
Research Article
Modulation Instability, Analytical, and Numerical
Studies for Integrable Time Fractional Nonlinear Model through
Two Explicit Methods

Md.Mamunur Roshid ,1,2 Mosfiqur Rahman ,2 Mahtab Uddin ,3 and Harun Or Roshid 4

1Department of Mathematics, Hamdard University Bangladesh, Munshigonj, Bangladesh
2Department of Textile Engineering, Uttara University, Dhaka, Bangladesh
3Institute of Natural Sciences, United International University, Dhaka, Bangladesh
4Department of Mathematics, Sunamganj Science and Technology University, Sunamganj, Bangladesh

Correspondence should be addressed to Mahtab Uddin; mahtab@ins.uiu.ac.bd

Received 15 March 2024; Revised 26 April 2024; Accepted 3 August 2024

Academic Editor: Onur Alp Ilhan

Copyright © 2024 Md. Mamunur Roshid et al. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

The present work deals with the investigation of the time-fractional Klein–Gordon (K-G) model, which has great importance in
theoretical physics with applications in various fields, including quantum mechanics and field theory. The main motivation of this
work is to analyze modulation instability and soliton solution of the time-fractional K-G model. Comparative studies are investi-
gated by β-fraction derivative andM-fractional derivative. For this purpose, we used unified and advanced expð−ϕðξÞÞ:-expansion
approaches that are highly important tools to solve the fractional model and are used to create nonlinear wave pattern (both
solitary and periodic wave) solutions for the time-fractional K-G model. For the special values of constraints, the periodic waves,
lumps with cross-periodic waves, periodic rogue waves, singular soliton, bright bell shape, dark bell shape, kink and antikink shape,
and periodic wave behaviors are some of the outcomes attained from the obtained analytic solutions. The acquired results will be
useful in comprehending the time-fractional K-G model’s dynamical framework concerning associated physical events. By giving
specific values to the fractional parameters, graphs are created to compare the fractional effects for the β-fraction derivative and
M-fractional derivative. Additionally, the modulation instability spectrum is expressed utilizing a linear analysis technique, and the
modulation instability bands are shown to be influenced by the third-order dispersion. The findings indicate that the modulation
instability disappears for negative values of the fourth order in a typical dispersion regime. Consequently, it was shown that the
techniques mentioned previously could be an effective tool to generate unique, precise soliton solutions for numerous uses, which
are crucial to theoretical physics. This work provided the effect of the recently updated two fraction forms, and in the future, we will
integrate the space–timeM-fractional form of the governing model by using the extended form of the Kudryashov method. Maple
18 is utilized as the simulation tool.

1. Introduction

Numerous theoretical and scientific fields, including plasma
physics, fluid dynamics, the study of materials, biosciences,
optical fiber telecommunications, the physics of solid states,
and many more [1, 2, 3, 4, 5, 6], deal with nonlinear systems.
In many areas of mathematical physics and engineering, exact
solutions to these nonlinear systems are crucial in presenting
some complex happenings. A lot of work has recently been
performed to provide a paradigm for the new, exact, and
explicit solutions of the NFPDEs. To obtain the approximative,

exact, and explicit solutions to these nonlinear equations,
numerous potent strategies have been proposed, such as the
fractional residual method [7], a new multistage procedure
[4], a new analytical procedure [8], EMSE method [5],
Darboux–Crum transformations and Hirota’s direct tech-
nique [9], modified simple equation method [6, 10], reduced
differential transform method [11], ansatz function method
[12], improved extended auxiliary equation method [13], dis-
crete algebraic framework [14], IRM-CG method [15], trans-
formed rational function method [16], the residual technique
[17], a new multistage technique [18], new analytical
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technique [19], φ6-expansion and MGERF procedure [20],
two variable (G′/G,/G)-expansion method [21], improved
Bernoulli subequation function approach [22], extended
tanh-function method [23], Hirota bilinear [24], the unified
auxiliary equation method [25], auxiliary equation technique
[26], Hirota bilinear [27], advance exponential expansion
method [28], sine-Gordon expansion method [29], extending
DT iteration algorithm [30], novel analytical technique [31],
novel (G0=G)-expansion method [32], modified exp-function
method [33, 34], ERS-C and ERSh-Ch procedures [35], mod-
ified Kudryashov method [36], R-B sub-ODE technique [37],
unified method [38], Lie symmetry analysis [39], SE and
NMK technique [40], extended direct algebraic technique
[41], generalized projective Riccati method [42], Sardar sub-
equation method [43], exp (−Φ (ξ))-expansion method [44],
extended sinh-Gordon equation expansion method [45], new
extended auxiliary equation method and the extended
Kudryashov method [46], generalized unified method
[47, 48], and so many.

In the discipline of nonlinear modeling, fractional
calculus—a branch of mathematics that deals with integrals
as well as derivatives of noninteger orders—has grown in
significance. Its significance lies in its ability to provide a
more accurate representation of complex physical phenom-
ena that cannot be adequately described using traditional
integer-order calculus. This note explores the pivotal role
of fractional calculus in nonlinear modeling while emphasiz-
ing its importance and its impact on various fields. In the
nonlinear differential model, the fraction calculus is most
important in explaining diverse complex phenomena. Frac-
tional differential equations (FDEs) are a natural extension
of traditional differential equations. They have found appli-
cations in various fields, including mathematical physics [49,
50, 51], engineering [52], finance [53, 54], and biology [55].
FDEs enable the modeling of complex phenomena with
fractional-order dynamics, allowing for more accurate pre-
dictions and insights.

In this article, we explain some dynamical nature of the
M-fractional derivative Klein–Gordon (K-G) equation in the
resulting form:

kD
2χ;ψ
M;t L − α2Lxx þ βL −mL2 ¼ 0: ð1Þ

Here, L¼ Lðx; tÞ : is the wave function with Lxx ¼ ∂2Lðx; tÞ
∂x2 ,

and kD
χ;ψ
M; t is M-fractional derivative operator, and α repre-

sents the characteristic momentum associated with the sys-
tem. It determines the spread of the wavefunction in
momentum space, reflecting the spatial extent of the parti-
cle’s wave packet, and β Signifies the potential energy contri-
bution to the dynamics of the system. It influences the
behavior of the scalar field and its interaction with other
fields, contributing to the overall energy balance, and m
denotes the mass of the scalar particle. It governs the parti-
cle’s inertia and its response to external forces, profoundly
influencing its dynamics and stability. The K-G model finds
applications across various fields, including quantum field
theory, solid-state physics, and cosmology. In quantum field

theory, it describes scalar particles like mesons, elucidating
their behavior in particle interactions. In solid-state physics,
it is utilized to analyze lattice vibrations (phonons) and
defects in crystals.

