions are illustrated by a density plot which is 
displayed in Fig. 11(c1)-(c3). On the other hand, for the parallel one LS 
and one (x, y)-PB wave, it is maintained the following structure 
l1r2 − l2r1 = 0. Due to space consumption, the graphical figures are not 
attached here. 

Family-III: Interaction between one lump soliton and one LS solution 
To determine the interaction between one lump and one LS for Eq. 

(1.2), the parameters pi, qi, and ωi must meet the following requirements 
for Eq. (3.15) into Eq. (3.14): 

Fig. 10. The profile of three parallel soliton molecules solution via Eq. (3.19) in the (x, y) plane with r1 = 3, r2 = 1,r3 = 2, s1 = 3, s2 = 1, s3 = 2, ω1 = 0,ω2 = 0,
ω3 = 0,α = 1, γ = 1, b = 1, d = 1, and e = 1: 3D plot for (a) t = − 2, (b) t = 0, and (c) t = 2. (d)-(f) the corresponding density plot of (a)-(c). 
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q1 = m1p1, q2 = m2p2, q3 = m3p3, p1 = l1ε, p2 = l2ε,ω1 = ω*
2 = πi, andω3

= 0.
(3.21) 

Putting Eq. (3.21) in Eq. (3.15) then the function f3 can be written as 

f3 =(a12 +V1V2)l1l2ε2 +(V1V2+a23V1 +a13V2 +a12 +a12a23)eθ3 l1l2ε2+O
(
ε3).

(3.22) 

Taking the limit as ε→0 in Eq. (3.22), then the interaction between 
one lump and one LS solution of Eq. (1.2) can be written from Eq. (3.15): 

u =
12γ
α (ln((a12 + V1V2) + (V1V2 + a23V1 + a13V2 + a12 + a12a23)ev3 ) )xx,

(3.23) 

where 

Vi = x+miy −
(
e+mi

2d + γ
)
t, i = 1, 2, (3.24)  

a12 = − d(m1 − m2)
2
, (3.25) 

ai3 = 3γp4
3 − dm2

3p2
3 +2dp2

3mim3 − dp2
3m2

i , i = 1, 2, (3.26) and 

v3 = p3x+ p3m3y −
(
γp4

3 + dm2
3p2

3 + ep2
3

)
t

p3
. (3.27) 

Substituting l1 = 1
2, l2 = 2, p3 = − 1, r1 = − 1

4, s1 = − 4,m3 = − 1
4,ω1 =

ω*
2 = Iπ,ω3 = 0, α = 1, γ = 1, b = 1, d = 1, e = 1 in Eq. (3.23) into Eq. 

(3.27), we get interaction between one lump and one LS solution. 
Moreover, the obtained solution of Eq. (3.23) is shown by the 3D and 
density plot, which is presented in Fig. 12(a)-(f) with various time at t =
− 0.5, t = 0, t = 0.5. In addition, the Fig. 12(d)-(f) display the density 

plot of Fig. 12(a)-(c). Fig. 12(a), the lump soliton first shows on the 
positive side of the x-axis at time t = − 0.5, when it separates from the 
LS. It is also seen from Fig. 12 (b), the lump soliton and LS are over
lapped when t = 0. Moreover, at time t = 0.5, the LS and lump soliton 
are separated in the opposite positive direction of x-axis, which can 
observe in Fig. 12 (c). However, we deeply investigated that the inter
action of lump soliton and LS changes their position but the shape is 
unchanged. Table 2 provides some mathematical aspects for selecting 
the proper parameters to produce localized waves and interaction so
lutions with three-soliton solutions of Eq. (1.2). 

Localized wave solutions between four solitons 

In this part, we obtain the localized waves and their interaction so
lutions among four solitons and their explanation of graphs shown by 
the KSE. The specific localized waves and interaction solutions, viz. two 
LS and one PB, two PB, one lump and one PB, and two lump soliton 
solutions. Putting N = 4 in Eq. (2.7), then the function f4 can be written 
as: 

f4 = 1+ ev1 + ev2 + ev3 + ev4 +A12ev1+v2 +A13ev1+v3 +A14ev1+v4 +A23ev2+v3

+ +A24ev2+v4 +A34ev3+v4 +A123ev1+v2+v3 +A124ev1+v2+v4 +A134ev1+v3+v4

+A234ev2+v3+v4 +A1234ev1+v2+v3+v4 ,

(3.28)  

where the phase shift contains A123 = A12A23A13 and A1234 =

A12A13A14A23A24A34. 
Now, setting Eq. (3.28) into Eq. (2.10) then the four soliton solutions 

can be written as 

u =
12γ
α (lnf4)xx, (3.29)  

