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The study seeks to obtain new analytical solutions for the (2+1)-dimensional cubic Klein-Gordon (cKG) equation
using the beta derivative. By applying the unified method to the equation, various types of solitons have been
generated, including periodic solitons, periodic solitons with equal and unequal wavelengths, bright solitons, and
periodic singular solitons with unequal wavelengths. To demonstrate the fundamental dynamics of the soliton
family, three-dimensional and two-dimensional graphs showcasing various novel solutions that satisfy the
relevant equations are provided. In relation to fractionality, the bright waveform retains its overall shape, but its
smoothness improves as the fractional parameters increase. Conversely, periodic wave solutions show enhanced
periodicity as the fractional parameters rise. Additionally, the study provides a comprehensive comparison of
solutions derived from models utilizing conformable, M-truncated, and beta derivatives. The investigation ex-
plores the effect of the fractional parameter on soliton amplitude, using graphs to illustrate this impact by
assigning specific values to the fractional parameter. The properties of the waves can be modified through
changes to the model’s parameters to produce the appropriate wave profiles. Consequently, the solutions we
obtained could be particularly valuable for analyzing physical problems associated with nonlinear complex

dynamical systems.

Introduction
Background and motivation

Nonlinear evolution equations (NLEEs) appear in many scientific
applications such as beam propagation, particle physics, fluid me-
chanics, marine engineering, nonlinear optics, elasticity theory, solid-
state physics, and quantum field theory, and provide a crucial part for
the modeling of real-world problems. The well-known nonlinear
Klein-Gordon equation continues to attract significant interest from
many researchers working in this field. The Klein-Gordon equation,
proposed by Oskar Klein and Walter Gordon in 1926. The cubic
Klein—Gordon equation is used model many different nonlinear phe-
nomena, including the propagation of dislocation in crystals and the
behavior of elementary particles and the propagation of fluxions in
Josephson junctions. This equation is a relativistic field equation for
scalar particles and is a relativistic generalization of the well-known
Schrodinger equation.™ It has numerous applications in physics and

engineering, such as quantum field theory, relativistic physics, disper-
sive wave phenomena, plasma physics, and nonlinear optics. Analytical
solutions are gradually becoming more significant in numerous applied
scientific and engineering areas. The exact solution plays an important
role in evaluating nonlinear phenomena that have happened in many
areas of nonlinear science, including particle physics. One of the most
important objectives of nonlinear science and engineering is to find
exact solutions to NLEEs using analytical methods. Many scholars are
keen to solve the NLEEs using significant methods of analysis, for
example the homogeneous balance method,” the modified simple
equation method,” the extended tanh function method,” the extended
F-expansion method,® the(G//G)-expansion method,” the generalized
Kudryashov method,® the Weierstrass elliptic function expansion
method,’ the transformed rational function method,'” the Weierstrass
elliptic function expansion method,'’ the modified Kudryashov meth-
0d,'?"1” the sine-Gordon equation expansion method,'®' the extended
sinh-Gordon equation method,?*>? the hyperbolic function method,*
the generalised exponential rational function method and the
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Kudryashov’s simplest equation method,* the generalised Riccati
mapping method,? the GERF method,?° the lie symmetry method,?’” >
the modified generalized exponential rational function method.>>>® In
this sense, we verified our recently found solutions by back substituting
the related PDE using the Maple 18 software, and the results showed that
they were accurate.

Governing model and litarature review

We consider the (2+1) dimensional cubic Klein—-Gordon equation is
given by

Vix + Vyy — Ve + aV+/}V3 = 07 (1)

Where V = V(x, y, t) and o, § are non zero constants.

Eq. (1) produces cubic Klein-Gordon equation. Numerous in-
vestigations into the models have been carried out (1). For instance,
Kaur et al.”’ discovered kink and periodic soliton solutions of the cKG
equation using the assistance of the modified exponential expansion
method. The modified simple equation method is used for cKG equa-
tions.*® The modified simple equation method produces singular kink,
kink, singular periodic and periodic soliton solutions. Asaduzzaman and
Kilicman®® construct some uniform a priori estimates of approximate
solution to the corresponding equation using Galerkin’s method. First
integral method is used to acquire the analytical solutions of cKG
equation such as cuspon and periodic solution.*’ The modified extended
mapping method is used to acquire the analytical solutions of cKG
equation such as bright, kink, anti-kink, periodic solution.*! According
to the literature,g%41 analytical solutions for the (2+1)-dimensional cKG
equation with the beta derivative have not yet been found in any study.
Some authors have already used the unified method to solve a number of
nonlinear PDEs involving fractional calculus. In the current study, the
studied equation will be solved using the unified method in the presence
of the beta derivative. According to Refs.,">** the unified method is
unique and effective since it removes the limitations and scarcity of
current methods, for example (i) the tanh-function method,*” (ii) the
extended tanh-function method,45 (iii) the modified extended tanh
function method,*® (iv) the complex tanh-function method,”” (v) the
G'/G-expansion method,”® (vi) the generalized G'/G-expansion
method,4g and (vii) the (G/G, 1/G)-expansion method.”"°! Benefits of
the unified method, (i), it produces a lot of solutions than other methods.
(ii), it combines all of the methods’ advantages into a single method
without needing additional work. In contrast, it minimizes the amount
of work done on the computer to the point where it is occasionally even
done by hand.

Beta derivative and method’s outline
Introduction of fractional derivative

Fractional calculus is an extension of classical calculus that gener-
alizes its concepts. It has several applications in various fields of math-
ematics, physics, and engineering. The most effective way to achieve
this is with fractional partial differential equations (FPDEs), which are
used in engineering and physical processes. These equations have gained
in importance and popularity in recent years due to their potential ap-
plications in mathematical physics, biology, and nonlinear optics. The
definitions of fractional derivatives (FDs) have been widely circulated in
the literature in recent years in order to highlight recent developments
in the field of fractional calculus and its practical applications in many
research fields, such as the Caputo derivative, Grilnwald-Letnikov de-
rivative, modified Riemann-Liouville derivative, Local fractional deriv-
ative, Conformable derivative, M-truncated derivative, Atangana-
Baleanu derivative, Atangana-Baleanu-Riemann derivative, Atangana’s
conformable derivative, etc. (Refs.>>®!). Tarasov®® stated that the
generalized Leibniz rule must be followed by a fractional operator.
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According to this explanation, fractional derivatives with non-integer
orders, such as the Jumarie derivative and the local derivative, are
fundamentally unable to matching the Leibniz rule’s conditions. In
addition, within the framework of a real-world application, Cresson and
Szafranska®® went into great detail about a number of topics related to
Jumarie’s fractional derivative and the local fractional derivative. The
definition and properties of Atangana’s derivative, also known as the
beta derivative, are the main topics of this research because it might be
challenging to determine the accurate fractional derivatives. A thorough
explanation of the several FD definitions, behaviors, and restrictions can
be found in Ref.®* We will look at the definition and a key property of
Atangana’s conformable derivative or the beta derivative. Atangana
et al.%" were the first to introduce the concept of the beta derivative and
to explore its properties. Later, Atangana and Algahtani®' demonstrated
that the beta-derivative can more precisely explain the spread of the
river blindness disease model than the Caputo derivative.

