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Abstract This paper reflects the execution of a reliable technique which we proposed as a
modified double sub-equation method for solving nonlinear evolution equations. The pro-
posed scheme has been successfully hardened on a very important evolution equation namely
the (1 + 1)-dimensional Burger equation and the (1 4 1)-dimensional Gardner equation
(or combined KdV-mKdV). As a results, we found more complexiton solutions in-terms
of trigonometric, hyperbolic functions. Finally, the interaction phenomena of the achieved
complexiton solutions between solitary waves and/or periodic waves are presented with in
depth derivation. The outcome can be used to enhance the dynamical activities of higher
dimensional nonlinear wave field areas.

Keywords The modified double-sub equation method - The (1 + 1)-dimensional Burger
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Introduction

Nonlinear evolution equations (NLEESs) play a noteworthy role in various scientific and engi-
neering fields such as applied mathematics, plasma physics, fluid dynamics, optical fibers,
biology, solid state physics, chemical physics, mechanics and geochemistry. In recent years,
both mathematicians and physicists have devoted considerable effort to study of soliton solu-
tions of nonlinear partial differential equations (PDEs) and a number of powerful methods
were presented. For instance the inverse scattering theory [1], Darboux transformation [2],
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the Hirota’s bilinear method [3], the sech-function method [4,5], the homogeneous balance
method [6], Béacklund transformation method [7], the hyperbolic tangent function series
method [8,9], the sine—cosine method [10], the (G’/ G)-expansion method [11,12], the mul-
tiple exp-function method [13], the Jacobi elliptic function expansion method [14,15]. These
algebraic methods have the power to give a clear picture of the relation between different
terms of nonlinear wave equations and are to simplify the routine calculation of the method.
One of the most effectively straightforward methods to constructing exact solutions of PDEs
is the sub-equation method [16—19]. The complexiton solution, firstly introduced by Ma [20],
can be constructed by the multiple Riccati equations rational expansion method [21], which
make use of two Riccati equations with the same variable. Chen et al. [22] has presented
the double sub-equation method using two ordinary differential equations (ODEs) with dif-
ferent independent variables. Complexiton solutions are obtained by combining elementary
functions and the Jacobi elliptic functions using double sub-equation method [22]. Burger
equation [23,24] and Gardner equation [26,27] are solved by many researcher for finding
complexiton solutions. On the other hand, Burgers equation with space-and time-fractional
order and and time-fractional Boussinesq—Burger’s equations [30-32] are solved for soliton
solutions which arise in propagation of shallow water waves.

In this paper, the modified double sub-equation method is proposed for constructing com-
plexiton solutions of nonlinear partial differential equations (PDEs). We apply this method
to the Burger’s equation [24,25] and to the Gardner equation [26,27]. We will generate many
new types of complexiton solutions combining elementary functions and the Jacobi elliptic
functions. It makes the modified double sub-equation method more thoroughly.

Materials and Methods

In the following, we described the main steps of modified double sub-equation method.

Step 1 Consider a nonlinear partial differential equation (NLPDE), say in two independent
variables x and ¢, is given by

N, we, Uy, Upg, Upy, Uy, ..) =0 (D

where u = u(x, t) is an unknown function, ) is a polynomial of # = u(x, ) and its partial
derivatives in which the highest order derivatives and nonlinear terms are involved.

Step 2 For the suggested method, we assume that the solutions of Eq. (1) are as follows:

a19(§) + ary ()
. a1p(€) + axy (n) 2
u(x,t) =aop + Ao+ A10E) Y () .

where ag = ag(x,t),a; = aij(x,t),ar = ax(x,1), & = &(x, 1), n = n(x, t) are all functions
of x and ¢, A and A are arbitrary nonzero constants to be determined later. The new functions

@ (&) and v/ (n) satisfy

de(§)

¢'(€) = e Cat P19 (&) 3)
d
and ¥'(7) = ";f?”) = @2+ P2V (), 4
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where & = k1x + wit and n = kox + wot respectively, which are known as wave transfor-
mation of Eq. (1).

Step 3 The general solutions of the Riccati Eqs. (3, 4) [21] are as follows:
de@§)

At =q1 + p1g* &)
i. Whenq, =1, pj = —1,

@(&) = tanh(&), p(§) = coth(§), (%)

ii. When g1 = p1 = £1,
@(&) = sec(§) £ tan(§), p(§) = csc(§) £ cot(§), (6)

iii. When q1 = p1 = 1,

@(&) = tan(§), (7

iv. When ¢1 = p1 = —1,
@(§) = cot(§) (8)

v. When ¢ = %, p1 = —%,

@(&) = tanh(§) L isech(§), (&) = coth(§) :csch(§), 9
vi. Whengq; =0, p; =1,

o) =——, (10)

piE+w
Step 4 By substituting Eq. (2) into Eq. (1) along with Egs. (3) and (4) yields a system of
equations with respect to """, (m =0,1,2,...,n =0, 1,2, ...) then set all coefficients

of " in the obtained system of equations to be zero, we obtain a set of over-determined
PDEs with respect to ag, ay, az, k1, wi, ka, wa, Ao and Aj.