Family-I: Interaction between two LS and one PB solutions 
If we take p1 = p*

2 = l1 + Im1, q1 = q*
2 = r1 + Is1, p3 = l2, p4 = l3,

q3 = s2, q4 = s3, and ω1 = ω2 = ω3 = ω4 = 0 in Eq. (3.29), then we can 
obtain the intersection between two LS and one PB solution from four 
solitons. For particular values l1, l2, l3,m1, r1, s1, s2, and s3, the intersec
tion between two LS and one PB can be changed their direction which 
may be a direction along the (x, y)-axis,x-axis, and y-axis. These di
rections are as follows: 

(i) If substituting the parameters l1 = 1
2, l2 = 3, l3 = 1,m1 = 0, r1 = 1

6,

s1 = 1, s2 = 3, s3 = 1,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b =

1, d = 1, e = 1 in Eq. (3.29), then the acquired solution of interaction 
between two LS and one PB are presented by 3D and density plots in 
Fig. 13(a) and Fig. 13(d). 

(ii) If setting l1 = 0,m1 = 1, l2 = 2, l3 = 1, r1 = − 1, s1 = 0, s2 = − 5,
s3 = 2,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b = 1, d = 1, e = 1 
in Eq. (3.29), then the obtained solution of interaction between two LS 
and one x-PB are presented by 3D and density plots in Fig. 13(e) and 
Fig. 13 (b), whereas the Fig. 13(e) displays the density plot of Fig. 13(b). 

(iii) If putting l1 = 1
2, r1 = 0, l2 = 3, l3 = 1,m1 = 0, s1 = 1, s2 = 3, s3 =

1,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0, α = 1, γ = 1, b = 1, d = 1, e = 1 in Eq. 
(3.29), then the obtained solution of interaction between two LS and one 
y-PB are displayed by density plot and 3D plots in Fig. 13(c) and Fig. 13 
(f), whereas the Fig. 13(f) presents the density plot of Fig. 13(c). 

Family-II: Interaction between PB solutions 
If putting the parameters l1 = − 1

2, l2 = − 1
2, s1 = − 1

3, s2 = 1
2, ω1 = 0,

ω2 = 0,ω3 = 0,ω4 = 0, α = 1, γ = 1, b = 1, d = 1, e = 1 in Eq. (3.29), 
then the obtained solution of interaction between two parallel x-PB is 
presented by 3D and density plots in Fig. 14(a) and Fig. 14(d). Else
where, if we set the parameters l1 = − 1

3, l2 = 1
2, s1 = − 1, s2 = 1

2,ω1 = 0,
ω2 = 0,ω3 = 0,ω4 = 0, α = 1, γ = 1, b = 1, d = 1, e = 1 in Eq. (3.29), we 
get two parallel y-PB solutions. Moreover, the obtained solution of Eq. 
(3.29) is shown by the 3D and density plots, which is presented in Fig. 14 

Fig. 11. The profile of interaction between one line soliton and one periodic 
breather solution |u(x, y, t) | via Eq. (3.15) in the (x, y) plane. (a1)-(a3) interac
tion of one line and one (x, y)-periodic breathers with l1 = 1

2, l2 = 2,m1 = − 1
2,

r1 = 2, r2 = 1, s1 = 1,ω1 = 0,ω2 = 0,ω3 = 0,α = 1,γ = 1,b = 1,d = 1,e =

1, when t = − 2, t = 0, t = 2;(b1)-(b3) interaction of one line and one x-periodic 
breather with m1 = 1

2, l2 = − 2,r1 = 1,r2 = 2,ω1 = 0,ω2 = 0,ω3 = 0,α = 1,
γ = 1,b = 1,d = 1,e = 1, when t = − 2, t = 0, t = 2; (c1)-(c3) interaction of one 
line and one y-periodic breather with l1 = 1

2, l2 = − 1,s1 = − 1,r2 = 3,ω1 = 0,
ω2 = 0,ω3 = 0,α = 1,γ = 1,b = 1,d = 1,e = 1, when.t = − 2, t = 0, t = 2.
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(b) and Fig. 14(e). In addition, Fig. 14(e) displays the density plot of 
Fig. 14(b). 