Atangana et al.°° provided the following definition of ACD based
only on the fundamental limit definition of the derivative:

1-7
f<t+Ah<t+%> >ff(t)
oD (f(t) = Jlim A7  forallt>0, 0<7<1.

This derivative is also referred to as the beta derivative. For a better
understanding, let us study some of the useful aspects of the beta de-
rivative as per Ref.”” The definition and properties of the beta derivative
will be utilized in this study.

Considering that, p,q € R, where R is the set of all real numbers, g =
g(t) # 0 and f = f(t) are two functions t-differentiable at a point t > 0,
whereas 1 € (0, 1], we have

(). §D; (pf(t) + qg(t)) = poDf (t) + a5 Dig(t), V p,q € R.
(ii). 4D7(C) = 0, where C is a constant.

(ii). §DF (F(0)8(t)) = g(t) §Df (1) + f(£)gDig(t).

i), Apr (f©) _ gD (O -f(5Dig(t)
@{iv). 0D§<<@> =20 GO 0 .

7—1
By considering Ah = (t + %) h, h - 0 when Ah — 0. As a result,

1-7
we get the following desirable property: ADif(t) = (t + %) %.

Overviews of the unified method

Let us consider the general form of the NLEEs as:
P(V, 4D5V, 4DV, 4DV, 4DAV, 4DEV, 4DE V- ) =0 ©)

where V(x, y, t) is an unknown function, P is a polynomial of V = V(x, y,
0.

The introduction of the transformation using the beta derivative

rensmsen e () o) o)

3)

Eq. (2) is converted into the following ordinary differential equation
(ODE):

Q(v7 VV’.,V,, VAT ) =0, 4)

Here, the superscripts indicate the ordinary derivatives with respect
to &, Q is a polynomial of v and its derivatives.

According to the unified method, the exact soliton solution of Eq. (4)
is conjecture to be
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v(§) = ao + Z (a9’ +bigp™), 5)
i=1

where ¢ = ¢(&) satisfies the Riccati differential equation

V(&) =0 +B (6)

where ¢ = ‘é—‘g, and qa;, b;, and B are constants. The general solutions of Eq.
(6) are as follows:

Cluster 1: If B < 0, then the hyperbolic function solutions are

—(G? + H2)B — GV/—B cosh(2V—B (¢ + F))
Gsinh(2v/-B (¢ +F)) +H

_\/m_ GV—B cosh(2V/—-B (¢ +F))

o) = Gsinh(2V—B (£ +F)) +H y
2GvV/—B
VB~ G + cosh(2V—B (¢ + F)) — sinh(2vV—B (£ + F))
2Gv/—B
VB G + cosh(2v/—B (& + F)) + sinh(2v/—B (¢ + F))

)

Cluster 2: If B > 0, then the trigonometric function solutions are
\/(G*> — H?)B — GV/B cos(2vVB (¢ +F))
Gsin(2vVB (¢ +F)) +H

—/(G*> — H2)B — GVB cos(2vVB (£ +F))

o) = Gsin(2vVB (¢ +F)) +H . ®
VB¢ +cos(2VB (¢ +2P(';3\/—§1'sin(2\/1—3 (£ +F))
~iVB+ G+ cos(2VB (¢ +2FG);\<r§isin(2\/§ (E+F)
Cluster 3: If B = 0, then the rational function solution is
o= ©

where G, H, and F are three real arbitrary constants.
We get the values of N by using the balance procedure in Eq. (4).
Furthermore, the degree of v(€) is D[v(E)] = N, resulting in the following

S
order of expression: D{%’} =N+ g, D{V’ (%&’) } = Nr + s(qg + N).

Thus, the value of N in Eq. (5) is found.

Eq. (5) insert to Eq. (4) and use Eq. (6), then subtract all terms like
(&), then assign each product to an over-defined system of algebraic
equations, and then solve the system of algebraic equations a;, b;, A and
B. We have several sets of solutions.

Finally, substituting a;, b;, A and B into Eq. (5) and using the trail
solutions of Eq. (6), explicit solutions of Eq. (2) can be obtained
immediately depending on the value B.
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Mathematical analysis

We consider the (2+1) dimensional cubic Klein-Gordon equation
with beta derivative

ODZEV +§DSV — DFV +aV +pV° =0 (10)

Where §D3V, §D;-V and §DZ'V represent the beta derivative with order
T with respect to t, x, y, and 0 < © < 1. By substituting T = 1, the
fractional-order cKG equation in Eq. (10) transforms into the integer-
order cKG equation. Assume the following transformation the (2+1)-
dimensional cKG equation with beta derivative:

R (R A R )

an

Using Eq. (11) into the (2+1) dimensional cubic Klein-Gordon Eq.
(1), which can be reduced to a nonlinear ordinary differential equation
as shown below

2-2)W +av+p7° =0 12)

N=1 is found using the homogeneous balancing principle. The answer to
Eq. (12) then takes the form

V(&) = Ao + A1 (9(£)) + Bi(p(8)) . (13)

By substituting Eq. (12) into Eq. (11) and equating the like powers of
@(&), a system of equations is obtained. After solving, the following so-
lution sets are obtained:

Set1l:Ag=0,A1=0,B1 =% ﬁBa, and2 =1 w

Set2: Ag=0,A; =0, B; = ivﬁBa, and 1 = —1 V2 l;(4B+a)

Set3: Ag =0, A; = :tv};jf", By =0,and 1 =} vz 1}33(4B+a)

Set 4: Ag = 0, Ay = £Y/* B = 0,and 4 = — } Y2 Vo0
AL _ —2fBa _ _ (8B—a)B

Set5: Ao = 0, A1 — £} Y2 By — 5 and 4 =) VTP
tAp= — 4l ¥V 2Ba g Y 1 \/(eB—aB

Set6:49=0,41 =43 \/;’Bl _:F,/YZﬁBa’andﬁ__i B

V2 /(16B+a)B

‘;ﬁ?a, and ] =% V202
. - — 4l y/Ba - f -

Set 8 Ay = 0, Ay = +3 Vg, Bi = F} 75 and A =

Set7: Ag=0,A; =} VI, By =}

1 V2 /(16B+a)B
4 B

Set 1 this corresponds to the solutions of the analyzed model ob-
tained through the application of Eqs. (7)-(11):

