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Abstract

This study explores multi-soliton solutions and their interactions within the framework of the
Klein-Fock-Gordon (K-F-G) equation. The K-F-G equation plays a crucial role in modeling
relativistic wave phenomena and has diverse applications in describing energy particles in physics.
The newly modified simple equation (NMSE) method is employed to analyze multi-soliton
solutions and their interactions. Under specific conditions, novel families of solutions are derived
and expressed through exponential and hyperbolic functions, as well as their combinations. The
NMSE method is particularly effective in generating and analyzing a variety of soliton
interactions, including multi-kink and anti-kink solutions, multi-bell-shaped solutions for bright-
dark and dark-bright solitons, and combinations of kink, bell-shaped, and periodic solutions. These
interactions are further illustrated through 3D visualizations, density plots, and contour maps. The
simulation results demonstrate that the NMSE method works efficiently, is simple to use, and has
versatility for a wide range of nonlinear evolution equations in computational physics and other

interdisciplinary domains.

Keywords: New modified simple equation scheme; Klein-Fock-Gordon equation; energy

particles in physics, climate action.

1. Introduction
Nonlinear evolution equations are essential for modeling complex phenomena across

multiple scientific disciplines and engineering fields. They provide a mathematical framework for



understanding the temporal evolution of physical quantities or fields in systems where nonlinearity
is a key characteristic. These equations are indispensable for understanding and modeling complex
phenomena across various domains, and they are applied in several critical areas. In fluid
mechanics, the Navier-Stokes equations describe the behavior of fluids. Nonlinear variants of these
equations are used to model turbulence, chaotic flows, and vortices in both liquids and gases. These
models are vital in understanding weather patterns, ocean currents, and aerodynamics. The
nonlinear evolution equations are very important in quantum field theory. They define the
nonlinear Schrodinger mode, which shows how wave packets and solitons move in some quantum
systems, like Bose-Einstein condensates. In optics, nonlinear evolution equations describe the
behavior of light in nonlinear media. They are used to understand phenomena like self-focusing,
second-harmonic generation, and the formation of optical solitons, which have applications in
telecommunications and laser technology. In population dynamics, nonlinear models are employed
in ecology and epidemiology to study population growth, predator-prey interactions, and disease-
spreading ways. The Lotka-Volterra equations, for instance, describe the dynamics of interacting
species in ecosystems. It is too difficult to execute the exact solution of such nonlinear models.
With the progress of soliton theory, different authentic methods to investigate soliton solutions
have been proposed and developed, namely, generalized exponential rational function [1], iterative
[2], EMAE mapping [3], Simplified Hirota’s [4], Sine-Gordon expansion [5], Modified
¢

Kudryashov [6], enhanced modified simple equation [7], a direct [8], (a,i)-expansion and GPRE

[9], modified simple equation [10, 11, 12], New MSE [13], Lie group theoretic [14], simple
equation [15], Darboux [16], Crank-Nicholson [17, 18] methods, and so on [19-22].

The study of interaction solutions and multi-soliton solutions for nonlinear evolution
equations has become a research hotspot because they can be more applicable to many complex
situations in various physical settings than single-wave solutions. A lot of interesting work has
been done in the past few years on multi-wave interaction solutions in rich forms for nonlinear
evolution equations with constant coefficients [23-28]. Many of the aforementioned techniques [1-
18] are capable of providing only traveling wave solutions, not multi-soliton solutions for
nonlinear models. However, there are a few methods, such as the multiple exp-function scheme
[29, 30], Hirota bilinear method [31-35], Wronskian approach [36, 37], and the New MSE method
[38], that can derive various pattern of multi-wave solitons. However, the Wronskian and Hirota

bilinear methods are relatively old and may not be suitable for all nonlinear models that cannot be



converted into a bilinear form. This is particularly true for non-integrable non-linear models, which
are incapable of converting into a bilinear form. The NMSE method can find the multi-wave
soliton and how they interact for a non-linear model that can't be integrated. The new MSE method
gives direct multi-soliton solutions and shows how they interact with non-linear models, so they
don't need to be changed into bilinear forms.