In the last centuries, various influential and dominant strat-
egies have been proposed to implement the K-G equation solu-
tions, such as the Adomian decomposition procedure [56], the
auxiliary equation scheme [57], the method of normal forms of
Shatah [58], and Exp-function scheme [59]. The main motiva-
tion of this manuscript is to analyze the modulation instability
and integrate some soliton solution of the time-fractional K-G
model. Modulation instability provides crucial insights into the
behavior of nonlinear systems. By studying how small perturba-
tions can grow and evolve into complex patterns, researchers
gain a deeper understanding of the underlying dynamics gov-
erning the system. To execute the soliton solutions, we apply two
dynamical methods, namely, the unified method and advanced
expð−ϕðξÞÞ :-expansion method to find the soliton wave pattern
of the time-fractional K-G model. For analyzing the effect of
fractional parameters, we use two novel fractional derivative
forms, namely, time M-fractional and β time-fractional deriva-
tives, and also compared between these fractions.

We split this article into seven sections. The introduction
section is our Section 1. In Section 2, the working procedure
of unified and advanced expð−ϕðξÞÞ :-expansion approaches
is enlightened, whereas we implemented the unified and
advanced expð−ϕðξÞÞ :-expansion approaches into the non-
linear quadratic model stated in Section 3. In Section 4,
graphical representation and discussions are conveyed,
whereas comparative analysis and novelty of this work are
discussed in Section 5. In Section 6, the modulation instabil-
ity is done, and in Section 7, the overview of this work is
provided.

2. Method and Material

Fractional derivatives find extensive applications across
diverse scientific and engineering domains due to their ability
to capture nonlocal andmemory-dependent effects, offering a
more accurate description of complex phenomena. In physics,
fractional derivatives play a crucial role in modeling anoma-
lous diffusion processes, such as subdiffusion and super-
diffusion, observed in porous media, biological tissues, and
financial markets. By incorporating fractional derivatives into
diffusion equations, scientists can better understand the
transport of particles in heterogeneous environments, leading
to advancements in drug delivery systems, groundwater flow
modeling, and pollutant dispersion analysis. Recently, many
researchers developed the fractional derivative form. β- and
M-fractional derivative one of them and the latest version of
fractional derivative.

2.1. Definition and Some Features of β-Fractional Derivative.
The technical description of the β-derivative is [60, 61]

A
0D

n
t H tð Þf g ¼ lim

ϵ→0

H t þ ϵ t þ 1
T nð Þ

� �
1−n

� �
− H tð Þ

ϵ
: ð2Þ
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2.1.1. Essential Features

(i) Let θ and ϑ are the real numbers, n ≠ 0 and H are
two β-differentiable functions, and β2 ð0; 1�, and
then A

0D
n
t fθRðtÞþϑSðtÞg: ¼ θA0D

n
t RðtÞ : þϑA0D

n
t SðtÞ :.

(ii) A
0D

n
t fCg: ¼ 0, where C is constant.

(iii) A
0D

n
t fRðtÞ ⋅ SðtÞg : ¼ SðtÞA0Dn

t fRðtÞg: þ
RðtÞA0Dn

t fSðtÞg:.

(iv) A
0D

n
t ðRðtÞSðtÞÞ : ¼ SðtÞA0Dn

t fRðtÞg−RðtÞA0Dn
t fSðtÞg

S2ðtÞ , considering ε¼
ðt þ 1

TðnÞÞn−1h, and h→ 0, when ε→ 0, consequently.

(v) A
0D

n
t RðtÞ : ¼ðt þ 1

ΓðnÞÞ1−n dRðtÞ
dt , with ξ¼ l

n ðt þ 1
ΓðnÞÞn,

where l is a constant.
(vi) A

0D
n
t ðRðξÞÞ : ¼ l dRðξÞdξ .

Atangana provided the evidence for the aforementioned
relationships in [61].

2.2. Definition and Some Features of M-Fractional Derivative.
Oliveira and Sousa introduced the M-fractional derivation
[62] as a brandnew variation of the fractional derivative. The
M-fractional derivative provides a more flexible alternative
by getting rid of the restrictions of traditional derivatives.

Definition 1. Given a function φ : ½0;1Þ→ ð−1;1Þ : and an
order, M-fractional derivative is defined as follows:

kD
χ;ϕ
M;t φ¼ lim

ϵ→0

φ tκϕψ ϵt−χð ÞÀ Á
− φ tð Þ

ϵ
; t>0;ψ>0: ð3Þ

Here, ϕψðxÞ : is a truncated Mittag-Leffler function of one
parameter, defined as [62, 63, 64], and taking values in the
interval ð0; 1Þ: :

ϕψ xð Þ ¼ ∑
k

n¼0

xn

Γ ϕnþ 1ð Þ : ð4Þ

2.2.1. Characteristics. Suppose that 0<χ ≤ 1, and l;m→R:
Let u; v be functions that are χ − differentiable at a point
t>0. Then

(1) kD
χ;ψ
M; tðlFþmGÞ : ¼ l kD

χ;ψ
M; tðFÞ : þmkD

χ;ψ
M; tðGÞ ::

(2) kD
χ;ψ
M; tðFvGÞ : ¼ F kD

χ;ψ
M; tðGÞ : þG kD

χ;ψ
M; tðFÞ ::

(3) kD
χ;ψ
M; tðFGÞ : ¼ G kD

χ;ψ
M; tðFÞ−F kD

χ;ψ
M; tðGÞ

G2 .

(4) kD
χ;ψ
M; tðtϖÞ : ¼ϖtϖ−χ , ϖɛR.

(5) kD
χ;ψ
M; tðcÞ : ¼ 0, c ɛR.