B —(G?+H?)B—Gv—Bcosh(2V/=B(¢+F))\
Vialoy, ) =+ = ( Gsinh(2v/-B(¢+F)) +H ) ’
14

7Ba —(G*+H2)B—Gv/—Bcosh(2v/—B(£+F)) o
Vaalx,y, t) =+ = ( Gsinh(2V-B((+F)) +H ) 7

(15)
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B JﬂBd( — 2GvV/—B )’1
Vasx, 3, ) =& VB o VB G F) sV B G E)) (16
_ VPBa < - 26V-B >’l
Vis(x, y, 1) = & p VB + G + cosh(2v/=B (¢ + F)) +sinh(2V/-B (¢ +F))) a7
VPBa [/ (G* — H?)B — GVB cos(2VB (¢ +F)) !
V9.10(x7 Y, t) =+ . 3
p Gsin(2vB (é+F)) +H
G? — H?)B — Gv/B cos(2VB (¢ + F))\ '
A8) ey s VB V( .) VB cos(2VB (£ +F)) 7
) B Gsin(2vB (¢ +F)) +H
—+/(G*—H?)B—GvBcos(2vVB(¢+F))\
Vit y.t) -t V7B V(@ . ) cos(2vVB(¢+F)) 7 @7
p Gsin(2vVB(¢+F)) +H
A9y s VIRV (6> —H?)B—GVB cos(2VB (¢ +F))\
29.30(X; Y, 7 Gsin(2vB (6 + F) + H )
(28)
. JBBa(, = 2GivB -
Visaa(x, y, ) =+ B (l‘/E G+cos(2VB(£+F)) — isin(2\/1§(§+F))> ’ 0
B \/ﬂBd( i 2GivB >’1
Visae(X, ¥, t) = & B VB + G +cos(2vVB (£ +F)) +isin(2VB (£ +F))/) @b
‘,/17‘18(.)('7 y, t) ==+ @Ba (7&). (22)
For Egs. (14)-(22), :—%<<x+%)f+ (H%)T—%ﬁ b5
(t+%) 1) is used for the acquired solutions.
Set 2 represents the solutions of the analyzed model obtained by
applying Egs. (7)—(11):
| JPBa —(G? + H2)B — Gv/—B cosh(2v/=B (¢ +F)) !
Vionl® ¥, 8) =+ =5 ( Gsinh(2v/—B (¢ +F)) + H ’ @3)
v N BBa —y/—(G*+H?)B — GV-B cosh(Z\/jE(f +F)) -t 0t
a2y 1) =+ 7 Gsinh(2V—B (¢ +F)) + H ’ @4
B \/ﬂBd( — 2GvV—B )’1
Vmas(x, 3, ) =+ =5 v-B G + cosh(2V/—B (¢ + F)) —sinh(2V/-B (¢ + F))) 25
_ \/_/}Ba( - 26V-B )’1
Vasas(X, ¥, £) = B V=B + G + cosh(2v/=B (¢ + F)) +sinh(2V/-B (¢ +F))) 26)
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PBa ( 2GiVB )
Vaiz(x, y, t) =+ VB - ’ -
s132(X, Y, ©) 7\ G + cos(2VB (£ +F)) — isin(2vB (¢ + F)) >
\/m( ) 2GivB ) -
V. : =+ —ivVB ' .
3334(X, ¥, t) 5 ivB +G+Cos(2\/1§(§+F)) +isin(2VB (£ +F))) >
VPBa ( 1 ) V)
Vasae(x, ¥, 1) =+ TErF) 3
3536(X, ¥, t) 5 ELF @b Vsisa(X, y, 1) = + g/?a (
For Egs. (22)-(31), —1<<x+11), + (y+%>’ 12BN _iVB + 2GiVB )
t T 27 B ! G +cos(2VB (¢ +F)) + isin(2VB (¢ + F))
(t+%) ) is used for the acquired solutions. @
Set 3 represents the solutions of the analyzed model obtained by Vszsa(x, y, t) = + \/gfd <_§<17F> “o

applying Eqgs. (7)-(11):

VPBa —(G2 +H?)B—GV—B cosh(2v/—B (£ +F))
Vazss(x,y, t) = Bp < Gsinh(z\/jﬁ(§+F)) +H >

(32)

Vag40(x, ¥, t) =

i\/,mi (J(GTH%G\/Tcosh(2\/“§(§+F))>

Bp Gsinh(2v/~B(¢+F)) +H
(33)
Vaa2(x, y, t) = ig(ﬁ
- 2GvV/—B ) @9
G+ cosh(2v/—B(¢£+F)) —sinh(2v/=B(£+F))
Vizaa(x, y, t) = i\/gﬂm<
2Gv-B
_@+G+cosh(2\/—_B(§+F))+sinh(2\/§(f+F)))
(35)

Visas(x, ¥, t)

| VBa (M— GVE cos(2VB (¢ +F))>
Bp Gsin(2vB (6 +F)) +H
(36)

Vazas(x, y, t) =

, VFBa (—J(GT—?)E—G@ cos(zﬁ(5+F>)>

B Gsin(2vB (& +F)) +H
37)
Vaoso(x,y, t) =
vPBa (. 2Giv/B
+ Bp (1\/§ G+cos(2\/§(§+F))—isin(z\/]§(§+F))>
(38)

For Egs. (32)-(40), .{—%((x-i—%) +(y+%> o R eAVE

(H—%) ) is used for the acquired solutions.

Set 4 represents the solutions of the analyzed model obtained by
applying Eqs. (7)—(11):

Vessal,y, ) = i\/ﬁm( (G2+H2)BG\/—Bcosh(2\/—B(§+F))>

Bp Gsinh(2v-B(¢+F)) +H
(41)

Vszs8(x, y, t) =

N JBa <\/WG\/—Bcosh(2\/—B(§+F))>

Bp Gsinh(2v/-B(¢+F)) +H
(42)
Vsogo(X, ¥, t) = i\/gﬂT (\/TB
B 2GV-B )
G + cosh(2v/=B (¢ + F)) — sinh(2v/=B (¢ + F))
(43)
Vere2(x, ¥, t) = :I:\/]/;ﬂm<
2GV-B
B @+G+cosh(2\/§(§+F)) +sinh(2\/§(§+F))>
44

Vesea(X, ¥, t) = i\/ﬂ'ﬁa ( (GZ_HZ)B—G\/ECOS(Z\/E@_,_F)))
636a(X, ¥, t) =

B Gsin(2vB (& +F)) +H
(45)

Veses (X, ¥, t) =

4 VPBa (‘M — GVB cos(2VB (¢ +F))>
Bp Gsin(2vB (£ +F)) + H
(46)
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Veres(X, ¥, t) =
+Y gﬁB (i\/E

- 2GiVB )
G+cos(2VB(E+F)) —isin(2VB(£+F))
(47)

Veoro(x, y, t) = =+

VPBa (
Bp
. 2GivB
~iVB g +cos(2VB (€ +F)) + isin(2V/B (¢ +F))>
(48)

v/Ba 1
B (’:ﬁﬂ) “9)

Vaza(x y, t) = +

For Egs. (41)-(49), 5_%<(x+%> + (y—i—%) + 1 VBB

(t + %) > is used for the acquired solutions.