This work executes the multi-soliton solution, the interaction of solitons from the K-F-G
equation. For multi-soliton solutions and the interaction of solitons, we use a new modified simple
equation scheme [38] for the K-F-G equation. We start the K-F-G equation in the following form:

Tee + Wy Tyx + M2 T+ 3T = 0, 1)
where 4, u, and pg are arbitrary constants. There are many techniques applied to exact solution

from the K-F-G equation such as modified (g)-expansion method and the generalized Kudryashov

method [39], ESE scheme, and modified F-expansion approach [40], modified Kudryashov’s and
extended Kudryashov’s methods [41], Sardar sub-equation method [42], and Bifurcation theory
[43]. The main goal of this work is to integrate multi-soliton solutions and diverse interaction
solitons analytically and graphically. There are no methods applied for this model to integrate the
multi-soliton and interaction of solitons solution. For the first time, we find the multi-soliton and
their interactions for this model. For different parametric values, we show some novel multi-soliton
waves and interaction waves with 3D, contour, and density plots, including the multi-kink wave,
the multi-anti-kink wave, the interaction of the anti-kink and dark bell wave, the anti-kink and
bright bell wave, the two bright bell waves, the two dark bell waves, the bright and dark bell waves,
the periodic and singular wave, the interaction solution between the soliton and kink wave, the
anti-kink and periodic wave, the kink and periodic wave, the breather wave, and the interaction of
the double bright and dark bell wave. We also discussed the behavior of the parameters in the
obtained solutions.
This remaining work is systematized as:

Section 02 discusses the working processes NMSE technique to resolve NLEEs.

Section 03 describes the multi-soliton solutions, and their interaction for the Klein-Fock-

Gordon equation analytically.

Section 04 illustrates some novel multi-soliton waves and different types of interaction

solutions.

Section 05 delivers an overview of this work.


https://www.mdpi.com/search?q=Sardar+subequation+method+%28SSM%29

2. New formation of modified simple equation scheme
In this section, we write the working steps of new formations of the MSE (NMSE) method
to solve NLEEs. For this purpose, we study a nonlinear model in the succeeding arrangement:
R[t] = R(Tr, TTy Ty T o e e ) 2
where T = t(x,t) and R is a function of g.
The technique of the NMSE scheme can be expressed in the succeeding steps:
Step-01: The trial solution of Eq. (2) is:

_ B yB G160\ (22
T = Lo Zij=r Aip+] (qa'l(zl)) (cp'z@z)) ’ (3)

where & = kjx — wjt;j = 1,2 and aj, ag4; where i,j = 0,1, 2, ... are unknown constants but ag #
0.

Step-02: To find the trial solution, we need to find the balance value 3 which appears from the
highest nonlinear and derivative terms in Eq. (2).

Step-03: If we use the trail solution Eq. (3) to Eq. (2), then a polynomial of ¢7, cp;j and cp;icp;j
is obtained.

Step-04: To obtain a system of solution, the coefficients of @7, cp;j, and cp;icp;j are considered
to be zero. Then we solved them to estimate the values a;, aj, @, and @,. After inserting the

obtained values in the trial solution, we get the required solutions.

3. Evaluate multi-soliton and interact soliton solution with NMSE scheme.
In this section, we implement the NMSE technique to the K-F-G equation. The balance

number between t,, and t3 is B = 1. So, the trial solution of Eq. (1) is:

_ @, (&1) ©5(%2)
=42 + 41 (¢1(El)) + 42 (4’2(52))’ (4)

where &, = k.x — w,t;r = 1,2 with k.; r = 1,2 are the angular speed and w,; r = 1,2 are wave

frequencies. According to this scheme, we get a system of equations.

Wpag + pzag = 0. ®)
a;(wf + kD7 + Buszaf + p)@; = 0. (6)
a,(w5 + wk3) ey + (Buzag + pz) @, = 0. ()
3a; (—pikf — w])@; @) + 3pzacai@; @) = 0. (8)

3a,(—pi k3 — w3) @, + 3uza0a3¢0, ¢, = 0. (9)



uzas + 2pya,.k? + 2a,w? = 0.
Hzas + 2pya,k2 + 2a,w3 = 0.
3p32,a1@; @1, = 0.
3uza;a3 @y @y@; = 0.
buzajaga@; @, = 0.
Solve the Eqg. (5) and Eq. (10) to Eq. (14), we get.