By solving the over-determined PDEs by use of symbolic computation system Maple,
we end up the explicit expressions for ag, ai, a2, k1, wi, k2, wa, Ao, A1. Using the results
obtained in the above steps and the various solutions of Eqs. (3, 4), we can derive many
solutions for Eq. (1).

Advantages: The main advantages of our method are as follows:

a) Our proposed method is more general than the various existing methods [20-23] for find-
ing exact compexiton solutions of nonlinear partial differential equations. The demand
and achievement of the method lies in the fact that writing the exact solutions of a non-
linear equation as polynomials of ¢ and \ with different traveling wave variables, whose
derivations are in closed form. The consistency of the method and the cutback in the size
of computational domain furnish this method a wider applicability.

b) Using two different Riccati equations with different parameters as well as different trav-
eling wave variables as double sub-equations, we can frankly see that when p; = p»
or q1 = q», ¢ and \ satisfy different Riccati equations, so hyperbolic functions and
triangular functions can become visible in one solution at the same time with different
traveling wave variables. These types of complexiton solutions have not been gained by
any other Riccati equation method [20-23].

¢) Ma [20] investigated the complexiton solutions to the KdV equation throughout its bilin-
ear form. On the other hand, using a mapping relation, Lou et al. [23] originated some
new types of complexiton solutions. Even if our method cannot recuperate all of the
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complexiton solutions achieved by Ma’s method and Lou’s method, supplementary new
types of complexiton solutions cannot be originated by their methods. In fastidious, our
method is a unified undemanding and easy algebraic algorithm for both integrable and
non-integrable equations.

Application of Our Method

To establish validity and effectiveness of our method, we handle this method in the two
nonlinear evolution equations namely the (1+ 1)-dimensional Burger equation and the (1+1)-
dimensional Gardner equation (or combined KdV-mKdV).

Example-1

Let us consider the (1 + 1)-dimensional Burger equation [24,25], in the form
U +2uny — uyy =0, (11)

Burgers equation (11) is a model for nonlinear wave propagation, especially in fluid mechan-
ics. The equation arises in various characteristic areas of applied mathematics, such as
modeling of gas dynamics and traffic flow.

According to the method, we assume that the solutions of Eq. (11) are as follows:

b1o(&) + by (n)
b3+ bap &)Y (n)’

where by, b1, by, b3, b, & = k1x + wit and n = kox + wyt are arbitrary nonzero constants.
Substituting Eq. (12) into Eq. (11) along with Egs. (3) and (4) yields a system of equations
with respect to "y, (m =0,1,2,...,n =0, 1,2,...), then set all coefficients of ¢ "
in the obtained system of equations to be zero, we obtain a set of over-determined PDEs with
respect to by, b1, by, b3, ba, k1, wi, ko, wo.
Solving the over-determined PDEs by use of Maple, we can obtain the following results.

Case 1.

u(x,t) =bg+ (12)

by = by, by =0, by = —bsk1q1,b3 =0, by = by, (13)
w1 = —2bok1, wy = wy.
Case 2.
by = by, by = —bskrqr, by = 0,b3 =0, by = by, (14)
w) = wi, wy = —2bok;.
Case 3.
by = by, by =0, by = b3kapz, b3 = b3, by =0, (15)
w) = wi, wy = —2bok;.
Case 4.
bo=bo, by =b1,by =0,b3 = - by =0, (16)
wy = —2boky, wy = ws.
Case 5.
by (kago kg | 2L2
bo = bo, by = b, [ B2 by = by, b3 = 22<22211 o R
P2 Prqiki+pagaky +2kiqika pa, [ 5 a7
plbz(kzqz+k|q| EZ?

by =

P192

a1 +p2q2k3 | L2 12k prhagn

r2a1

, w) = —2boky, wy = —2boks.
q (mqlkf )
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Case 6.
«/qulpzq
— _ . VP12 _ 2( k1q1+k2q2)
bo = bo, by = by~ 7=, by = by, b3 = It
291 p1q1k1+p2q2k2+2k1q1k2p2W
b piba (‘pmmq k1q1+kzqz)
= — , W1 = wi,

a1 (p1a1k3 LD o3 SPUID 49k pkaga ) (18)

w1P1+2bo(7W)kzpz+2bok1m
w2 = — P141P2%2

r291

Note that: Since the solutions obtained here are so many with complexitons and without
complexitons, we just write some new and complexiton solutions for the Burgers equation
to demonstrate the effectiveness of our method.