Set 5 represents the solutions of the analyzed model obtained by
applying Eqgs. (7)—(11):

Partial Differential Equations in Applied Mathematics 12 (2024) 101001

1v/=2fBa (\/(Gz—Hz)BG\/Ecos(2\/§(§+F)))

Vesga(x,y,t) = i(g Bp Gsin(2vB(¢+F))+H

o8 <\/(G2—H2)BG\/§COS(2\/§(§+F))> 1)

V—2pBa Gsin(2vB(&+F))+H
(55)

Vesgs(X, y, t) = i(% —B2£’Ba <i\/1_3

B 2GivB )
G + cos(2vB (¢ + F)) — isin(2vB (£ + F))
ap . 2GivB o
V—2pBa <“/§ G +cos(2VB(£+F)) —isin(2VB (¢ +F))> ) '
(56)

Il
N
| =
N
=
I
=~

Vz374(x, y, t)

. (,/(G2+H2)BG\/_B cosh(Z\/_B(§+F)))
2 Bp

Gsinh(2v/-B (¢ +F)) + H

(50)

V—2pBa Gsinh(2V/-B(+F)) +H

o (WG\/_B cosh(Z\/—B(erF)))l)

Visze(X, y, t) = =+ (% v—2pBa <—\/——m - GV-B cosh(2\/§(§+p))>

Gsinh(2v/-B(¢ +F)) +H

(51)

Gsinh(2v/-B(¢+F)) + H

ap (-Jm — GvV/-B cosh(2v/-B

2GvV-B

<¢+F>)>1)’

Vizzs(x, y, t) = i(i

2GV-B

" G+ cosh(2v/=B (& + F)) — sinh(2v/=B (¢ + F)))

(52)

ap (\/—_B

G+ cosh(2v/=B (¢ +F)) — sinh(2V/=B (¢ +F))> > ’

2Gv—-B

V79780(x, Y, t) — i(% V —2ﬁBa (7 \/—_B

2Gv—-B

Ao cosh(2v/=B (¢ + F)) + sinh(2v/-B (¢ +F)))

(53)

-1

P (*\/:va+

1/—2pBa <\/ (¢ —H’)B—G\/ECOS(2\/I§(§+F))>

Vers2(x,y,t) = i<2 Bp Gsin(2vB(¢+F)) +H

ap (G2—H?)B—Gv/Bcos(2VB(E+F))\
m( Gsin(2VB(E+F)) +H ) ’

(54)

G + cosh(2V—B (£ + F)) + sinh(2V—B (¢ + F)))

Verss(x, y, t) = i(% _lefBa (—i\/g

N 2GiVB )
G+ cos(2VB (£ +F)) +isin(2vB (¢ + F))
ap . 2GivB -
"~ \/=2pBa ( B+ G +cos(2vVB (£ +F)) + isin(2\/§(§+F))) )
(57)
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(a) (b)
| Vg(x,y=0,t;7=0.15)] | Vg(x,y=0,t;7=0.65)|

| fle | e

10 10
10 10
A0 - A0 -
¢ 10 By ¢ 10 .
(c) (d) ot
7=0.
| V4 (x,y=0t;7=0.98)| 5 | V(x,y=0.t=0; T)II 720,98
5 ' 4 L
3 - b
24 /\ g
0
10 10 1 _\\/ .
0 0 V V ;
¢ 100 4 S5 0 5 10

X

Fig. 1. Impact of the fractional parameter on the acquired solution |Vo(x,y = 0, t; T)| given by Eq. (18): (a)-(c) T = 0.15, 0.65, 0.98 for selecting particular free
parameters as & = 0.3, p = 0.5,B=1,G = 0.4, H=0.25, F = 0, y = 0, and (d) the changes in the 2D plots from (a)-(c) at time t = 0.

1+/=2pBa 1 ap 1 \! is used for the acquired solutions.
2 BB ( Et F) ~ V/—2pBa ( it F) )7 (58) Set 6 represents the solutions of the analyzed model obtained by

applying Eqs. (7)—(11):
For Egs. (50)~(58), £=1 ( (x-i—%) + (y+%) — 1 /&P (t+%> )

Veooo(X, Y, t):i(

Vor02(x, ¥, t)

N (% V=2pBa (W — Gv=B cosh(2V "B ¢ +F>))

BB Gsinh(2v/-B (£ +F)) +H
(59)
w (\/~(G*+H)B - GV=B cosh(2V/=B (¢ +F))\ "
\/Tme—a< Gsinh(2V—B (¢ +F)) + H > ’
) . We) . 7W—G\/§ cosh(2v/=B (£ + F))
9304(X, ¥, 1) = <2 Bp < Gsinh(z\/ﬁ(f"‘F)) +H )
(60)
o _\/m — GV=B cosh(2V/~B (¢ +F))\ '
J—2/Ba < Gsinh(2V—B (¢ +F)) + H ) ’
B 1/ ~2pBa e 2GvV-B
Vosos(x, y, 1) = + (2 BB <\/—B G + cosh(2V—B (¢ + F)) — sinh(2V—B (¢ + F)))
(61)

ap 2G\/—B -
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(a) (b)
| Vg, (x,y=0,t;7=0.15)| | Vg, (x,y=0,t;7=0.65)|

10
’ 10 °
t ) 10 X
(c) (d)
| Vg, (x,y=0,t;7=0.98)| I IVB,(x,vTO,t=0:TI)I
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0 T T Ll
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Fig. 2. Impact of the fractional parameter on the acquired solution |Vg;(x,y = 0, t; 7)| given by Eq. (57): (a)-(c) = = 0.15, 0.65, 0.98 for selecting particular free
parametersasa@ = 3, =5,B=1,G = -0.1, H= 3, F =5,y = 0, and (d) the changes in the 2D plots from (a)-(c) at time t = 0.