(10)
(11)
(12)
(13)
(14)

0+ |- H2 \/Z(M1k1+w1) _\/Z(lhk%"'w%) _ \/Z(Hlkz*“*’z) \/2(u1k2+w2)
dp = ’ _1 1= ydg =
—H3 —H3 —H3 —H3

Case-01: If a, = 0 then Eq. (8) and Eq. (9) develop,
@; = 0.
@y = 0.
Now the Eq. (6) and Eq. (7) can be written as:
®1 = by + bysin(p§,) + bycos(p&y).
@2 = bz + bysin(q§;) + bscos(qs,).
Inset the Eq. (15) and Eq. (16) in Eq. (4), then we attain,

bycos(p&;)—b,sin(pg,) b,cos(qEz)—bssin(qE,)
= pa 1 bg+bysin(pg;)+bzcos(pE,) +aqa 2 h3+Dbysin(qE,) +bscos(qEy)’

H2 2(H1k1+®1) 2(u1k2+w2)
= / = -+ ’ =+
where p wki+wi ’ d ll1k2+002 -

El = k1X — (1)1t and EZ = kzX — wzt.

Case-02: If oy = + /—%then the Eq. (8) and Eq. (9) develop
3

, (ki+od)
(% ’ 2105 P71-

2 2
¢, = — [ gy,
Injecting Eq. (18) in Eq. (6) and Eq. (19) in Eq. (7) then we accomplish,
¢; = b, et
@y = boe'z,
Where b-, by are free parameters.
From Eq. (18) and Eq. (19) with Eqg. (20) and Eq. (21) respectively.

(P—lk%'*w%) b7er§1 )

@1 =bg — 2105

(15)
(16)

(17)

(18)

(19)

(20)
(21)

(22)



(Ui +wd)
@2 =Dbyo — ulzz—uzmzbt)elsz- (23)

Where b, bg, bg, by, are free parameters.
The solution of Eq. (4) is,

(u1k1+m1) eré1 (u1k%+m%)b elE2
F 2p2 b7 22 2 (24)
T al —4dz 2, .2 24
7(u1kt+m1) ,ers1 b10+7(u112:;m2)b9e1§2
2 2(p ki +w? 2(p k3 +03
where r = koD’ @ k"’ui(,ﬂ)’ =3 e 1)'32 =x ECLARD 2)'
1K1+ W] 1Kt W2

El = k1X - Q)lt and Ez = kzX — (th.

_ 20 _ _ 2| _ ; :
If we pull-out b, = —(ulk%m%),b8 =1,by = —(ulk%m%)’blo = 1. Then we obtain the hyperbolic

function solution,

u= —\/:(1+sech( )ez +sech(22) 122). (25)

If we enclosure b, = —(Mé%wzl),bg =1,by = —ﬁ,bm = 1. Then we obtain the

hyperbolic function solution,

_ré 15, -2
u= — f—ﬁ—j(l + cosech (rz—l) e 2 + cosech (%) e 2 > (26)

If we insert b, = (21+w) bg = 1,bg = —ﬁ,bw = 1. Then we obtain the hyperbolic

function solution,
_1&
u=—f u3<1+sech( )ez +cosech(2) 2). (27)

4. Numerical illustrations and discussion

In this section, we successfully present the numerical solutions of the obtained solutions
graphically with a 3-D diagram with corresponding density and contour diagrams. This section
mostly focuses on investigating soliton, multi-soliton, and interaction soliton solutions in this
study. Additionally, we present the 3-D diagram, along with the corresponding density and contour
diagrams, over a specific time frame. We exploit diverse colors to confirm that the wave’s conduct
will revolutionize, that discrete waves will overlap, or that diverse curves will give the impression

at diverse points inside the identical wave.