Using (17), one can get various types of complexiton solutions of Eq. (1) as follows:

Family-1: When by = by = const.,q1 = 1, p;

solutions:

i. When g2 = p> = 5, then

_2,
U2 =apF

1
u3 4 =ap F <§k2 =+ Tk

use =aoF | sk = Ik
1

u78 =apF <§k2:|:1k1
ii. Whengy = pr = —%, then
1

ug 10 = ap = §k2¥1k1

uil,12 =aop =

u13,14 = ag =

€
(3
(

1
uis,16 = ag - zkziFIk {

iii. When ¢» = p» = 1, then

ui7,18 = ag F (ko = Iky) {

u19,20 = ao F (ko & Iky) {

iv. When ¢» = pp = —1, then

uz122 = ag = (k2 F Iky) {

I tanh (&) F (sec(n) — tan(n)

1 &+ I tanh(&)(sec(n) — tan(n))
I tanh(§) =+ (csc(n) — cot(n)

1 I tanh(&)(csc(n) — cot(n)
I coth(§) F (sec(n) — tan(n)

1 & I coth(&)(sec(n) — tan(n)
I coth(&) % (csc(n) — cot(n)

1 F I coth(&)(csc(n) — cot(n)

I tanh(&) F (sec(n) + tan(n)
1 & I tanh(&)(sec(n) + tan(n)
I tanh(&) + (csc(n) + cot(n)
1 F I tanh(&)(csc(n) + cot(n)
I coth(§) F (sec(n) + tan(y)
1 &£ I coth(&)(sec(n) + tan(n)
I coth(&) £ (csc(n) + cot(n)
1 F I coth(&)(csc(n) + cot(n)

I tanh(§) =+ tan(n)

1 F I tanh(§) tan(n) }
I coth(&) £ tan(n)

1 F I coth(&) tan(n) }

I tanh(£) + cot(n) }
1 I tanh(&) cot(n)

—1, then we can get some complexiton

!

|
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u23 24 = aop = (ko F Iky) l I coth(§) £ cot(n) }

1 F 1 coth(£) cot(n)

v. When ¢» = %, P2 = —%, then

I + coth(€) (tanh(n) - m)
coth(€) = (tanh() + sk )
1 coth(@) (tanh() + b )
coth(€) + (coth(n) + gy
1 + coth(§) (coth(n) + smh(n))

coth(&) + (coth(n) —

—

(
(

uss 36 = do £ Ekz + ki

—_

| tanh(&) + (tanh(n) - coslw)
U526 = ap = Ekz + ki ;
1 + tanh(¢) (tanh(n) - m)
1 tanh(&) + (tanh(n) + Cosh(n))
U728 = ap = Ekz tky
1 + tanh(£) (tanh(ﬂ) + m)
. tanh(€) + (coth(n) n ml—(m)
129,30 = ap = §k2 tk .
1 & tanh(§) (coth(n) + m)
1
1 tanh(¢) £ (COth(VI) - T)
u31 3 =ap (Ekz + k]) o jﬂ)
| + tanh(&) (coth(n) - m)
| coth(&) + (tanh(n) - m)
u33 34 = ap Ekz tky

u3738 = ap = (Ekz Lk

sinh(r]))
| + coth(&) (coth(n) - ﬁ)

[

139,40 = ap = ( k2 ﬂ:kl)

(S]]

where § = kjx + wit and n = kpx + wot, w; = —2boky, wy = —2bok;.
Family-2: When by = by = const.,q1 = p1 = :I:%, then we can get some complexiton
solutions:

i. When g2 = p> =1, then

) tan(§) F (sec(n) — tan(n))
1 £ tan(§) (sec(n) — tan(n))
) tan(§) & (csc(n) — cot(n))

1
usl 4 = aop F Ekz * ki

I F tan(§) (csc(n) — cot(n))
tan(§) F (sec(n) + tan(n))
1 £ tan(§) (sec(n) + tan(n))
tan(§) = (csc(n) + cot(n))
1 F tan(§) (csc(n) + cot(n))

where £ = kjx + wit and n = kpx + wot, w; = —2boky, wy = —2bok;.

u4s 46 = ap x

1
U43,.44 = ap F (§k2 +k

1
~ky Fk
22?1

1
u4q7,48 = ap * <§k2 F kl)
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Family-3: When by = by = const.,q1 = p; = 1, then we can get some complexiton
solutions:

i When ¢ = p» = —1, then

u49,50 = ao + (k2 F k1) [ 1 F tan(§) cot(n)

ii. When gy = %, p2 = —%, then
tan(&) + (tanh(n) _ m)

1+ I tan(¥) (tanh(n) - m>

usi52 = ap & ( ky £ Iy

Us53,54

1
a + <2k2 + Ikl
1+ I tan(&) (tanh(n) + Cosh(n))

I tan(€) + (COth(ﬂ) + W)

1+ 1 tan(§) (coth(n) +

) I'tan(§) (tanh(n) + co%h(n))

1
uss 56 = ap (2k2 £ 1k
smh(r]))

I tan(¢) + (coth(n) - m)

1+ I tan(€) (coth(n) -

us758 = ap £ (%kz + Ik]) 1
where £ = kjx + wit and n = kpx + wot, w; = —2boky, wy = —2bok;.