Further, considering the parameters l1 = 1
3, l2 = 1

4, r1 = 1
4,

r2 = − 1
3, s1 = − 1

2, s2 = 1
2,ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b =

1, d = 1, e = 1 in Eq. (3.30), we get interaction between two cross 
xy-PBs, which is displayed in Fig. 14 (c) and Fig. 14 (f). It can be ob
tained figures that the shape and amplitude remain constant, but their 
position is changed. However, the propagation process is not shown 
above all figures for the sake of brevity. 

Family-III: Interaction between one lump soliton and one PB solution 
To investigate the interaction between one lump soliton and one PB 

solution for Eq. (1.2), the parameters pi, qi, and ωi must meet the 
following requirements for Eq. (3.29) into Eq. (3.28): 

qi = mipi (i = 1, 2, 3, 4), p1 = l1ε , p2 = l2ε, ω1 = ω*
2 = πI, and ω3= ω4

= 0.
(3.30) 

Now, putting Eq. (3.30) in Eq. (2.7) then the function f4 can be 
written as 

f4 = (a12 +V1V2)l1l2ε2 +(V1V2 + a23V1 + a13V2 + a12 + a13a23)ev3 l1l2ε2

+(V1V2 + a24V1 + a14V2 + a12 + a14a24)ev4 l1l2ε2

+ a34[V1V2 +(a23+a24)V1 +(a13+a14)V2 + a12 +(a13+a14)(a23+a24) ]

× e(v3+v4)l1l2ε2 +O
(
ε3).

(3.31) 

Taking the limit as ε→0 in Eq. (3.31), then the obtained lump soliton 
solution of Eq. (1.2) can be written from Eq. (3.29), as follows: 

Fig. 12. The profile of one lump and one line soliton solution |u(x, y, t) | via Eq. (3.23) in the (x,y) plane 

u =
12γ
α
(
ln
(
(a12 + V1V2) + (V1V2 + a23V1 + a13V2 + a12 + a13a23)ev3 + (V1V2 + a24V1 + a14V2 + a12 + a14a24)ev4 + a34[V1V2 + (a23+a24)V1 

+(a13+a14)V2 + a12 + (a13+a14)(a23+a24) ] × e(v3+v4)
) )

xx (3.32)   
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where, 

Vi = x+miy −
(
e+mi

2d + γ
)
t, i = 1, 2, (3.33)  

a12 = − d(m1 − m2)
2
, (3.34)  

air = 3γp4
r − dm2

r p2
r + 2dp2

r mimr − dp2
r m2

i , (i = 1, 2; r = 3, 4) (3.35)  

a34 =
4
(
− dl2

3q2
4 + 2dl2

3q3q4 − dl2
3q2

3

)
l2
3

12γl6
3 − dl2

3q2
4 + 2dl2

3q3q4 − dl2
3q2

3
(3.36) 

and 

vi = pix+ pimiy −
(
γp4

i + dm2
i p2

i + ep2
i

)
t

pi
, i = 3, 4. (3.37) 

Considering m1 = m*
2 = r1 + Is1, q3 = q*

4 = r2 +Is2, and p3 = p4 = l3 

with the Eqs. (3.37). Then the solution of Eq. (3.32) indicates the 
interaction between one lump and one PB. If taking l1 = 1

2, l2 = 4, l3 = 1
2,

r1 = 2, r2 = 1
2, s1 = − 4, s2 = − 1

2,ω1 = ω*
2 = Iπ,ω3 = 0,ω4 = 0, α = 1, γ =

1, b = 1, d = 1, e = 1, then the obtained solution of Eq. (3.32) is shown 
by the 3D and density plots, which is presented in Fig. 15(a)-(f) with 
various time at t = − 1, t = 0, t = 1. In addition, Fig. 15(d)-(f) display 
the density plot that corresponds to Fig. 15(a)-(c). At time t = − 1, the 
lump solution is located near the breather from the right sides, but when 
t = 1, it is situated opposite of the breather. In addition, it can be 
observed that one lump and one breather is overlapped at.t = 0 

Family-IV: Interaction between two lump soliton solutions 
To obtain the interaction between two lump soliton solutions for Eq. 