In this work, all analytical solutions are accessible graphically in Figs. 1-14 for special
values of the parameters under some conditions. In Fig. 01, we introduce the kink and anti-kink
type multi-soliton solution of Eqg. (17) at k; =2k, =w; =05w, =1, =1, 1, =
-2,u3=-1,1; =1, =13 =1, =15 =g = 1. For the condition a; > 0,a, > 0, solution of Eq.
(17) provides kink type multi-soliton, in (a) is a 3-D plot and (b), and (c) are corresponding density
and contour plots respectively. For the condition a; < 0,a, < 0, solution of Eq. (17) provides
anti-kink type multi-soliton in (d) is a 3-D plot and (e), (f) are corresponding density and contour
plots. For the parameters k; =2,w, =—-0.5w; =—-1,k, =05, =1,u, = -2,u3 =
-1, =1, =13 =1, =15 =1g = 1, we illustrate a novel multi-soliton solution of Eq. (17) in Fig.
02. For the condition a; > 0,a, > 0, this solution provides bright multi-soliton in (a) is a 3-D plot
and (b), and (c) are corresponding density and contour plots, and for the condition a; < 0,a, < 0,
the solution provides dark multi-soliton. In Fig. 03, we introduce an innovative interaction solution
of Eq. (17) atk; =2,k =w; =05,w, ==-L, =L w=-2,u3=—-1LL1 =L =43 =1, =
s = 1g = 1. For the condition a; < 0,a, > 0, this solution provides interaction with bright and
dark bell waves in (a) is a 3-D plot, and (b), and (c) are corresponding density and contour plots,
and for the condition a; > 0,a, < 0, this solution provides interaction with bright and dark bell
waves in (d) is a 3-D plot, and (e), and (f) are corresponding density and contour plots. For the
parameters k; =15k, =1,w; =0.01,w, =051, =Ly =-2,3=1,1 =-1, =13 =
1, =15 = =3l = 1. We illustrate a novel multi-soliton solution of Eq. (17) shown in Fig. 04. For
the condition w, < 0, w, > 0, this solution provides interaction with dark bell and bright bell
wave in (a) as a 3-D plot and (b), and (c) are corresponding density and contour plots, and for the
condition w,; < 0, w, > 0, solution of Eq. (17) provides interaction with dark bell and bright bell
wave in (d) is a 3-D plot, and (), and (f) are corresponding density and contour plots. The
numerical form of the solution Eq. (17) provides interaction with dark bell and bright bell wave
solutions in different forms. For the parameters k; = 15,k, =1, w; = 0.01,w, = 0.5y, =
1Ly, =-2,u3=14L4 =-l, =13 =1, =15 = =3lg = 1, we illustrate the graph in Fig. 05. For
the condition w; < 0, w, > 0, this solution provides a breather wave in (a) is a 3-D plot and (b),
and (c) are corresponding density and contour plots, and for the condition w; < 0, w, > 0, this
solution provides a breather wave in (d) is a 3-D plot, and (e), and (f) are corresponding density

and contour plots.



In Fig. 06, we illustrate the feature of the numerical solution of Eq. (24) for the parameters
k;, =05k, =w; =1, w, =054, =1,u, = 2,43 = —1,1;, =1g =1y = 1;, = 1. The figure
in (a) is a 3-D plot and (b), and (c) are corresponding density and contour plots respectively. In
Fig. 07, we introduce the interaction solution of Eq. (24) for the parameters k; = 0.5,k, =
-lLw;=1lLw, =051 =-Luy,=2,vy=1,-1,=lg=-lg=1,=1. For a; > 0,a, > 0,
the figure in (a) is a 3-D plot of the anti-kink and periodic solution, and (b), and (c) are
corresponding density and contour plots respectively. For a; < 0,a, < 0, the figure in (d) is a 3-
D plot of kink and periodic solution, and (e), and (f) are corresponding density and contour plots
respectively. The interaction solution of the Eq. (24) for the value of the parameters k; = w, =
05w, =2k, =1, u; =1, u3=-1,u, =10,-1, =g = =1y = 2l;, = 1 shown in Fig. 08.
The figure in (a) is a 3-D plot of the interaction solution between soliton and kink solution and (b),
and (c) are corresponding density and contour plots respectively. In Fig. 09, we provide the
interaction soliton waves solution of Eq. (24) for the value of the parameters k; =k, = 1, w, =
05w, =2,y =1, u3=—-1,u, = 1,1, =1g =19 = 1;, = 1. The figure in (a) is a 3-D plot of
the interaction of solitons and (b), and (c) are corresponding density and contour plots respectively.
In Fig. 10, the interaction of the solution Eq. (24) for k; = 0.5k, =2, w; =1, w, = 0.5,u; =
—1,u; =1,pu, = -1,1, =lg =1y = 1,1;, = 2. The figure in (a) is a 3-D plot of the interaction of
periodic and singular waves and (b), and (c) are corresponding density and contour plots
respectively. In Fig. 11, the multi-soliton solution illustrates from the Eq. (26) for the value of the
parametersk; = 15,k, = 1,w, = =3, w; = 0.5,4; = —p3 = 1,u, = 2. Fora; > 0,a, > 0, the
figure in (a) is a 3-D plot of a multi-kink wave, and (b), and (c) are corresponding density and
contour plots respectively. For a; < 0,a, < 0 we get the figure in (d) as a 3-D plot of multi-anti-
kink wave solution and (e), and (f) are corresponding density and contour plots respectively. Multi-
soliton solution of Eqg. (27) is demonstrated for the value of the parameters k; = 0.5,k, =
—1,w, =05 w; =1,u; =3 = 1,0, = —2. Shows in Fig. 12. For a; > 0,a, > 0, the figure
in (a) is a 3-D plot of the bright multi-soliton solution, and (b), and (c) are corresponding density
and contour plots respectively. For a; < 0,a, < 0, the figure in (d) is a 3-D plot of the dark multi-
soliton solution, and (e), and (f) are corresponding density and contour plots respectively. In Fig.
13, the numerical solution of the Eq. (27) for the value of the parameters k; = 10,k, = -1, w, =
1.2, w; = —0.05, 4y = —1, u3 = 1, u, = —2. For the condition w; = 0.05 > 0, w, = —1.2 < 0,