Again, using (18), one can get various types of complexiton solutions of Eq. (1) as follows:
Family-1: When by = by = w; = const.,q; = 1, p;y = —1, then we can get some
complexiton solutions:

i. When g2 = p2 = 5, then

_27

I tanh(§) F (sec(n) — tan(n) }
U2 = ap +

) 1 &+ I tanh(&)(sec(n) — tan(n))

I tanh(§) =+ (csc(n) — cot(n)
) 1 F I tanh(&)(csc(n) — cot(n)
) I coth(§) F (sec(n) — tan(n)

u3z4 = aop +

1 &£ I coth(é)(sec(n) — tan(n)
I coth(&) + (csc(n) — cot(n)
1 F I coth(£)(csc(n) — cot(n)

1
uss—a0:F<2k2i1k1

U8 = ao +

ii. Whengy = pr = —%, then
I tanh(§) + (sec(n) + tan(n)

) 1 = I tanh(§)(sec(n) + tan(n)
) I tanh(&) F (csc(n) + cot(n)

1
u9,10 = ap F (§k2 + 1k

Uiz =do + 1 & I tanh(&)(csc(n) + cot(n)

I coth(§) = (sec(n) + tan()
1 F I coth(&)(sec(n) + tan(n)
I coth(§) F (csc(n) + cot(n)
1 &£ I coth(&)(csc(n) + cot(n)

uis,16 = ao +

1
w1314 =ao F <2k2j:1k1
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iii. When g» = pp =1, then

u17,18 = ao F (ko = Iky)

u19.20 = aop F (k2 + Ikl)

iv. When ¢» = pp = —1, then

v. When ¢; = %, P2

whereé = kix+witandn = kox+wat, wi = wy, wp = —

u21,22 = ao F (k2 £ Iki)

u2324 = ao F (ko £ Iky)

= —%, then

1

uzs26 = a0 ¥ | sk F ki
1

U728 = do F QkQ Fh
1

u29.30 = ao F | 7ka F ki
1

U332 = a0 F | ska F ki
1

U3334 = do F §k2 F ki
1

uss 36 = a0 ¥ ( sk ¥k
1

uzzag =aoF | ska ¥k
1

u39,40 = ao F §k2 Fh

I tanh(€) % tan()
1 F I tanh(&) tan(n)
I coth(¢) + tan(1)
1 I coth(£) tan(n)

I tanh(§) F cot(n)
1 & I tanh(£) cot(n)
I coth(&) F cot(n)
1 & I coth(£) cot(n)

tanh (&) F (tanh(n) - ijm)

1  tanh(§) (tanh('?) - m)

tanh(&) F (tanh(n) + coslw)

1 = tanh(§) (tanh(n) + co%lTn))

tanh(€) F (<oth(n) + i)

| T tanh(&) (coth(n) + )

tanh(@) = (coth() — gt )

1 F tanh(§) (COth(ﬂ) - m)

coth(¢) F (tanh(n> - C'Tn))

1  coth(§) (tanh('?) - m)

coth(§) ¥ (tanh(n) + %)

1 F coth(§) (tanh(n) + coslTn))

coth(€) F (<oth(n) + i)

1 T coth(&) (COth(ﬂ) + m)

coth(€) T (coth(n) — gnan))

1 F coth(&) (COth(n) - m)

J/PLAIPIT

wll’1+2b0( P24l

)k2p2+2bok1p1

pP241

/PLa1P20)

Family-2: When bg = by = w; = const.,q1 = p1 = j:%, then we can get some complexi-

ton solutions:
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i. when ¢» = p» = 1, then

tan(§) F (sec(n) — tan())

e =T (ikz ik‘) I+ tan(&) (sec(n) — tan(y)
o ( 1 ik) tan(&) % (csc() — cot(n))
B =OF (R FH 1T F@n@) (esen) — cot(n)

_ 1 tan(§) =+ (sec(n) + tan(n))
fsde = a0 F (2k2 ik‘) 1 F tan(é) (sec(n) + tan(n))
o < 1 ik) an(&) F (csc(n) + cot(n))
4748 = 40 F\ 52 =8N T tan(E) (ese(n) + cot(n))

ii. when g = pp = —1, then

o0 = a0 hy 2 Sy (O 6D F ot
49,30 = A0 T2 = 58 T X (sec(®) + tan(€)) cot(n)

iii. whengq, =1, pp = —1, then

I(csc(§) —cot(§)) F (tanh(n) - m)