(1.2), the parameters pi, qi, and ωi must meet the following requirements 
for Eq. (3.29) into Eq. (3.28): 

qi = mipi (i = 1, 2, 3, 4), pi = liε, (i = 1, 2, 3, 4), ω1 = ω*
2

= πI, and ω3= ω*
4 = πi. (3.38) 

Substituting Eq. (3.38) in Eq. (2.7) then the function f4 can be written 
as 

f4 = (V1V2V3V4 + a34V1V2 + a24V1V3 + a23V1V4 + a14V2V3

+ a13V2V4 + a12V3V4 + a12a34 + a13a24 + a14a23)l1l2l3l4ε4 +O
(
ε5).

(3.39) 

Taking the limit as ε→0 in Eq. (3.39), then the interaction between 
two lump soliton solutions of Eq. (1.2) can be written as 

where, 

Vi = x+miy −
(
e+mi

2d + γ
)
t, i = 1, 2, 3, 4 (3.41)  

aij = − d(m1 − m2)
2
, (1 ≤ i ≤ j ≤ 4) (3.42) 

Considering m1 = m*
2 = r1 + Is1, m3 = m*

4 = r2 +Is2, and p3 = p4 = l3 

with the Eqs. (3.42)-(3.41), then the solution of Eq. (3.40) indicates the 
interaction between the two lump soliton solutions. If taking 
l1 = 1

3, l2 = 1, l3 = − 1, l4 = 2, r1 = 1
5, r2 = − 3, s1 = 4, s2 = 4,ω1 = ω*

2 =

Iπ,ω3 = ω*
4 = Iπ, α = 1, γ = 1, b = 1, d = 1, e = 1, then the obtained so

lution of two lump soliton is presented by the 3D plot in Fig. 16(a)-(e). 
From Fig. 16, two lump soliton propagates along the y-axis and x-axis 
direction when t = − 2, t = − 1, t = 0, t = 1, t = 2, respectively. In addi
tion, during that time (t = − 2, t = 2), we observed that two lump among 
this one is visual and another clearly along the x-axis and y-axis direc
tion. It is also seen from the above figures that during the propagation, 
two lump solitons move closer when the time (t = 0) and otherwise, it 
separates. Table 3 provides some mathematical aspects for selecting the 
proper parameters to produce localized waves and interaction solutions 
with four-soliton solutions of Eq. (1.2). 

Discussion and concluding remarks 

It is earlier noted that the nonautonomous lump wave, periodic, 
breather, rogue wave, and resonant multiple soliton solutions to the (3 
+ 1)-dimensional KS equation, which has been published by particular 
researchers [2,43,45–55] with variety methods. In this paper, we have 
chosen a dimensionally reduced (2 + 1)-dimensional KS equation, which 
leads to N-solitons with each other via the HBM. Thereafter, we have 
examined the novel interaction and localized wave solutions from 
N-solitons. According to the authors, there is no study of localized waves 
and the various interactions of soliton solutions. 

Table 2 
Various localized wave forms and their interaction between three solitons.  

N-soliton Localized wave forms Parameters 

N = 3 Three LS pi = ri,qi = si, (i = 1,2, 3), and ω1 = ω2 = ω3 = 0.For Cross-LS: 
∏

i∕=j
(
risj − rjsi

)
∕= 0;

For Parallel-LS:
∑

i∕=j
(
risj − rjsi

)2
= 0;

For cross and parallel-LS: 
∏

i∕=j
(
risj − rjsi

)
= 0 and 

∑
i∕=j
(
risj − rjsi

)2
∕= 0. 

One LS + one (x, y)-PB p1 = p*
2 = l1 +Im1, q1 = q*

2 = r1 +Is1, p3 = l2 ,q3 = r2.

For cross-line interaction: l1r2 − l2r1 ∕= 0 and 
For parallel-line interaction:l1r2 − l2r1 = 0.

One LS + one x-PB p1 = p*
2 = Im1, q1 = q2 = r1, p3 = l2, q3 = r2, and ω1 = ω2 = ω3 = 0.

One LS + one y-PB p1 = p2 = l1, q1 = q*
2 = Is1, p3 = l2, q3 = r2, and ω1 = ω2 = ω3 = 0.