the figure in (a) is a 3-D plot of the interaction of anti-kink and bright bell wave solution, and (b),



and (c) are corresponding density and contour plots respectively. For the condition w; = —0.05 <
0,w, = 1.2 > 0, the figure in (d) is a 3-D plot of the interaction of anti-kink and bright bell wave
solution, and (e), and (f) are corresponding density and contour plots respectively. In Fig 14, the
interaction of the anti-kink and dark bell wave solution of Eq. (27) for the value of the parameters
k; =1,k, =0.2,w, = —0.5,w; = 0.5,y = —=1,u3 = 1,nu, = —2. The figures in (a) and (d) are
3-D plots of the interaction of anti-kink and dark bell wave solution and (b), (c) and (e), (f)are

corresponding density and contour plots respectively.
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Fig. 01: Feature of the multi-soliton solution of Eq. (17) for the parameters k; = 2,k, = w; =
05w, =1L,y =1L,u,=-2,u3=—-11; =1, =13 =1, =1 =1, = 1.(a) and (d) are 3-D plots
of multi-kink and multi-anti-kink respectively; (b) and (e) are corresponding density plots; (c) and

() are corresponding contour plots.
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Fig. 02: Feature of the multi-soliton with interaction solution of Eq. (17) for the parameters k; =

2,(.02 = _0.5,0)1 = _1,k2 == 0.5,'.11 == 1,|J.2 = _2,l13 == _1,11 = 12 == 13 = 14_ = 15 = 16 = 1
(@) and (d) are 3-D plots of bright and dark bell-type multi-soliton with their interaction

respectively; (b) and (e) are corresponding density plots; (c) and (f) are corresponding contour
plots.
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Fig. 03: Feature of the interaction solution of Eq. (17) for the parameters k; = 2,k, = —w; =

0.5,0)2 = _1, |J.1 = 1, |J.2 = _2, |J.3 == _1,11 == 12 == 13 = 14_ = 15 == 16 == 1 (a) and (d) are 3'D
plots of interaction with bright and dark bell waves respectively; (b) and (e) are corresponding

density plots; (c) and (f) are corresponding contour plots.
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Fig. 04: Feature of the interaction solution of Eq. (17) for the parameters k; = 15,k, = 1, w; =
001, W, = 05, W = 1, Uy = _2, Uz = 1, 11 = _12 = 13 = 14 = 15 = _316 = 1. (a) and (d) are 3'
D plots of interaction with bright and dark bell waves respectively; (b) and (e) are corresponding

density plots; (c) and (f) are corresponding contour plots.



Fig. 05: Feature of the interaction solution of Eq. (17) for the parameters k; = 15,k, = 1, w; =
0.01, W, = 0.5, W = 1, Uy = _2, Uz = 1, 11 = _12 = 13 = 14_ = 15 = _316 =1. (a) and (d) are 3'
D plots of the interaction of double bright and dark bell waves respectively; (b) and (e) are

corresponding density plots; (c) and (f) are corresponding contour plots.
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Fig. 06: Feature of the breather wave solution of Eq. (24) for the parameters k; = 0.5,k, = w; =

)

1, w,; = 05, W = 1, Uy = _2, U3z = _1, 17 = 18 = 19 = 110 =1. (a) |S a 3'D p|0t al’ld (b), and (C)

are corresponding contour and 2-D plots respectively.



Ima(U(x, t))

Ima(U(x, t))

Fig. 07: Feature of the interaction solution of Eq. (24) for the parametersk; = 0.5k, = =1, w; =
1l,w, =051 =—-1u =2,u3=1,-1, =lg = —lg = 1;, = 1. The figure in (a) is a 3-D plot
of the interaction of anti-kink and periodic wave solution and (b), and (c) are corresponding density
and contour plots respectively. The figure in (d) is a 3-D plot of the interaction of kink and periodic

wave solution and (e), and (f) are corresponding density and contour plots respectively.