1./—2pBa
Vo 08(, Y, r):ﬂ:(5 BfB“ (f\/fé 1/=2pBa (\/ (G*—H?)B—GvBcos(2vB((+F))

X 26VF ) Vosa00(x,,8) = i(2 B < Gsin(2VB(E+F)) +H )
G+cosh(2V—B(¢+F)) +sinh(2v/—B(£+F)) af (G2 —H2)B—Gv/Bcos(2v/B(+F)) -1
A e 2GV-B N \/m2ﬂ3’< Gsin(2VB(£-+F)) +H ) )
\/:m( \/_B+G+cosh(2\/§(§+F))+sinh(2\/jl§(§+F))) )’ ¢ Sin(@VBE )+ ©3)

(62)
1/=2pBa [~/ (G*—H?)B—GVBcos(2VB((+F))
Vioio2(%,y,8) = & (2 BS < Gsin(2VB(£+F)) +H )
ap —4/(G2—H?)B—Gv/Bcos(2VB(£+F)) !
V—2pBa ( Gsin(2VB(¢+F)) +H ) ’
(64)
_ 1/=2pBa /. 2GivB
Viospoa(x, y, t) = i(ﬁ Bp (l\/E B G +cos(2VB (£ +F)) 7isin(2\/ﬁ(§+F))) 65)
5
(s 261/8 )
V/—2pBa G + cos(2vB (¢ + F)) — isin(2vB (& +F)) ’
_ (1v=2BBa [ . 2GivB
Viosios(x, ¥, t) = ﬂ:(z BS ( ivVB G+ cos(2VB (£ + F)) +isin(2\/ﬁ(g’+F))> ©6)
ap 4 2Giv/B -
- /—2pBa ( ~iB + G+ cos(2VB (¢ +F)) + isin(2vB (¢ +F))) )
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(b)

| Vg, (%,y=0,t;7=0.02)] | Vg, (x,y=0,t;7=0.65)]|
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Fig. 3. Impact of the fractional parameter on the acquired solution |Vg;(x,y = 0, & 7)| given by Eq. (59): (a)-(c) T = 0.02, 0.65, 0.98 for selecting particular free
parametersasa = 1, f =4,B= —-0.1,G=5H =3, F =5,y = 0, and (d) the changes in the 2D plots from (a)-(c) at time t = 0.

is used for the acquired solutions.
Set 7 represents the solutions of the analyzed model obtained by
1/=2pBa ( 1 ) ap ( 1 )*1) ©7) applying Egs. (7)-(11):
2 Bp E+F) /—2pBa ’

For Egs. (59)-(67), §=1 ( (x+%) + (y+%> +3 Y EP <t+r%) )

Vio7.108(%, Y, t) == <

1% _ (lvPBa —(G>+H?)B— GV-B cosh(2V—-B (¢ +F))
100110(%, ¥, t) = (2 Bj < Gsinh(2\/§(§+F)) +H )
(68)
| ap (y/~(G?+IP)B~GVB cosh(2v B (¢ +F))) '
2 \/m( Gsinh(2V~B (¢ +F)) +H ) 7
. 1 /Fa _\/M_G\/fécosh(2\/:§(f+F))
Vil y, 1) = (E Bp ( Gsinh(2v—B(é+F)) +H )
(69

1 ap (W — GV—B cosh(2V-B (¢ +F))>1>

Gsinh(2v-B(é+F)) + H
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Fig. 4. Impact of the fractional parameter on the acquired solution |Vi17(x,y = 0, t; 7)| given by Eq. (72): (a)-(c) = = 0.15, 0.65, 0.98 for selecting particular free
parametersasa = 4, =5,B=0.1,G=-2.9,H=3,F =5,y = 0, and (d) the changes in the 2D plots from (a)-(c) at time t = 0.

B 1pBa ( — 2Gv/—-B
Visa(x, y, t) = i(z Bp (\/—1§ G + cosh(2v/=B (£ +F)) —sinh(zﬁ(§+p))) o0
1 ap 2Gv/—B -
2 \/PBa (‘/3 G+ cosh(2V/=B(¢+F)) —sinh(2V/—B (¢ +F))) )
_ . (1VPBa( 2GV-B
Vissnele 3, )= i(Z Bp ( VBt G + cosh(2v/=B (¢ + F)) +sinh(2\/§(5+F))) o

1 ap 2GV—B o
2 /pBa (7 VB +G+cosh(2\/§(§+F)) +sinh(2\/f1§(§+F))) >

—1/ (G2 —H?)B—Gv/Bcos(2vVB(E+F)
1./pBa <1/(GZ—HQ)B—G\/Ecos(Z\/E(§+F))> Vite120(x,y,t) = i(;\/gzw ( ( ) wos( )>

— Gsin(2vVB(¢+F)) +H
Virzais(x,, i(z Bf Gsin(2VB(é+F)) +H ( ) ( /B ()\/— "
3 1 ap [—\/(G*—H?)B—GvBcos(2VB({+F) N
1 ap [/ (G*~H?)B-GVBcos(2VB((+F)) 2\/_ﬁBa< Gsin(2VB(E+F)) +H ’
2/pBa Gsin(2vB(¢+F)) +H ’ (73)

(72)
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(a) (b)
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(c) (d)
I V135(x1y=0,t;7‘=0-98)| I V135(x,y=0,t=0;7')|
1000 . s
l 7=0.15
1000 7=0.65
ll ' lMA' ‘ l II —— =098
500 ’ 500 - i
10
10
0 0 - i
¢ 100 X -10 -5 0 5 10

X

Fig. 5. Impact of the fractional parameter on the acquired solution |Vi3s(x,y = 0, t; 7)| given by Eq. (81): (a)-(c) = = 0.15, 0.65, 0.98 for selecting particular free
parametersasa@ = 3, f =5,B=0.1, G=5,H =3, F=5,y = 0, and (d) the changes in the 2D plots from (a)-(c) at time t = 0.