One LS + one lump soliton q1 = m1p1, q2 = m2p2, q3 = m3p3, p1 = l1ε, p2 = l2ε,ω1 = ω*
2 = πI, and ω3 = 0, and ε→0.

u =
12γ
α (ln(V1V2V3V4 + a34V1V2 + a24V1V3 + a23V1V4 + a14V2V3 + a13V2V4 + a12V3V4 + a12a34 + a13a24 + a14a23) )xx (3.40)   
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To show the importance of localized waves and how they interact 
with N-soliton solutions in a reduced (2 + 1)-dimensional KS equation, 
we used Maple 17 software to display 3D and density plots to obtain 
solutions, which represents soliton, breather, rogue, lump, and their 
various interaction solutions. A variety of interaction solutions can 
happen between various wave patterns such as one LS and one PB, one 
LS and one lump soliton, two LS and one PB, two PBs, and two lump 
solitons. In Fig. 1, we display the N-soliton solutions of Eq. (1.2) as 
determined by Eq. (2.10). It is clear from Fig. 1 that interaction between 
N-soliton solutions is entirely elastic. For N = 2, the cross-LS, parallel- 
LS, one y-PB, one (x, y)-PB, one x-PB, lump soliton, and rogue wave 
solutions are determined, which are displayed in Figs. 2-7. In addition, 
for N = 3, we have investigated the various interaction solutions from 
three solitons, such as three cross-LS, two parallel-LS and one LS, three 
parallel-LS, one LS, and one PB for (x, y), one LS and one x-PB, one LS 
and one y-PB, and one lump and one LS through the selection of specific 
parameters, as depicted in Figs. 8-12. Finally, for N = 4, we also pre
sented a variety of interaction solutions from four solitons, for example, 

two LS and xy-PB, two LS and one x-PB, two LS and one y-PB, two 
parallel x-PB, two parallel y-PB, two cross xy-PB, one lump and one PB, 
and two lump solitons, which are displayed in Figs. 13-16. It is signifi
cant to note that the parameters for the long wave limit approach, which 
is used to calculate the lump soliton and rogue waves, are constrained 
[59]. Tables 1-3 present mathematical criteria for ensuring the stability 
of localized wave and their interaction solutions derived from two, 
three, and four soliton solutions of Eq. (1.2). These tables provide 
guidelines for selecting appropriate constraint parameters. It should be 
noted that the article does not provide interaction solutions for N ≥ 5, 
because the computer used to analyze the data cannot handle such 
complex calculations. Moreover, in the future, we will focus on inter
action solutions of higher order N-soliton and consider how to provide 
these interactions with some better parameters. The findings of this 
study may be helpful for explaining the propagation of nonlinear waves 
in a bubbly liquid. 

Fig. 13. The profile of interaction between two-line and one-periodic breather solutions |u(x, y, t) | via Eq. (3.29) with ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1,
b = 1, d = 1, e = 1 at t = 1. (a) two line soliton and one xy-periodic breather with l1 = 1

2, l2 = 3, l3 = 1,m1 = 0, r1 = 1
6, s1 = 1, s2 = 3, s3 = 1; (b) two line soliton and 

one x-periodic breather with l1 = 0,m1 = 1, l2 = 2, l3 = 1, r1 = − 1, s1 = 0, s2 = − 5, s3 = 2; (c) two line soliton and one y-periodic breather with l1 = 1
2, l2 = 3, l3 = 1,

s1 = 1, s2 = 3, s3 = 1. (d)-(f) the corresponding density plot of (a)-(c). 
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Fig. 14. The profile of the interaction between two periodic breather solutions via Eq. (3.29) with ω1 = 0,ω2 = 0,ω3 = 0,ω4 = 0,α = 1, γ = 1, b = 1, d = 1, e = 1 at 
t = 1. (a) two parallel x-periodic breathers with l1 = − 1

2, l2 = − 1
2, s1 = − 1

3, s2 = 1
2; (b) two parallel y-periodic breathers with l1 = − 1

3, l2 = 1
2, s1 = − 1, s2 = 1

2; (c) two cross 
xy-periodic breathers with l1 = 1

3, l2 = 1
4, r1 = 1

4, r2 = − 1
3, s1 = − 1

2, s2 = 1
2. (d)-(f) the corresponding density plot of (a)-(c). 

Fig. 15. The profile of interaction solutions between one lump and one periodic breather |u(x, y, t) | via Eq. (3.32) in the (x, y) plane with l1 = 1, l2 = 4, l3 = 1
2,

r1 = 2, r2 = 1
2, s1 = 5, s2 = 5,ω1 = ω*

2 = Iπ,ω3 = 0,ω4 = 0,α = 1, γ = 1, b = 1, d = 1, e = 1. 3D plot for (a) t = − 0.25, (b) t = 0, and (c) t = 0.25. (d)-(f) the corre
sponding density plot of (a)-(c). 
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