Fig. 08: Feature of the interaction solution between soliton and kink solution of Eq. (24) for the
value of the parameters k; = w, = 0.5, w0, =2,k, =1,y = L,ug =—-1,u, =10, -1, =lg =
—ly = 21;, = 1. The figure in (a) is the 3-D plot of the interaction solution and (b), and (c) are

corresponding density and contour plots respectively.
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Fig. 09: Feature of the interaction of soliton waves of Eq. (24) for the value of the parameters k; =
k,=1w, =—05w;, =2, =1, u3=—-1,u, =1,1;, =lg =1y =15 = 1. The figure in (a) is
the 3-D plot of the interaction solution and (b), and (c) are corresponding density and contour plots
respectively.
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Fig. 10: Feature of the interaction of periodic and singular waves of the solution Eq. (24) for the
value of the parameters k; = 0.5k, =2,w; =1, 0w, =051, = -1, u3 =1, n, = —-1,1; =
lg =1y = 1,1;, = 2. The figure in (a) is the 3-D plot of the interaction solution and (b), and (c) are

corresponding density and contour plots respectively.



Fig. 11: Feature of the multi-soliton solution of Eq. (26) for the value of the parameters k; =
15,k, =1, w, = =3, w; = 0.5,y = —p3 = 1, u, = 2. The figure in (a) is a 3-D plot of multi-
kink and (b), and (c) are corresponding density and contour plots respectively. The figure in (d) is
a 3-D plot of multi-anti-kink (e), and () are corresponding density and contour plots respectively.
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Fig. 12: Feature of the interaction of the double bell wave solution of Eq. (27) for the value of the
parameters k; = 0.5,k, = -1, w, = 0.5,w; = 1,4, = u3 = 1, p, = —2. The figure in (a) is a 3-
D plot of the interaction of bright type double bell wave solution and (b), and (c) are corresponding
density and contour plots respectively. The figure in (d) is a 3-D plot of the interaction of dark-
type double bell wave solution and (e), and (f) are corresponding density and contour plots
respectively.
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Fig. 13: Feature of the interaction solution of Eq. (27) for the value of the parameters k; =

10,k, = -1, w, = 1.2, w; = —0.05,u; = —1,u3 = 1,4, = —2. The figure in (a) is the 3-D plot

of the interaction of the anti-kink and bright bell wave solution, and (b), and (c) are corresponding



density and contour plots respectively. The figure in (d) is a 3-D plot of the interaction of anti-kink
and bright bell wave solution, and (e), and (f) are corresponding density and contour plots

respectively.
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Fig. 14: Feature of the interaction of anti-kink and dark bell wave of Eq. (27) for the value of the
parameters k; = 1,k, = 0.2, w, = —0.5,w; = 0.5,y = =1, 43 = 1, u, = —2. The figure in (a)
is the 3-D plot of the interaction solution and (b), and (c) are corresponding density and contour

plots respectively.

5. Conclusion

The newly modified simple equation (NMSE) method was successfully applied to the
Klein-Fock-Gordon (K-F-G) equation in this study. This allowed the investigation of multi-wave
soliton solutions and how they interact with each other. Analytical and graphical techniques were
used to derive and visualize these solutions, highlighting the NMSE method's unique capability to
address multi-soliton and interaction soliton solutions within this framework—an approach not
previously available. Under specific parametric conditions, the solutions were expressed using
exponential, trigonometric, and hyperbolic functions, as well as their combinations. For particular
parameter values, a variety of soliton configurations were obtained, including multi-kink waves,
multi-anti-kink waves, interactions between anti-kink and dark bell waves, anti-kink and bright
bell waves, pairs of bright or dark bell waves, bright-dark and dark-bright bell wave interactions,
periodic and singular waves, and interactions involving solitons, kinks, anti-kinks, periodic waves,
breather waves, and double bright-dark bell wave configurations. These solutions were
numerically illustrated through detailed 3D plots, density maps, and contour diagrams, providing
a comprehensive perspective on the dynamics of the interactions. This work represents the first

analytical derivation and exploration of these solutions, demonstrating their novelty and potential



significance. The solutions contribute valuable insights for applications in quantum field theory,

particle physics, condensed matter physics, astrophysics, and cosmology. Moreover, the

effectiveness and simplicity of the NMSE method in handling multi-soliton and interaction soliton

solutions make it a promising tool for nonlinear partial differential equations (NLPDESs). Future

studies may focus on exploring modulation instability, chaotic dynamics, and sensitivity analysis

incorporating Gaussian and hyperbolic perturbations.
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