(6) kD
χ;ψ
M; tðF ∘ GÞ : ¼ F0ðGÞ : kD

χ;ψ
M; tGðtÞ :, for F is differentia-

ble at G.

(7) kD
χ;ψ
M; tFðtÞ : ¼ t1−χ

Γðψþ1Þ
dF
dt , for F is differentiable.

Remarks. Assuming that u is a χ − differentiable in the inter-
val ð0; pÞ :; where p>0; then the following holds:

kD
χ;ψ
M;tF 0ð Þ ¼ lim

t→0þ
kD

χ;ψ
M;tF tð ÞÀ Á

: ð5Þ

2.3. Analytical Method. This section will provide a general
explanation of the unified technique [64, 65] and the
advanced expð−ϕðηÞÞ:-expansion method [66]. These meth-
ods are both newly launched. By implementing the unified
method, we get more (nine solutions) exact and analytic solu-
tions. This method provided some novel solution because the
maximum method expressed the solutions of this auxiliary
differential equation in terms of tanh=coth andtan=cot func-
tion, but in this method, the solutions combine of sin and
cos , sinh and cosh functions, or only sin =cos and sinh=cosh.
So unified method has some novel properties. Similarly, the
advanced expð−ϕðηÞÞ :-expansion method has a novel auxil-
iary differential equation and has some novel and linear solu-
tion to execute some novel phenomena. The main limitation
of the unified and advanced expð−ϕðηÞÞ :-expansion methods
are both methods that cannot be calculated the solution
directly such as the modified simple equation method [47].
They used some predefined solutions of their respective aux-
iliary differential equations. All equations cannot be solved by
using unified and advanced expð−ϕðηÞÞ :-expansion methods
such as modified Oskolkov equation [48]. We initially pre-
sume a nonlinear model for L¼ Lðx; tÞ :, in the following form:

G Lxt; Lt; L2; Lxxx…………:ð Þ ¼ 0: ð6Þ

Inserting the variable η¼ kx Æ ωt; Lðx; tÞ: ¼UðηÞ : into
Equation (6) to get the ordinary form of Equation (6) is as
follows:

f1 −kωUηη;−ωUη;U2; k2Uηηη;……::
À Á¼ 0: ð7Þ

2.3.1. Unified Technique. Let us attempt to determine the
solutions to Equation (7) in the following manner:

U ηð Þ ¼ ∑
M

J¼0
pJF ηð ÞJ þ ∑

M

i¼1

qi
F ηð Þi ; ð8Þ

where M is a free positive integer and θi and ϑi for ð0≤ i≤
MÞ : are discovered afterward.

The solution in Equation (8) satisfied the following aux-
iliary equation:

dF ηð Þ
dη

¼ λþ F ηð Þ2: ð9Þ

The solutions of the auxiliary equation are as follows:
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If λ>0, then we get

F χð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − κ2ð Þλ

p
− ε

ffiffiffi
λ

p
cos 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

ε sin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ κ

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − κ2ð Þλ

p
− ε

ffiffiffi
λ

p
cos 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

ε sin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ κ

I
ffiffiffi
λ

p
−

2Iε
ffiffiffi
λ

p

εþ cos 2
ffiffiffi
λ

p
ηþ hð ÞÀ Á

− Isin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Á

I
ffiffiffi
λ

p þ 2ε
ffiffiffi
λ

p

εþ cos 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ Isin 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

:

ð10Þ

If λ<0, then we get

F χð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2 þ κ2ð Þλ

p
− ε

ffiffiffiffiffiffi
−λ

p
cosh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

ε sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ κ

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2 þ κ2ð Þλ

p
− ε

ffiffiffiffiffiffi
−λ

p
cosh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

ε sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ κ

ffiffiffiffiffiffi
−λ

p
−

2ε
ffiffiffiffiffiffi
−λ

p

εþ cosh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

− sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

−
ffiffiffiffiffiffi
−λ

p þ 2ε
ffiffiffiffiffiffi
−λ

p

εþ cosh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ sinh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

8>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>:

:

ð11Þ

If λ>0, then we get

F χð Þ ¼ 1
ηþ h

: ð12Þ

The outcome of Equation (8) with the help of an auxil-
iary equation is inserted into the dynamic Equation (7) to
have

P F ηð Þð Þ ¼ C0 þ C1F ηð ÞÆ1 þ C2F ηð ÞÆ2 þ…þ CτF ηð ÞÆn ¼ 0:

ð13Þ

The parameters Cið0≤ i≤ nÞ: in Equation (13) can be
adjusted to zero to produce the following set of equations:

Ci ¼ 0; i¼ 0;…; n: ð14Þ

To get the nontrivial solutions, we solve the obtained
equation by Maple 18.

2.3.2. Advanced expð−ϕðηÞÞ :-Expansion Method. The precise
solution of Equation (8) is taken to be using the advanced
expð−ϕðηÞÞ : approach:

U ηð Þ ¼ ∑
M

J¼0
AJ e−ϕ ηð Þð ÞJ : ð15Þ

The ODE in the following form is satisfied by the deriv-
ative of ϕðηÞ::

ϕ0 ηð Þ ¼ − θ1e−ϕ ηð Þð Þ þ θ2e ϕ ηð Þð ÞÀ Á
; ð16Þ

where θi are arbitrary constants. If we insert Equation (13)
with Equation (15) into Equation (6), then we get PðeðϕðηÞÞÞ
: ¼ p0ðeðϕðηÞÞÞ0 þ p1eðϕðηÞÞ þ p2ðeðϕðηÞÞÞ2 þ…þ pnðeðϕðηÞÞÞn.
We set p0 ¼ 0; p1 ¼ 0; p2 ¼ 0;…; pn ¼ 0 and solve them to get
the value of ai ði¼ 0; 1; 2;…;NÞ :k;ω. The required solutions
of Equation (6) can be obtained by substituting ai; k, and ω
into Equation (8).