-~ 1VpBa (. = 2GivB
Viznine(x, y, t) = i(z Bp (1\/§ Gt cos2VB(E 1 F) 7isin(2\/l§(§+F)))
74
1 ap (i B 2GiVB )’1
2 \/BBa G +cos(2vB (£ +F)) — isin(2vB (£ + F)) ’
(1 VPBa (74 2GivB )
Vizzaa(x, y, t) = :I:(2 Bj ivB G+ cos(2VB(E+F) + sin(2VB G+ F)
(75)
1 ap (7 VB 4 2GivB ) !
2 VpBa G + cos(2vB (£ +F)) +isin(2VB (¢ + F)) ’
-1 T
Vissazs(X, ¥, t) = ﬂ:(% 4 g?“ ( ; JlrF) 7% \/‘;}/;_a ( éJlrF> )7 (H‘r%) ) is used for the acquired solutions.
(76) Set 8 represents the solutions of the analyzed model obtained by

. . applying Eqs. (7)-(11):
For Egs. (68)-(76), :-%((x%) +(y+%) 12/
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(a) (b) (c)
| Vw(x,y=0,t;-r=0.98)| | Vw(x,y=0,t;1=0.98)| | V87(x,y=0,t;7=0.98)|

(d)
| Vgr (x,y=0,£=0;7=0.98)|
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Fig. 6. The impact of the fractional parameter on the solution|Vg;(x,y = 0, t = 0; = = 0.98)| as described by Eq. (86): is illustrated through 3D plots for different
fractional derivatives (a) conformable derivative at 7 = 0.98, (b) M-truncated derivative at 7 = 0.98 and § = 0.9, (c) beta derivative at 7 = 0.98. Additionally, (d)
provides a 2D waveform comparison of (a)-(c), utilizing the particular free parametersa = 3, =5,B=1,G=-01,H=3,F=5,y = 0.

Vizza2s(x, ¥, t)

i(lW( (G2+H2)BG\/—Bcosh(2\/—§(§+F))>

2 Bp Gsinh(2v—B (¢ +F)) +H
77)
1 ap \/,—(C;T+—H2)E76\/§ cosh(2V/~B (£ +F))\ '
2 W( Gsinh(2V-B (¢ +F)) + H ) 7
) ) 1 JpBa _\/m_ GV—B cosh(2V/—B (¢ +F))
120130(%, ¥, t) = i(§ Bp ( Gsinh(Z\/—_B(f+F)) +H )
(78)

1 o (—m—cﬁwm@ﬁwm))l)

Gsinh(2v/-B(¢+F)) +H
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(a) (b) (c)
| V,447(x,y=0,t;7=0.98)| | V,447(%y=0,t;7=0.98)| | V,,,(xy=0,t;7=0.98)|
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100 100 100
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(d)
| V,,7(x,y=0,t=0;7=0.98)|
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Fig. 7. The impact of the fractional parameter on the solution|V;1,(x,y = 0, t = 0; = = 0.98)| as described by Eq. (87): is illustrated through 3D plots for different
fractional derivatives (a) conformable derivative at 7 = 0.98, (b) M-truncated derivative at 7 = 0.98 and § = 0.9, (c) beta derivative at r = 0.98. Additionally, (d)
provides a 2D waveform comparison of (a)-(c), utilizing the particular free parameters@ =6, =5,B=0.1,G=-29,H=3,F=5,y = 0.

B 1 /pBa 2GV-B
Vi, 3, 1) = i<5 Bp (\/__B " G+ cosh(2v/—B (¢ +F)) — sinh(2V/—B (£ + F))) o)
1 ap 2GV—B o
2 /pBa <ﬁ " G+ cosh(2V=-B (¢ + F)) — sinh(2V-B (¢ +F))> ) ’
B 1\pBa( 2GV-B
vt 3 0 = (33" (VB o e G ) e R E ) 0
1 ap 2GV-B -
"2 /pBa < ~V=B+ G+ cosh(2v/=B (¢ +F)) +sinh(2\/—_B(f+F))) )’
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Fig. 8. Impacts of the free parameters on the cKG equation with conformable derivative at 7 = 0.98, M-truncated derivative at = 0.98 and 6 = 0.9, beta derivative at
7 = 0.98 for the obtained solution given by |Vg;(x,y = 0, t = 0; = = 0.98)|: (a)-(d) Variation of @ =1, 2, 3, 4 when§=5,B=1,G=-0.1, H=3,F=5,y = 0.
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Fig. 9. Impacts of the free parameters on the cKG equation with conformable derivative at 7 = 0.98, M-truncated derivative at 7 = 0.98 and § = 0.9, beta derivative at
7 = 0.98 for the obtained solution given by |Vg;(x,y = 0, t = 0; 7 = 0.98)|: (a)~(d) Variation of § = 2, 3,4, 5whena=3,B=1,G=-0.1, H=3,F=5,y = 0.
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Fig. 10. Impacts of the free parameters on the cKG equation with conformable derivative at 7 = 0.98, M-truncated derivative at 7 = 0.98 and § = 0.9, beta derivative
at 7 = 0.98 for the obtained solution given by |V11,(x,y = 0, t = 0; = 0.98)|: (a)-(d) Variation ofa =5,7,9,11 whenf=5,B=0.1,G=-2.9,H=3,F =5,y =0.

(@ , (b) .

= 300 ' = 300 '

8 ——CD:g=3 Q ——CD:g=5

o —— MD: =3 s —— MD:3=5

L ——BD:g=3 v ——BD:j3=5

& 200 - & 200 i
L L

T T

> 100 - - > 100 - i
X X

= =

i 0 T T T 3 0 T T T

-10 -5 0 5 10 -10 -5 0 5 10
X X

— (c) — (d)

— 1 1 1 — L 1 1

2 300 ChioeT 2 300

T T

S 200 - -

‘u.

T

> 100 -

X

~

> )

-10

Fig. 11. Impacts of the free parameters on the cKG equation with conformable derivative at 7 = 0.98, M-truncated derivative at T = 0.98 and é = 0.9, beta derivative
at 7 = 0.98 for the obtained solution given by |V117(x,y = 0, t = 0; 7 = 0.98)|: (a)-(d) Variation of = 3, 5,7, 9 whena=6,B=0.1,G=-2.9,H=3,F=5,y =0.
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Fig. 12. Impacts of the propagation nature on the cKG equation with conformable derivative at ¢ = 0.98, M-truncated derivative at ¢ = 0.98 and é = 0.9, beta
derivative at ¢ = 0.98 for the obtained solution given by |Vg;(x,y, t; 7= 0.98)[: (a)-(c) t = 1, 2, 3 for selecting particular free parametersasa =3,=5,B=1,G =
—01,H=3,F=5,y=0.
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Fig. 13. Impacts of the propagation nature on the cKG equation with conformable derivative at ¢ = 0.98, M-truncated derivative at 7 = 0.98 and § = 0.9, beta
derivative at 7 = 0.98 for the obtained solution given by |V117(x,Yy, t 7= 0.98)[: (a)-(c) t = 1, 2, 3 for selecting particular free parameters asa =6, =5,B=0.1, G

—29,H=3,F=5,y=0.