L I(ese®) — cot(®)) (tanh(n) — ok

1
us1,52 =ao F ( ko F = 1k1>

w1P1+2b0(7‘171‘;1,,I)2q)k2172+2b0k1P1

P1491P292
P2
Family-3: When by = b, = w| = const., q1 = p; = 1, then we can get some complexiton

solutions:

where & = kjx4+witrandn = kpx+wot, wy = wy, wy =

i. when ¢» = po» = —1, then

us3,s4 = ao F (ko £ ki) [w}

1 £ tan(&) cot(n)
ii. when gy = % p2 = —%, then
[tan(§) T (tanh(n) _ m)

1 F I tan(&) (tanh(n) - WM)

uss,s6 = ap F ( ky F 1k

us7,58

ap F ( ka F Tk
1F Itan(§) (tanh(n) + m)

Itan(¢) F (coth(ﬂ) + m)
1 F I tan(§) (COth(’i) + smh(n))
I tan(€) F (coth(n) - m)

1 F I tan(§) (coth(n) - m)

Us9,60 = ap F < ky F Ik

> I'tan(§) F (tanh(”) + cosh(n))

uel,62 = ap F ( ky F 1k

w|P1+2bo(7W)k2P2+2boklpl

P1491P292
P241

where & = kjx4+witrandn = kpx+wot, wy = wy, wy = —
23
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Family-4: When by = b, = wy = const.,q1 = p1 = —1,and ¢ = %, P2 = —%, then we
can get a complexiton solution:

I cot(€) + (coth(n) - Wlm))

1+ 1 cot() (coth(n) — m)

1
ue3.64 = ag = <§k2 F 1k1>

wn p1+2b (LT Vi po 4260k

P191P292

whereé = ki x4+witandn = kpx+wat, wy = wy, wy = —
P2
Similarly, we can write down the other complexiton solution of Eq. (11) which are omitted

for convenience.

Example-2

Secondly, we study the (1 + 1)-dimensional Gardner equation (or combined KdV-mKdV)
[27,28], in the form
wy + bruuy 4+ byuuy + bty =0, (19)

where u = u(x, t) and by, by, b3 are arbitrary constants.

This is an significant model to realize the propagation of negative ion acoustic plasma
waves [28] and can be derived from the structure of plasma motion equations in one dimension
with arbitrarily charged cold ions and inertia neglected isothermal electrons. This equation
can also be a good explanation of internal waves with large amplitudes [29].

According to the method, we assume that the solutions of Eq. (19) are as follows:

a1p(€) +axyr(n)
a3 + aspE)Y ()’

where ag, ai, az, a3, as, & = k1x + wit and n = kox + wyt are arbitrary nonzero constants.
Substituting Eq. (20) into Eq. (19) along with Eq. (3) and Eq. (4) yields a system of
equations with respect to ¢"*¢", (m = 0,1,2,...,n = 0, 1,2, ...), then set all coefficients
of """ in the obtained system of equations to be zero, we obtain a set of over-determined
PDEs with respect to ag, ai, az, as, as, ki, wy, ko, w.
Solving the over-determined PDEs by use of Maple, we can obtain the following results.

u(x,t) =ag + (20)

Case 1.
1b
ao:—QF;,al =0,ay = Argikias, a3 =0, a4 = aa, 21
1
wi = 342, wy = wy.
Case 2.
1b
ao:—ii,al =0,a2 = Arazkapr, a3 = a3, a4 =0, (22)
1
wp = wp, wy = 7A3.
Case 3.
1b
ag = =555, a1 = Arkagoas, ay = 0,a3 = 0, a4 = ay, (23)
1
wi = wi, wy = 7A3.
Case 4.
1b
ap = —5 - a1 = Araskipr,ay = 0,a3 = a3, ay =0, 24
1
w) = ZAZ, wy = wy.
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Case 5.
_ 1n —12yaspab3gakiqika
W= T35 U TV 2= (o T by +oa2q1 Kpibs)
0 — 12b1a4q2k1q1k2 —a
E (6b3p2q2k2+pzbzy+éqzq1k1plbs) -
ki (=8pab3kiy*b3piqr + P2b2)’2bf — 24p3b342y*b3k3 + 48b3g3 pabrkaw
—6523612517217%"2 48[’3‘1217%[’2]2; - 21a
wy = L 96b3q5 p2b2p1q1k5 — 48b3q2kbagi pT + 6b3g2kibiq1 p1)
1=73 b2(6b3 p2q5 +p2bay?+6q1k7 prgabs) 7
wy = wj.
(25)
where A, = Y= A, = %}WM — %’;qzbﬁb)audy =

\/ 6p2b2b3g2(q2k3 P2+q| k3 p1+2kiky /P2P141G2)

Note that: Since the solutions obtained here are so many with complexitons and without
complexitons, we just write complexiton solutions for the (1 + 1)-dimensional Gardner
equation (or combined KdV-mKdV) equation.