The solution of the considering differential equation is
given below:

Case 01: When θ1θ2>0

ϕ ηð Þ ¼ ln

ffiffiffiffiffi
θ1
θ2

r
tan

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þð Þ

� �
; and 

ϕ ηð Þ ¼ ln −

ffiffiffiffiffi
θ1
θ2

r
cot

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þð Þ

� �
:

ð17Þ

Case 02: When θ1θ2<0

ϕ ηð Þ ¼ ln

ffiffiffiffiffiffiffiffi
θ1
−θ2

r
tanh

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þð Þ

� �
; and 

ϕ ηð Þ ¼ ln

ffiffiffiffiffiffiffiffi
θ1
−θ2

r
coth

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þð Þ

� �
:

ð18Þ

Case 03: When θ2>0 and θ1 ¼ 0

ϕ ξð Þ ¼ ln
1

−θ2 ηþ hð Þ
� �

: ð19Þ

Case 04: When θ2 ¼ 0 and θ1 2R

ϕ ξð Þ ¼ ln θ1 ηþ Cð Þð Þ: ð20Þ

Here, h and C are arbitrary constants.

3. Application of the Fractional Klein–Gordon
Equation Model

In this section, we applied the unified technique and
advanced expð−ϕðηÞÞ :-expansion method for fractional
K-G equation with nonlinear quadratic model.

3.1. Mathematical Analysis. In M-fractional form of

Equation (1) is kD
2p;ϕ
M; t L− α2Lxx þ βL−mL2 ¼ 0.

In the β-fractional form of Equation (1), it is A
0D

2p
t L−

α2Lxx þ βL−mL2 ¼ 0.
To convert the fractional K-G equation from the partial

to ordinary differential equation, we used the transformation
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variable η¼ kx−ω 1
p ðt þ 1

ΓðnÞÞp; Lðx; tÞ: ¼ uðηÞ : for the β-

fractional form and η¼ kx−ω Γðnþ1Þ
p tp; Lðx; tÞ: ¼ uðηÞ : for the

M-fractional form. The ordinary form of the fractional K-G
equation is

−α2k2 þ ω2ð Þu 00 þ βu −mu2 ¼ 0: ð21Þ

3.2. Application of Unified Technique. According to the uni-
fied technique, the balance number M is obtained from bal-
ancing between u

00
and u2 which is M¼ 2. The solution

Equation (21) takes the form

u ξð Þ ¼ p0 þ p1F ηð Þ þ p2F ηð Þ2 þ q2
F ηð Þ þ

q3
F ηð Þ2 : ð22Þ

According to the tanh method, inserting Equation (22)
with Equation (13) into Equation (21), we get the following
system of equations:

f ðηÞ4 : ð− 6α2k2p2 −mp22 þ 6w2p2Þ : ¼ 0,

f ðηÞ3 : ð− 2α2k2p1 − 2mp1p2 þ 2w2p1Þ : ¼ 0,

f ðηÞ2 : − 8α2k2λp2 þ 8λw2p2 − 2mp0p2 −mp21 þ βp2 ¼ 0,
f ðηÞ : :ð−2α2k2λp1 þ 2λw2p1− 2mp0p1 − 2mp2q2 þ βp1 ¼ 0,

f ðηÞ0 : − 2p2λ2α2k2 − 2q3α2k2 þ 2p2λ2w2
−mp20 −

2mp1q2 − 2mp2q3 þ 2q3w2 þ βp0 ¼ 0,
1

f ðηÞ : − 2α2k2λq2 þ 2λw2q2 − 2mp0q2 − 2mp1q3 þ βq2 ¼ 0,
1

f ðηÞ2 : − 8α2k2λq3 þ 8λw2q3 − 2mp0q3 −mq22 þ βq3 ¼ 0,
1

f ðηÞ3 : − 2α2k2λ2q2 þ 2λ2w2q2 − 2mq2q3 ¼ 0,

1
f ðηÞ4 : − 6α2k2λ2q3 þ 6λ2w2q3 −mq23 ¼ 0.

After using Maple to solve the aforementioned system of
equations, the following four sets of solutions will be
obtained.

Case 01: ω¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16k2α2λ−β

16λ

q
; p0 ¼ −

−β
4m ; q2 ¼ p1 ¼ 0; p2 ¼ −

6β
16λm ; q3 ¼ −

6βλ
16m.

For λ>0, the trigonometric solutions are

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
4
−

6βλ
16mffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2−κ2ð Þλ
p

−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
2 ;

ð23Þ

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
4
−

6βλ
16m

−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
2 ;

ð24Þ

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

I
ffiffiffi
λ

p
−

2Iε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð Þ−Isin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
4
−

6βλ
16m

I
ffiffiffi
λ

p
−

2Iε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð Þ−Isin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
2 ;

ð25Þ

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

−I
ffiffiffi
λ

p þ 2ε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð ÞþIsin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
4
−

6βλ
16m

−I
ffiffiffi
λ

p þ 2ε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð ÞþIsin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
2 ; ð26Þ

where η¼ kx−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16k2α2λ−β

16λ

q
Γðnþ1Þ

p tp.
For λ<0, the hyperbolic solutions are

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
4
−

6βλ
16mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− ε2þκ2ð Þλ
p

−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
2 ;

ð27Þ

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
4
−

6βλ
16m

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
2 ;

ð28Þ

u ηð Þ ¼ β

4m
þ
−

6β
16λm2

ffiffiffiffiffiffi
−λ

p
−

2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ−sinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
4
−

6βλ
16mffiffiffiffiffiffi

−λ
p

−
2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ−sinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
2 ; ð29Þ
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u ηð Þ ¼ β

4m
þ
−

6β
16λm2

−
ffiffiffiffiffiffi
−λ

p þ 2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þþsinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
4
−

6βλ
16m

−
ffiffiffiffiffiffi
−λ

p þ 2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þþsinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
2 ; ð30Þ

where η¼ kx−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16k2α2λ−β

16λ

q
Γðnþ1Þ

p tp.