(1ypBa (y/(G*—H?)B—GVBcos(2VB(+F)) —y/ (G2 ~H?)B—Gv/Bcos(2vVB(¢+F
V135v136(x7y7t)i<§ Bp ( Gsin(2vB(¢+F)) +H V137~138(x7y’t)—i<;\/1§/3ﬁ< : Gsir1)(2\/1?(5+c;)s)(+H( ))>
1 ap ( (GZ—H2>B‘G“’§C°S(2‘/§(5+F)))1) L s [~/ (G—FP)B-GVEcos(2VB(E+F)
. b ﬂ
" 2./pBa Gsin(2VB(¢£+F)) +H 2\/@6< Gsin(2VB(E+F)) 1 H ) )
(81) (82)
B 1/pBa /. 2GivB
Vissaao(x, y, 1) = i(ﬁ B, (l\/g_G+cos(2\/§(§+F))fisin(Z\/E(erF)))
) (83)
1 aﬁ 2GiVB -
2 <\/§76+cos(2\/1§(§+F))7isin(2\/l‘3(§+F))) )
1 ) 2GivB
Vidie(x, ¥, 1) = i(é B (71\/35+G+cos(2\/§(§+F))+isin(2\/§(§+F))) 4
84
1 ap (7 2GivB )71
2 VPBa G+cos(2\/—(§+F))+LSm(2\/_(§+F)) ’
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~ (1+/PBa 1 1 aop 1\
Vi1, Y. t)‘i<§ Bj ( ¢+F)*5¢FBB< 5+F> ) 3)

For Egs. (77)-(85),

: i V2 \/(16B+a)B
§=%<<x+%> + <y+%) +H

T
<t+ %) ) is used for the acquired solutions. It is important to note that

the derived hyperbolic function solutions are valid for B < 0, while the
trigonometric function solutions apply when B > 0.

Physical interpretation of the derived solutions

This section will address the physical representation of the obtained
exact solutions for the (2+1)-dimensional cubic Klein-Gordon equation.
A graphical representation of the physical characteristics of the obtained
solutions, as depicted in Figs. 1-5, was utilized to plot all the derived
solutions. These represent periodic, periodic with equal wavelength,
bright, periodic with unequal wavelength, periodic singular with un-
equal wavelength and other soliton solutions, respectively. The unified

Partial Differential Equations in Applied Mathematics 12 (2024) 101001

rivatives. A fractional PDE can be transformed into an ODE using these
derivatives, which makes analysis easier. The conformable derivative,
the M-truncated derivative, and the beta derivative are the three dif-
ferential fractional derivatives on which we emphasize. Depending on
the specific conditions, the variable V(x, y, t) can be transformed into v
(&) through various transformations:for the conformable derivative, &£ =

1 . - _ T+
2(x* + y* — at%); for the M-truncated derivative, § = —=—=(x* +

y* — At%); and for the beta derivative, & = %<<x+%> +

T T
<y+%> — /1<t+%> ) These transformations are used to reduce

the fractional PDE in Eq. (10) to an ODE, as shown in Eq. (12). Evalu-
ating and contrasting the transformed variables in a comparative study
requires careful consideration of their significant relationship with the
fractional parameter. This section explores two solutions by examining
the conformable derivative, the M-truncated derivative, and the beta
derivative, to assess the effectiveness of the study’s derivative results
compared to those obtained using the unified method. The solutions
presented in Eqs. (57) and (72) are expressed using the conformable
derivative, M-truncated derivative, and beta derivative:

(86)

. (1V=2PBa [ . 2GivB
Voloyt) = & (2 Bp ( VB +&7 cos(2VB (¢ + F)) +isin(2VB (£ +F))>
ap . 2GiVB !
~V/—2pBa ( VB + G +cos(2VB (& +F)) +isin(2vB (¢ + F))) >

method produces soliton solutions with fractional characteristics for the
fractional-order cKG equation. To demonstrate the impact of the frac-
tional parameter on the obtained solutions | Vo(x,y = 0, §; 7)|, | Vs7(xy =
0, 6 1), [Vor(cy = 0, t; 7|, [V117(6y = 0, £ 7)|, and |V135(x,y = 0, t; 7)|
provided by Eq. (18), Eq. (57), Eq. (59), Eq. (72) and Eq. (81). Fig. 1(a)-
(c), Fig. 2(a)-(c), Fig. 4(a)-(c), and Fig. 5(a)-(c) present 3D graphs
under different fractional values (r = 0.15, 0.65, 0.98), respectively.
Fig. 3(a)-(c) present 3D graphs under different fractional values (t =
0.02, 0.65, 0.98). Fig. 1, the selected free parameters are a = 0.3, f =
0.5,B=1,G = 0.4, H=0.25, F = 0 for solution | Vo(x,y = 0, t; 7)|. Fig. 2,
the selected free parametersarea =3, =5,B=1,G=—-0.1, H=3,F =
5 for solution |Vgz(x,y = 0, t; 7)|. Fig. 3, the selected free parameters are
a=1,=4,B=-0.1,G=5,H=3,F =5 for solution |Vo;(x,y = 0, ; T)|.
Fig. 4, the selected free parametersarea =4, =5,B=0.1,G=-2.9,H
= 3, F = 5 for solution |V117(x,y = 0, t; 7)|. Fig. 5, the selected free
parameters are « = 3, 3 =5,B=0.1, G=5, H= 3, F =5 for solution |
Viss(y = 0, t; 1)|. The 2D plots along the x-axis at t = 0 for the
mentioned solutions are depicted in Fig. 1(d), Fig. 2(d), Fig. 4(d), and
Fig. 5(d), respectively, under different fractional values (t = 0.15, 0.65,
0.98). The 2D plots along the x-axis at t = 0 for the mentioned solutions
are depicted in Fig. 3(d) under different fractional values (t = 0.02,
0.65, 0.98). The number of oscillations of the periodic wave increases
with the increase of fractional parameters, as shown in Figs. 1(d), 2(d),
4(d), and 5(d). It is found, however, that the amplitudes of the wave
profiles change toward the x-axis but are nearly identical for the
different values of T = 0.15, 0.65 and 0.98. Fig. 3(d) shows that the
amplitudes slightly increase as the fractional parameter rises. Further-
more, the profile fully develops into a bright soliton when 7 is set to 0.98.

A comparative analysis of the beta derivative in relation to other
fractional derivatives

In this research, we carried out a comparative analysis of the beta
derivative, a type of fractional derivative, against other fractional de-
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where for the conformable derivative, £ = 1 (x’ +y -1 7Mtf>

is employed, for the M-truncated derivative, & = @ (Xr +y -
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T T T
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E= r(‘Hl)(x’ +y -1 REAV(CTRL Wt’) is used, whereas for the beta

T

T T T
derivative, £= 1 ( <x+ %) + (y-l—%) -1 v2 %GBM)B (t-&-%) ) is

used.