Using (25), one can get various types of complexiton solutions of Eq. (1) as follows:
Family-1: When by = by = w; = const.,q; = 1, p; = —1, then we can get some
complexiton solutions:

i. Whengy = pr = %, then

3o asbskik
:i:b1 <a1a4 tanh(k;x + 4’3 S11) F =AU 37(25210(n)+tan(n)))}

uy2 =ao+

:tl (a1a4tanh(k1x+ o 8i1) T %ala4b3k1kz<csc(n>—cot(n>))]

byp1

u3 4 = aop +
3bzaskiky

3byaskiky 1
(3b3k 3yt Ta + ag tanh(k1x + 7, 51t)) (sec(n) + tan(n))
(%;kg 3k3b3Ela

+ ay tanh(kjx + ﬁalz)) (csc(n) — cot(n))

{i (oua4 coth(kyx + 4/3 81t) F 3‘“a4b3klk2(;§1°(")+tan(")))]
use = dao + (

3h3a4k1k2

T3 —3kby£ e, + ay coth(k1x + e 81t)) (sec(n) + tan(n))

{:i: 1 (a1a4 coth(k;x + = 5”) o 3a1a4b3k1kz(csC(n)—cot(n)))]

YA

uzg = ap+
3bzaskiky 1 —
(7%})3@73](%]]#%&1 + a4 coth(kjx + 3 812)) (csc(n) — cot(n))
where, a, = —3p o = \/—6b2b3 (Gka+1k) 1 = 3bsk3 — 313y —

3b3 (ka + 1k1)” and 8 = ki(=28b2k302 (Lka + Th))® = 3bs (Ska + Th1)* B2 +
18b2b2 (Lha + 1) K2 46b3bakaws — 3b3b2k3 — 3b3bakd — 1262k bk —24b2k by —
3b3k3b?)

ii. When g = ps = —%, then

{:Fi (a2a4 tanh(k1x + 75 L_s,1) + 3”““}’3]“%(;;;(") ta“(”)))}

3bsaskiks

u9,10 = dao +
(—%b3k§+3k12b3:t%a2

+ a4 tanh(k;x + ﬁam) (sec(n) — tan(n))
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((xza4 tanh(k;x + 4ﬁ Oot) £ 3‘12“41’?"'kz(zcgz('l)ﬂol(n)))}

Uil 12 =aop +

_ 3bzaskiko 1
T3k hila, T bt + 75 ‘31’)) (esc(n) + cot(n))

:Fh (a2a4 coth(k;x + 4ﬁ 8ot) & 30‘2”41""'ki(;g(")_tan(")))}

%szf;lle}]Zil + a4 coth(kyx + ﬁ&t)) (sec(n) — tan(1))

1 (a2a4 coth(kjx + 4/3 oot) £ 30‘2”41’3"'kzb(;;;(")"'cm(")))}

uis,16 = ao +

u13,14 = aop + (

%biff;:zlgil + ag coth(kix + 75 81t)) (csc(n) + cot(n))

2
where, a, = —3p.a = \/—6b2b3 (k2 +1k)". B2 = —3bsk3 + 3k3bs +
2 2 2
3b3 (Yko + Ik1)” and 8 = ki (24bok3b3 (Sko + Iky)™ + 3b3 (ko + Tky)" b7 —
18b2b2 (La + 1) K2 —6b3bakawy + 3b3b2k3 + 3b3bakd + 12623 bok3 +24b2K b +
3b3k3bd)
iii. When ¢» = p> = 1, then

12 b3k k) te
[i% <a3a4 tanh(kix + gh-831) F %}2“@))}

u17,18 = aop + (

12b3ask1 ko 1
26k Pby s + a4 tanh(k x + 5 83t)> tan(n)

{:l:% <a3a4 coth(kjx + ﬁ&st) ¥ —12&3‘141)1,32%]](2 tan("))}
U920 = ap + (

12b3ask ko 1
26k Pby s + a4 coth(k x + 5 83t)> tan(n)

where, @, = — 3 2L, a3 = v/—6byb3 (ka + Tk1)?, B3 = 6b3k3 —6kby —6bs (ky + Tk1)?
and 83 = ki (—48b2k3b3 (ky + Tk1)? — 6b3 (ko + 1k1)* b3 + 144byb3 (ko + Tk1)* k3 +
48b3bokywy — 6b3bTk3 — 48b3baks — 96b3kTbok3 — 48b3k(by — 6b3kIbT)

iv. When ¢» = p» = —1, then

{:Fé (a4a4 tanh (k1 x + ﬁ&xt) + —12"‘3“417[32]";]"2 Cm(”))]

uz1,22 = ag + (

12b3aski ko 1
b33 +6k by Ty + aq tanh(kix + 77 84t)> cot(n)