Case 02: ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k2α2λþβ

4λ

q
; p0 ¼ 3β

2m ; q2 ¼ p1 ¼ 0; p2 ¼ 6β
4mλ ;

q3 ¼ 0.
For λ>0, the trigonometric solutions are

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − κ2ð Þλ

p
− ε

ffiffiffi
λ

p
cos 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

ε sin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ κ

 !
2

;

ð31Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 − κ2ð Þλ

p
− ε

ffiffiffi
λ

p
cos 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

ε sin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ κ

 !
2

;

ð32Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

I
ffiffiffi
λ

p
−

2Iε
ffiffiffi
λ

p

εþ cos 2
ffiffiffi
λ

p
ηþ hð ÞÀ Á

− Isin 2
ffiffiffi
λ

p
ηþ hð ÞÀ Á

 !
2

; ð33Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

−I
ffiffiffi
λ

p
þ 2ε

ffiffiffi
λ

p

εþ cos 2
ffiffiffi
λ

p
ηþ hð ÞÀ Áþ Isin 2

ffiffiffi
λ

p
ηþ hð ÞÀ Á

 !
2

; ð34Þ

where η¼ kx−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k2α2λþβ

4λ

q
Γðnþ1Þ

p tp. For λ<0, the hyperbolic solutions are

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2 þ κ2ð Þλ

p
− ε

ffiffiffiffiffiffi
−λ

p
cosh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

ε sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ κ

 !
2

; ð35Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2 þ κ2ð Þλ

p
− ε

ffiffiffiffiffiffi
−λ

p
cosh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

ε sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ κ

 !
2

; ð36Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

ffiffiffiffiffiffi
−λ

p
−

2ε
ffiffiffiffiffiffi
−λ

p

εþ cosh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

− sinh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

 !
2

; ð37Þ

u ηð Þ ¼ 3β
2m

þ 6β
4mλ

−

ffiffiffiffiffiffi
−λ

p
þ 2ε

ffiffiffiffiffiffi
−λ

p

εþ cosh 2
ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Áþ sinh 2

ffiffiffiffiffiffi
−λ

p
ηþ hð ÞÀ Á

 !
2

; ð38Þ
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where η¼ kx−
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4k2α2λþβ

4λ

q
Γðnþ1Þ

p tp.

Case 03: k¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
16λw2þβ

16λ

q
; p0 ¼ 1

4
β
m ; p1 ¼ 0; p2 ¼ −

3
8

β
λm ;

q2 ¼ 0; q3 ¼ −
3
8
βλ
m .

For λ>0, the trigonometric solutions are

u ηð Þ ¼ β

4m
−

−
3
8

β
λm

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
4
þ 3

8
βλ
mffiffiffiffiffiffiffiffiffiffiffiffiffi

ε2−κ2ð Þλ
p

−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
2 ;

ð39Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm

−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
4
þ 3

8
βλ
m

−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2−κ2ð Þλ

p
−ε
ffiffi
λ

p
cos 2

ffiffi
λ

p
ηþhð Þð Þ

ε sin 2
ffiffi
λ

p
ηþhð Þð Þþκ

� �
2 ;

ð40Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm I

ffiffiffi
λ

p
−

2Iε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð Þ−Isin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
4
þ 3

8
βλ
m

I
ffiffiffi
λ

p
−

2Iε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð Þ−Isin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
2 ;

ð41Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm −I

ffiffiffi
λ

p þ 2ε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð ÞþIsin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
4
þ 3

8
βλ
m

−I
ffiffiffi
λ

p þ 2ε
ffiffi
λ

p
εþcos 2

ffiffi
λ

p
ηþhð Þð ÞþIsin 2

ffiffi
λ

p
ηþhð Þð Þ

� �
2 ;

ð42Þ

where η¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
16λw2þβ

16λ

q
x−ω Γðnþ1Þ

p tp.
For λ>0, the hyperbolic solutions are

u ηð Þ ¼ β

4m
−

−
3
8

β
λm

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
4
þ 3

8
βλ
mffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

− ε2þκ2ð Þλ
p

−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
2 ;

ð43Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
4
þ 3

8
βλ
m

−

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
− ε2þκ2ð Þλ

p
−ε
ffiffiffiffi
−λ

p
cosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

ε sinh 2
ffiffiffiffi
−λ

p
ηþhð Þð Þþκ

� �
2 ;

ð44Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm

ffiffiffiffiffiffi
−λ

p
−

2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ−sinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
4
þ 3

8
βλ
mffiffiffiffiffiffi

−λ
p

−
2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ−sinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
2 ; ð45Þ

u ηð Þ ¼ β

4m
−

−
3
8

β
λm −

ffiffiffiffiffiffi
−λ

p þ 2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þþsinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
4
þ 3

8
βλ
m

−
ffiffiffiffiffiffi
−λ

p þ 2ε
ffiffiffiffi
−λ

p
εþcosh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þþsinh 2

ffiffiffiffi
−λ

p
ηþhð Þð Þ

� �
2 ; ð46Þ

where η¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffi
16λw2þβ

16λ

q
x−ω Γðnþ1Þ

p tp.

3.3. Application of Advanced expð−ϕðηÞÞ :-Expansion
Method. Consider the solution of Equation (21) as follows:

u ξð Þ ¼ a0 þ a1e−F ηð Þ þ a2e−F ηð Þ2: ð47Þ

According to the tanh method, inserting Equation (31)
with Equation (16) into Equation (21), we get the following
system of equations.

e4FðηÞ : ð− 2α2k2a1θ1θ2þ2w2a1θ1θ2−2ma0a1 þ βa1Þ : ¼ 0,
e3FðηÞ :ð−8α2k2a2θ1θ2 þ 8w2a2θ1θ2 − 2ma0a2 −ma21 þ
βa2Þ¼ 0,

e2FðηÞ : ð− 2α2k2a1θ21 þ 2w2a1θ21 − 2ma1a2Þ : ¼ 0,

eFðηÞ : − 6α2k2a2θ21 þ 6w2a2θ21 −ma22 ¼ 0,

eFðηÞ0 : − 2α2k2a2θ
2
2 þ 2w2a2θ

2
2 −ma20 þ βa0 ¼ 0.

After using Maple to solve the aforementioned system of
equations, the following four sets of solutions will be
obtained.

Case 01: k¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4w2θ1θ2−β

−4θ1θ2

q
;w¼w; a0 ¼ −

1
2
β
m ; a1 ¼ 0;

a2 ¼ −
3
2
βθ1
θ2m

.

For θ1θ2>0, the trigonometric solutions are

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffi
θ1
θ2

s
tan

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þ

� � !2

;

ð48Þ
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u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffi
θ1
θ2

s
cot

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þ

� � !2

;

ð49Þ

where η¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4w2θ1θ2−β

−4θ1θ2

q
x−w Γðnþ1Þ

p tp.