To confirm the validity of our analyzed solutions, Figs. 6 and 7
compare three fractional wave solutions, as described by Egs. (86) and
(87), in relation to the conformable derivative, M-truncated derivative,
and beta derivative. The graphical representations in Figs. 6 and 7
clearly demonstrate the consistent patterns observed across all solution
profiles for the various derivatives under consideration. The solutions
obtained in this study show a remarkable consistency with those derived
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using beta derivative methods. After carefully examining the findings, it
can be said with confidence that the solutions that were investigated and
based on the conformable derivative framework show a significant level
of agreement with the outcomes that were obtained using the beta de-
rivative methodology. Fig. 6 wetakea =3,p=5,B=1,G=—0.1,H=
3,F=5,y=0in |Vg(xy =0, t = 0; T = 0.98)| where Fig. 6(a)-(c)
present the 3D structure for conformable derivative at t = 0.98, M-
truncated derivative at T = 0.98 and 8 = 0.9, beta derivative at T = 0.98,
and Fig. 6(d) present the 2D comparison between conformable deriva-
tive, M-truncated derivative, beta derivative for Tt = 0.98 and 8 = 0.9 .
The amplitude of solitons is the same compared to the conformable
derivative, M-truncated derivative, and beta derivative with the same
fractional value. The conformable derivative and the M-truncated de-
rivative come very close to each other but the beta derivative shows
different behavior. Fig. 7 we takea =6, =5,B=0.1,G=-2.9,H=3,
F=5,y=0in |V117(xy = 0, t = 0; T = 0.98)| where Figs. 7(a), 7(c)
present the 3D structure for conformable derivative at T = 0.98, M-
truncated derivative at T = 0.98 and 6 = 0.9, beta derivative at T = 0.98,
and Fig. 7(d) present the 2D comparison between conformable deriva-
tive, M-truncated derivative, beta derivative for Tt = 0.98 and & = 0.9 .
Similar tendencies have been discovered for Fig. 7. A similar observation
on the behavior of each of the periodic, bright, periodic singular with
unequal wavelength and other type solitons are found, but the sake of
brevity, they are overlooked.

Results and discussion
Impacts of free parameters

Figs. 8(a)-8(d), 9(a)-9(d), 10(a)-10(d), and 11(a)-11(d) illustrate
the impacts of the free parameters a and § on periodic solitons with
equal and unequal wavelength within the cKG model equation, using the
conformable derivative at T = 0.98, the M-truncated derivative at T =
0.98 with 6 = 0.9, and the beta derivative at T = 0.98.The soliton out-
lines along the x-axis vary with different values of the free parameter o« =
1,2,3,4,and a =5, 7, 9, 11, as demonstrated in Figs. 8(a)-(d) and 10
(a)-(d). Figs. 8(a)-8(d) and 10(a)-10(d) show that, while the other
parameters stay unchanged, the amplitude increases as the values of a
increase. The fixed parameter values in Fig. 8(a)-8(d) are f=5,B=1,G
= —0.1, H= 3, F = 5. The fixed parameter values in Fig. 10(a)-10(d) are
=5 B=0.1,G=-29, H= 3, F=>5. Similar patterns have been
observed for the values of p = 2, 3, 4, 5and p = 3, 5, 7, 9 which are
shown in Fig. 9(a)-9(d) and Fig. 11(a)-11(d), respectively. The
remaining parameters are also fixed in this case. « =3,B=1,G = —0.1,
H = 3, and F =5 are the fixed parameter values in Fig. 9(a)-(d). « = 6, B
=0.1,G=-2.9,H = 3, and F = 5 are the fixed parameter values in 11
(a)-11(d). Here, increasing the values of the free parameters in the
context of conformable derivative, M-truncated derivative and beta
derivative leads to changes in the amplitude. The solutions change
uniformly in the same manner altogether.

Wave propagation behaviors of the obtained solutions

Figs. 12(a)-12(c) and 13(a)-13(c) depict the wave propagation
behaviors of periodic with equal and unequal wavelength solitons in the
cKG model equation using the conformable derivative at T = 0.98, the
M-truncated derivative at T = 0.98 with § = 0.9, and the beta derivative
at T = 0.98. The periodic soliton solution |Vg;(x,y, t; T = 0.98)] is
depicted in Fig. 12 along with its propagation behavior for a sequence of
times t =1, 2, 3. As the value of time (t) rises, the location of the periodic
soliton shifts, as observed in Fig. 12(a)-12(c). With increasing time, the
soliton is propagating from the x-axis negative side to its positive side.
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The fixed parameter values in Fig. 12(a)-(c) area =3,p=5,B=1,G =
—0.1, H= 3, F =5,y = 0. For a sequence of timest = 1, 2, 3 the prop-
agation characteristic of the periodic unequal wavelength soliton solu-
tion |Vo1(x,y, t; T = 0.98)] is illustrated in Fig. 13. According to Fig. 13
(a)-(c), the soliton’s position changes as time (t) increases. As time in-
creases, the soliton propagates from the negative side of the x-axis to-
wards the positive side. Fig. 13(a)—-(c), the fixed parameter values are o
=6,p=5B=01,G=-29,H=3,F=5,y=0.

Conclusions

In this study, the unified method with beta derivative is applied to
the (2+1)-dimensional cKG equation to find some novel soliton solu-
tions. Here, we provide the main findings of the research. The unified
method generates various soliton solutions, including periodic, periodic
with equal wavelength, bright, periodic with unequal wavelength, and
periodic singular with unequal wavelength, incorporating the beta de-
rivative, as presented in Figs. 1-5. The conformable derivative, M-
truncated derivative, and beta derivative are compared in Figs. 7 and 8.
Figs. 8-11 display the 2D plots and physical descriptions of the
conformable derivative, M-truncated derivative, and beta derivative for
comparison. Additionally, Figs. 8-11 show how the free parameters(a,
B) affected the examined periodic solitons with equal and unequal
wavelength. It has been found that the soliton profiles vary with changes
in the free parameters. Figs. 12 and 13 provide a graphic explanation of
the obtained solutions wave propagation patterns.The summarized
findings show that the solitons using the beta derivative exhibit distinct
behavior when o = 0.98, unlike the conformable derivative and M-
truncated derivative, which displayed similar shapes and structures.
Another important point to note here is that the given solitons can also
be used to explain the wave propagation characteristics in physical and
communication systems. As a result, the solutions discovered could
assist researchers in future studies to better understand the unidentified
wave advancing in the field of communication systems.
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