{:Fé (a4a4 coth(kyx + ﬁ&xt) + —12“3“4}’173;;]"2 Cm(”))]
U324 = ag + (

12b3aski ko L
b3 +6kbs s + a4 coth(kx + 5 841‘)) cot(n)

where, a, = -3 0 = v/—6boby(ka+1ki)?, s = —6b3k3 + 6kibs +
6b3 (ka + I1k1)? and 84 = ki(48b2k?b3 (ko + 1k1)* + 6b3 (ko + Ik1)? b3 — 144byb3
(ko + Tk)* K3 — 48b3b2k2w2+6b3b2k2+48b2b2k4+96b2k2b2k2+48b2k4b2+6b3k2b2)
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v. When ¢ = %, p2 = —%, then

Sasasbskiko (tanh()+ oo ) ) }

[:Fbl2 <a5a4 tanh(kx + ﬁész) F bafs
u25,26 = ap + (

3bzaskiky + aq4 tanh(kx + ﬁéy)) (tanh(n) + cosh(n))

—3b3k3 -3k b3+ as
3a5a4b3k1k2<lanh(n)7#)
1 1 cosh(1)
[:sz <055(l4 tanh (ki x + 1B dst) F b2 Bs

uz728 = ap + (

3byaskiky 1 S
“3 bk —3k2by £ Lats +as tanh(k1x + 75 550) (tanh(”) cosh(n))

3asasbskika (coth(n)+ b
:Fhi2 <a5a4 tanh(kx + 41@350 F gzﬂs hm)>)

U930 = aop +

N

3bzaskiky 1
S agtanh kx5 851‘)) (coth(m + sy

N—"

3asasbikika (coth(n)—%)
1 sinh (1)
T, <a5a4 tanh(kix + 3 55t) boPs
u3132 = agp +

3bzaskiky 1 _ 1

<—%b3k§—3k12b3i%a5 + as tanh(k1x + 77 85”) (COth(”) sinh(n))
3asasbikiks (tanh(77)+ )
1 1 cosh(n)
5, <a5a4 coth(k1x + %851) bafs )

u33 34 = ag +

N

__ 3bsaskiky 1 )i
T332 byE Las + a4 coth(kjx + 5% 851)) (tanh(n) + Tshm))

3asasbskiks (tanh(p) — ok
:Fbl? <(X5(l4 coth(kjx + ﬁSy) F g?2/35 h(”))

uss 36 = ap +
( 3byaskiky — + a4 coth(kix + 15 851‘)) (tanh(n) - 7005{101))

—3b3k2 -3k b3+ as
3asasbzkiky (Colh(ﬂ)-i-%)
i L sinh(n)
{:sz <a5a4coth(k1x + 4ﬂ585t) F baPs

u37,38 = aop + (

3bzaskiky 1 1
IR akibtTes + 44 COtkix g dst )> (cothm + s)

3asasbskika (coth(n)— sotes
{:Fbl2 <a5a4 coth(kix + 3 550 gzﬂs h(n))) ]

u39.40 = agp + (

__ 3bsaskiky 1
“Tbak3 -2 byx Las +a4c0th(k1x+4 851)) (coth(n) sinh(n))

2
where, a, = —3ptas = \/—6b2b3 (k2 —k1) ", Bs = —3b3k} — 3k3bs +
3b3 (Aky — k1) and

1 2 1 2 1 2
85 = k1 (24byk?b3 <§k2 - k1> +3b3 (51@ - kl) b} + 18byb3 <§k2 - k1> k3
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3 3
—6b3brkowy + Zbgb%kg - §b§b2k§ + 12b3k3boks — 2403k by — 3b3kIb)

with n = kox + wyt and

ki (—8pab3kiy b3piqr + pabay bl — 24p3b3qay *b3k3 + 48b3q3 pabrkawn
—6b3q32 p2bk3 — 48633 pabaks+

1 96b3q3 p2bap1qiks — 48b3qak{bagi pt + 6b3g2kibiq p1)

4 by(6b3p2g3 + pabay? + 6q1k3 p1g2b3)

wy] =

Graphical Representation

The graphical demonstrations of some of the obtained complexiton solutions for particular
values of the arbitrary constants are revealed in Figs. 1, 2, 3,4, 5, 6, 7 and 8 in the following
figures with the aid of commercial software Maple:

Graphs of the Solutions to the Burger,s Equation

The complexiton solutions to the Burger’s equations consist with two traveling variables &
and n expressed in-terms of tanh & and tan 7, sec n; tanh £ and cot 5, cosecny and coth £ and
tan 7, sec n gives the kinky -periodic wave. When coefficients of £ is greater than that of the
n gives solution with kinky dominate on periodicity (see Fig. 1) but when coefficients of &
is smaller than that of the n gives solution with periodicity increases and dominate on kink
type (see Fig. 2).