For θ1θ2<0, the hyperbolic solutions are

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffiffiffiffi
θ1
−θ2

s
tanh

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þ

� � !2

;

ð50Þ

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffiffiffiffi
θ1
−θ2

s
coth

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þ

� � !2

;

ð51Þ

where η¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4w2θ1θ2−β

−4θ1θ2

q
x−w Γðnþ1Þ

p tp.

When θ2>0 and θ1 ¼ 0 and θ2 ¼ 0 and θ1 2R, the solu-
tion is rejected.

Case 02: k¼ k;w¼ 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4k2α2θ1θ2þβ

−4θ1θ2

q
; a0 ¼ −

1
2
β
m ; a1 ¼ 0;

a2 ¼ −
3
2
βθ1
θ2m

.

For θ1θ2>0, the trigonometric solutions are

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffi
θ1
θ2

s
tan

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þ

� � !2

;

ð52Þ

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffi
θ1
θ2

s
cot

ffiffiffiffiffiffiffiffiffi
θ1θ2

p
ηþ hð Þ

� � !2

;

ð53Þ

where η¼ kx− 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4k2α2θ1θ2þβ

−4θ1θ2

q
Γðnþ1Þ

p tp.

For θ1θ2<0, the hyperbolic solutions are

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffiffiffiffi
θ1
−θ2

s
tanh

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þ

� � !2

;

ð54Þ

u ηð Þ ¼ −
1
2
β

m
−
3
2
βθ1
θ2m

ffiffiffiffiffiffiffiffi
θ1
−θ2

s
coth

ffiffiffiffiffiffiffiffiffiffiffiffi
−θ1θ2

p
ηþ hð Þ

� � !2

;

ð55Þ

where η¼ kx− 1
α

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−4k2α2θ1θ2þβ

−4θ1θ2

q
Γðnþ1Þ

p tp.

When θ2>0 and θ1 ¼ 0, the solution is rejected.
When θ2 ¼ 0 and θ1 2R, the solution is rejected.

4. Graphical Comparison of β-Fraction
Derivative and M-Fraction
Derivative Solutions

Solitary wave solutions of nonlinear evolution equations are
significant as they represent localized, self-reinforcing waves
that maintain their shape and speed during propagation. They
are useful in many disciplines, including biology, oceanography,
and physics. Comprehending solitary waves aids in forecasting
and managing wave behavior, investigating phenomena such as
soliton interactions, and creating effective communication net-
works and material conveyance systems. Furthermore, isolated
waves are essential components in the study of emergent phe-
nomena and nonlinear dynamics in complex systems. We dis-
cuss the geometric solution of the obtained fractional K-G
problem solution in this section. The analytical answers that
are derived can be used to determine the direction, speed, and
frequency of electromagnetic waves as well as their propagation
in a particular medium.We investigate several wave patterns via
Maple 18 for the free parameter values and also show how the
fractional derivative affects the wave pattern that is constructed
with various 2D and 3D density graphs. In this section, using
graphical representations, we show and discuss the obtained
analytical solutions provided by Equations (23), (24), (25),
(26), (27), (28), (29), (30), (31), (32), (33), (34), (35), (36), (37),
(38), (39), (40), (41), (42), (43), (44), (45), (46), (47), (48), (49),
(50), (51), (52), (53), (54), and (55). These solutions originate
from the K-G model with β-derivative andM-truncated deriva-
tives, and their physical explanations depend on the parameters
that were selected for the underlying model. For the selected
parameters p¼ 0:5, we compared the β-derivative and the
M-truncated derivative. We include graphical outputs of some
soliton solutions in Figures 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 to
observe the shape and behavior of the obtained analytical solu-
tions such as various periodic waves, lumps with cross-periodic
waves, periodic rogue waves, unique soliton, bright bell shapes,
dark bell shapes, kink shapes, and other shapes.

4.1. Unified Technique. In this subdivision, the unified tech-
nique is applied to the fractional K-G equation. The gener-
ated solutions are expressed as trigonometric, hyperbolic,
and rational function forms. To understand the dynamics
inherent in the results, it is necessary to grasp the physical
elucidation of the obtained solutions. In this portion, we
determine the visual illustrations of the solutions we have
evolved, operating the three-dimensional with density plots
and two-dimensional plots to reveal our obvious solutions.
By using the unified technique, we plot some profile of the
periodic wave, lump with cross periodic wave, periodic rogue
wave, singular soliton wave, etc. These profiles find extensive
applications in fields like as nonlinear optics, plasma physics,
and fuzzy dynamics.

In Figure 1, the solution (Equation (23)) provided the
periodic wave solutions for α¼ − 0:1, β¼ − 1, m¼ 2, k¼ 1

2,
λ¼ 1

5, ɛ¼ 4; κ¼ 1
5, h¼ − 0:001, θ¼ 3

2, and p¼ 0:5. Here,
Figures 1(a) and 1(c) show the 3D plot of β-fractional effect;
Figures 1(b) and 1(d) show the 3D plot of M-fractional
effect; and Figure 1(e) shows the 2D plot of the comparative
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effect of these fractions. Feature of the lump with cross-
periodic wave solutions of Equation (26) for α¼ 1, β¼ 1:3,
m¼ 1, k¼ 0:1, λ¼ 1

5, ɛ¼ − 1:6; κ : ¼ 1:5, h¼ 1
100, θ¼ 3

2, and
p¼ 0:5 illustrated in Figure 2. Here, Figures 2(a) and 2(c)
show the 3D plot of β-fractional effect; Figures 2(b) and 2(d)
display the 3D plot of M-fractional effect; and Figures 2(e),
2(f), 2(g), and 2(h) show the appearance of the 2D plot of the
comparative effect of these fractions. In Figure 3, the solution
(Equation (31)) illustrates the periodic rogue wave solutions
for α¼ 1, β¼ − 1, m¼ 1, ω¼ 1

3, λ¼ 1
5, ɛ¼ 1:6; κ¼ 1:5,

h¼ − 1, n¼ 3
2, and p¼ 0:9. Here Figure 3(a) shows the 3D

plot of β-fractional effect; Figure 3(b) shows the 3D plot of
M-fractional effect; and Figures 3(c) and 3(d) show the compar-
ative effect 2D plots between the β-fraction and M-fraction. In
Figure 4, the solutions in Equation (35) illustrated singular soli-
ton for α¼ 1, β¼ − 2, m¼ 1, ω¼ 1, λ¼ −

1
2, ɛ¼ 1; κ¼ 1:5,

h¼ − 1, n¼ 3
2, and p¼ 0:5; Figure 4(a) displays the 3D diagram

of β-fractional effect; Figure 4(b) shows the demonstrations of
the 3D diagram ofM-fractional effect; and Figure 4(c) shows the
demonstrations of the comparative effect 2D diagram between
the β-fraction and M-fraction.

4.2. Advanced expð−ϕðξÞÞ :-Expansion Method. In this sub-
division, the advanced expð−ϕðξÞÞ :-expansion technique is
applied to the fractional K-G equation. The generated solu-
tions are expressed as trigonometric, hyperbolic, and rational
function forms. To understand the dynamics inherent in the
results, it is necessary to grasp the physical elucidation of the
obtained solutions. In this portion, we determine the visual
illustrations of the solutions we have evolved, operating the
three-dimensional with density plots and two-dimensional

plots to reveal our obvious solutions. By using the advanced
expð−ϕðξÞÞ :-expansion technique, we plot some profiles of
periodic waves, bright bell shapes, dark bell shapes, antikink
shape waves, kink shape waves, etc. These profiles find exten-
sive applications in fields like as nonlinear optics, plasma
physics, and fuzzy dynamics.

In Figure 5, the feature of the periodic wave is illustrated
from the solution in Equation (48) for α¼ − 1, β¼ 1;m¼ 5;
ω¼ 0:5, λ¼ −

1
2, θ1 ¼ 1:6, θ2 ¼ 1:5, h¼ − 1, n¼ 3

2, and
p¼ 0:5. Here, Figures 5(a) displays the 3D diagram of the
effect of β-fraction; Figure 5(b) displays the 3D diagram of
the effect ofM-fraction; and Figure 5(c) demonstrates the 2D
diagram of the comparative effect between the β-fraction and
M-fraction. The solutions in Equation (51) provided the
feature of bright bell shape solution for α¼ − 1, β¼ 1;
m¼ − 5;ω¼ − 1, θ1 ¼ − 1:6, θ2 ¼ 1:5, h¼ − 1, n¼ 3

2, and
p¼ 0:5 illustrated in Figure 6. Here, Figure 6(a) demon-
strates the 3D diagram of the effect of β-fraction; Figure 6(b)
demonstrates the 3D diagram of the effect ofM-fraction; and
Figure 6(c) demonstrates the 2D plots of a comparative effect
between the β-fraction and M-fraction. In Figure 7, the fea-
ture of dark bell shape solution of the Equation (51) illus-
trated for α¼ − 1, β¼ 1, ω¼ − 1, m¼ 5, θ1 ¼ − 1:6, θ2 ¼
1:5, h¼ − 1, n¼ 3

2, and p¼ 0:5; Figure 7(a) demonstrates the
3D diagram of the effect of β-fraction; Figure 7(b) demon-
strates the 3D diagram of the effect of M-fractional effect;
and Figure 7(c) shows the 2D diagram of a comparative
study between the β-fraction and M-fraction. In Figure 8,
the solution in Equation (53) provided the antikink wave
solution with periodic wave for α¼ − 1, m¼ − 1, β¼ 8,
k¼ 0:1, θ1 ¼ 1:6, θ2 ¼ 5, h¼ − 1, n¼ 3

2, and p¼ 0:5;
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FIGURE 1: Feature of the solution (Equation (23)): (a) and (c) show the 3D plot of the β-fractional effect; (b) and (d) show the 3D plot of the
M-fractional effect; and (e) shows the comparative effect 2D plots between them.
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Figure 8(a) demonstrates the 3D diagram of the effect of
β-fractional effect; Figure 8(b) displays the 3D diagram of
the effect of M-fractional effect; and Figure 8(c) displays the
2D diagram of the comparative effect between the β-fraction
andM-fraction. In Figure 9, the feature of kink wave solution
with the periodic wave of Equation (53) illustrates for
α¼ − 1, β¼ 8, m¼ 1, k¼ 0:1, θ1 ¼ 1:6, θ2 ¼ 5, h¼ − 1,

n¼ 3
2, and p¼ 0:5; Figure 9(a) displays the 3D diagram of

the effect of β-fractional effect; Figure 9(b) displays the 3D dia-
gram of the effect ofM-fractional effect; and Figure 9(c) displays
the 2D diagram of the comparative effect between the β-fraction
andM-fraction. In Figure 10, the solution (Equation (53)) pro-
vided the periodic wave solution for α¼ − 1, β¼ 8, k¼ 0:1,
m¼ 1, θ1 ¼ 1:6, θ2 ¼ 5, h¼ − 1, n¼ 3

2, and p¼ 0:5. Here,

Re
al

 (u
(1

, t
))

–20

–60 –40

β-fraction, red; M-fraction, blue

–20
t

0 20

–10

0

10

20

30

40

ðeÞ
Re

al
 (u

(x
, 1

))

–16

–14

–12

–10

–8

–6

–4

–2

0

–20 –10

β-fraction, red; M-fraction, blue

0
x

10 20

ðfÞ

Im
 (u

(x
, 1

))

–20 –10

β-fraction, red; M-fraction, blue

0
x

10 20

10

5

0

–5

–10

ðgÞ

Im
 (u

(1
, t

))

–60 –40

β-fraction, red; M-fraction, blue

–20
t

0 20

–20

–10

0

10

20

ðhÞ
FIGURE 2: Feature of the solution (Equation (26)): (a) and (c) show the 3D plot of the β-fractional effect; (b) and (d) show the 3D plot of the
M-fractional effect; and (e), (f ), (g), and (h) show the comparative effect 2D plots between the above fraction.
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Figure 10(a) displays the 3D diagram of the effect of
β-fractional effect; Figure 10(b) demonstrates the 3D diagram
of the effect of M-fractional effect; and Figures 10(c) and 10(d)
demonstrate the 2D diagram of the comparative effect between
the β-fraction and M-fraction.