On the other hand, the complexiton solutions consist with two traveling variables & and n
expressed in-terms of coth & and cot 1, cosecn; coth & and tan n gives multi-soliton solutions
like Fig. 3 of u7 3.

The complexiton solutions consist with two traveling variables £ and n expressed in-terms
of cot & and cot n, cosecn; cot & and tan 1 gives double-periodic solutions like Fig. 4 of u41 45.

Fig. 1 a Kinky-periodic wave solution for by = 2, k; = 1, ko = —1.5 of the real part of u1  and b 2D plot
shows the wave propagation pattern at x = 0
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a b B -

ufx,t)
[]_

Fig. 2 a Kinky-periodic wave solution for by = 1, k1 = 1, kp = 5 of the real part of u17 18 and b 2D plot
shows the wave propagation pattern at x = 0

3.><1c|9J
1 l I |
2. % 10°—
uix,t) i
1.5 0=
A
-1
- i
1
-1 -0.35 0 0.5 1
3

Fig. 3 Multi-soliton solution for by = 1, k; = 1, ko = 2 of the real part of u7 g

The complexiton solutions consist with two traveling variables & and n expressed in-terms
of tan & and tanh n, sec hn; tan £ and coth 1, cosec hn gives bell type-periodic solutions like
Fig. 5 of us7,s3.

Graphs of the Solutions to the Gardner Equation
The complexiton solutions to the Gardner equations consist with two traveling variables

& and n expressed in-terms of tanh & and tann, secn; coth& and tan n, sec n; tanh & and
cot n, cosec 17; coth & and tan n, sec n gives the kinky-periodic wave. The Fig. 6 gives this
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a b (00

u 100+

-[100

-200 -

Fig. 4 a Doubly-periodic wave solution for by = 2,k = 1,ky = 2 of u4y 47. b 2D plot shows the wave
propagation pattern at x = 0

A H"\ f
| u(x,t) e \
/ Y x

\ £
L \ /
\/” W \‘k)"j

Fig. 5 a Bell-periodic wave solution for by = 1, k; = 1, k = 3 of the real part of us7 58. b 2D plot shows
the wave propagation pattern x = 0

type of wave and it is plotted for the solution u >. The solutions involving combinations
of tanh & and tan n; coth & and cot n gives kinky-periodic wave solutions like Fig. 7a and
it is plotted for the solution u17,13. The solutions involving combinations of coth& and
coth n, cosec hn; tanh & and cotn; coth& and tan n; some times tanh & and cot 5, cosec n
gives single soliton solutions. The Fig. 8a gives this type of wave and it is plotted for the
solutio u11,12. The solutions involving combinations of tanh & and tanh n, sec hn; coth & and
tanh n, sec hn; coth & and coth i, cosec hn gives collitions of three solitons (two kinks with
one bell type wave) solutions like Fig. 8b and it is plotted for the solution u27,23.
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b 150 A

100 +
uix,t)

50

-100 +

-150 4

Fig. 6 Cross Kinky-periodic wave solution foraq = 1, b1 =0, by = b3 = wy = kp = 2,k = 3 of the real
part of u1 5 a 3D plot and b 2D plot along ¢ = 0 shows the wave propagation pattern

a b .

ufx,t)

-3 -2 -1 0 ™ = 3
Ve

Fig. 7 Kinky-periodic wave solution for as = 1, b; = 0, by = b3 = wy = kp = 2, k1 = 3 of the real part
of u17,1g a 3D plot and b 2D plot along ¢ = 0 shows the wave propagation pattern

Fig. 8 a Single soliton wave solution for ag = 1, b1 = 0, by = b3 = wy = kyp = 2, k; = 3 of the real part
of 111,12 and b collision of two kink with a bell shaped soliton solution forag = 1, b1 =0,by = b3 = wy =
ky =2,k = 3 of the real part of us7 »g
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Conclusions

In this paper, modified version of double sub-equation method is proposed for solving non-
linear evolution equation. As a concrete example, we consider the (1 + 1) Dimensional
Burger’s equation and the (14 1)-dimensional Gardner equation (or combined KdV-mKdV).
Applying this method, we acquired novel some complexiton solutions in the combination of
trigonometric and hyperbolic functions with different structures. It is hoped that the study of
these complexiton solutions could further assist understanding, identifying and classifying
nonlinear integrable and nonintegrable differential equations and their exact solutions. In fact,
we naturally use two or more really different subequations to handle complexiton solution
with two different traveling variables i.e., multi-variable Riccati equations. Thus we can
obtain more prosperous complexiton solutions possessing a mixture of trigonometric periodic
and hyperbolic functions.
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