5. Comparison and Novelty

It is important to note that the two approaches we utilized
here are relatively straightforward, easy to use, and need less
computing power than the other approaches [57, 59].
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FIGURE 3: Feature of the solution (Equation (31)): (a) demonstrations of the 3D diagram of the effect of the β-fractional parameter;
(b) demonstrations of the 3D diagram of the effect of M-fractional; and (c) and (d) display the comparative effect 2D plots between the
β-fraction and M-fraction.
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Additionally, these approaches can be employed without the
usage of an auxiliary equation to show the underlying work-
ings of the model. With the use of the auxiliary equation,
Sirendaoreji [57] was able to solve the quadratic nonlinear
K-G model using the auxiliary approach and extract the soli-
tary, periodic, and unique solutions in real form. In addition,
Zhang [59] used the exp-function approach to solve the same
model and extract a few solutions, which included solitary and
periodic waves solely in real form. However, all of their solu-
tions were covered by our answers, which were derived using
the two approaches and found to be solitary, periodic, and

unique in both real and complex forms. We retrieved many
resolutions of the KG model that were not described in [57,
59], including diverse bounded and unbounded periodic
waves, dark and brilliant bell shapes, dark-bright and
bright-dark kink waves, polynomial solutions, disguised ver-
sions of soliton, and periodic rouge waves.

6. Modulation Instability

In a nonlinear model, the stability of a solution can be found
in a relation between nonlinear and dispersive terms. In
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FIGURE 4: Feature of the solution (Equation (35)): (a) demonstrations of the 3D diagram of the β-fractional effect; (b) displays the 3D diagram
of the M-fractional effect; and (c) demonstrations of the comparative effect between the β-fraction and M-fraction.
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general, for the fiber communication model to meet the sta-
ble solution of the nonlinear model, there will be instability
caused by the collision of the nonlinear component with the
dispersive term, which is known as modulation instability.
As a result, small disturbances superimposed on a plane wave
grow exponentially. The regulation of diverse nonlinear
models or events is based on the research of modulation
instability areas, which is applied in many fields.

In this section, we explore the modulation instability of
traveling waves of the K-G model in the following form:

Ltt − α2Lxx þ βL −mL2 ¼ 0: ð56Þ

We will perform a modulation instability analysis [67],
which involves looking for perturbed solutions of the form:

L x; tð Þ ¼ }þEP x; tð Þ: ð57Þ

Here, Pðx; tÞ: is the slowly varying envelope.
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FIGURE 5: Feature of the solution (Equation (48)): (a) displays the 3D plot of the β-fractional effect; (b) displays the 3D plot of theM-fractional
effect; and (c) demonstrations of the comparative effect 2D plots between the β-fraction and M-fraction.
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Substituting Equation (57) into Equation (56), thenwe get

EPtt −Eα2Pxx þ β }þ EP x; tð Þð Þ −m }þEP x; tð Þð Þ2 ¼ 0;

ð58Þ

and linearizing in E,

EPtt x; tð Þ −Eα2Pxx x; tð Þ þ βEP x; tð Þ − 2m}EP x; tð Þ ¼ 0:

ð59Þ

Let us consider the solution of Equation (58) as

P x; tð Þ ¼ ei kx−ωtð Þ: ð60Þ

Here, k is the wave number, and ω is the angular
frequency.

Substituting Equation (60) into Equation (58) and divid-
ing the entire equation by eiðkx−ωtÞ, then we get Eω2

−

Eα2k2 þ βE− 2m}E¼ 0.

0.3

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

0
1

2
3t

x
4

5 2

u 
(x

, t
)

0 –2 –4 –6 –8

p = 0.5

ðaÞ

0.2

0.1

0

–0.1

–0.2

–0.3

–0.4

0
1

2
3t

x
4

5 2

u 
(x

, t
)

0 –2 –4 –6 –8

p = 0.5

ðbÞ

u 
(x

, 1
)

–0.2
–4–6 –2

x
β-fraction, red; M-fraction, blue

0 2

–0.1

0

0.1

ðcÞ
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The dispersion relation is given by the following
equation:

ω¼Æ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2k2 − β þ 2m}

p
: ð61Þ

It can be written as

g ωð Þ ¼ 2lm ωð Þ ¼ 2lm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
α2k2 − β þ 2m}

p� �
: ð62Þ

In Figure 11, modulation instability spectrum is illus-
trated utilizing a linear analysis technique.

Solitary wave solutions of nonlinear evolution equations
are significant as they represent localized, self-reinforcing
waves that maintain their shape and speed during propaga-
tion. They are useful in many disciplines, including biology,
oceanography, and physics. In this work, we have success-
fully implemented the unified and advanced expð−ϕðηÞÞ :-
expansion techniques to explore the exact solitary solutions
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FIGURE 7: Feature of the solution (Equation (51)) for m>0: (a) displays the 3D plot of the β-fractional effect; (b) displays the 3D plot of the
M-fractional effect; and (c) demonstrations of the comparative effect 2D plots between the β-fraction and M-fraction.
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from the time-fractional Klien-Gordon model. To solve the
fractional version of Klein–Gordon, we engaged β-fractional
andM-truncated fractional derivatives. The obtained analyt-
ical solutions are presented in trigonometric, hyperbolic
functions, and rational function forms. For the special value
of the parameters, we plotted some significant wave patterns
with 3D, density, and 2D graph form such as periodic waves,
lumps with cross-periodic waves, periodic rogue waves, sin-
gular waves by unified technique, and periodic waves, bright
bells, dark bells, kinks, antikinks, and periodic wave

behaviors by advanced expð−ϕðηÞÞ :-expansion technique.
We compared the fractional effects between the β-derivative
and M-fractional derivatives and illustrated through graphs
(2D) by assigning particular values to fractional parameters.
However, from the explanations and implementations, we
concluded that the M-fractional derivative is more effective
than the β-fractional derivative. Additionally, the modula-
tion instability spectrum can be expressed utilizing a linear
analysis technique, and the modulation instability bands are
shown to be influenced by the third-order dispersion term.
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The performance results of the examined wave are reliable
for the researchers and have significant implications for
mathematics and optical physics.
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