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ABSTRACT

The propagation of nonplanar (cylindrical or spherical) Gardner solitons (GSs) in a plasma system containing nonthermally distributed
heavy ions, light ions, g nonextensive distributed electrons, and arbitrarily charged dusts is studied theoretically and numerically. The mod-
ified Gardner equation is derived using the reductive perturbation method. The basic properties (amplitude, polarity, speed, and so on) of
nonplanar dust-acoustic Gardner solitons (DA GSs) are analyzed numerically. Numerical analysis shows that the properties of the DA GSs in
cylindrical and spherical geometry differ from those in planar geometry. The findings of the present study considerably contribute to space
plasma and laboratory plasma.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license

(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0134642

I. INTRODUCTION

In earlier years, much research was focused on nonlinear waves
in dusty plasmas for positively and negatively charged dust.”” The
linear and nonlinear aspects of dust-ion-acoustic (DIA) and dust-
acoustic (DA) waves are well understood in both theoretical’°
and experimental perspectives.”~ A large number of theoretical
and experimental”’ works were carried out by many researchers,
which are valid for either Maxwellian ions or nonthermal ions at
the same temperature. It is also found that ions and electrons are
usually in different temperatures'®'" in space plasma. Considering
this realistic situation, the dusty plasma with two-temperature ions
or electrons,'”"” which are common in space,H % and laboratory
plasmas'"'” are a topic of interest.

Nonthermally distributed ions or electrons are present in the
plasma under heliospheric conditions.” To understand nonthermal
effects in outer space plasma, especially in temperatures higher than
that of the Martian ionosphere,'® the population of nonthermal par-
ticles and their distribution attracted a great deal of attention. Jilani
et al."” employed nonthermal electrons to study the ion acoustic
(IA) solitons in e-p-i plasma. Alinejad”’ studied DIA solitary and

shock waves in dusty plasma with nonthermal electrons. Verheest
et al.’! studied DIA supersolitons in dusty plasmas with nonther-
mal electrons employing the Sagdeev pseudo potential approach.
Tasnim et al.”> studied the effects of nonthermal ions of distinct
temperatures on DA shock waves in a dusty plasma system. Fer-
dousi et al.” studied DA shock excitation in depleted dusty plasmas
with x nonthermal electrons employing the reductive perturbation
approach. However, all of these works™ >’ were confined to planar
geometry in the plasma system. The nonplanar geometries of prac-
tical interest include capsule implosion (spherical geometry), shock
barrels (cylindrical geometry), formation of a star, explosions of a
supernova, etc.

The nonextensive effects in a plasma system are common in
astrophysical and cosmological cases such as stellar polytropes,”
quark-gluon plasma,” hadronic matter,”” neutron stars,”® collision-
less heating plasma,”*" etc., as well as in research lab requirements
in nano-substances, small devices, micro-configurations, etc.

Although planar and nonplanar GSs in the plasma system
were the focus of previous studies,”””” much remains to be under-
stood regarding the nonlinear features of nonplanar GSs in the
dusty plasma system. In this paper, we explored the cylindrical and
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spherically modified GSs in five component dusty plasma sys-
tems using the reductive perturbation method for small but finite
amplitude DA waves.

The structure of the paper is organized as follows. In Sec. II,
we present the governing equations for the considered plasma
system. In Sec. III, we calculate the MG equation for this sys-
tem by using the reductive perturbation method. Section IV
presents the analytical and numerical solutions of the MG equa-
tion. Finally, in Sec. V, we summarize our results and discuss their
implications.

Il. GOVERNING EQUATIONS

We address nonplanar geometry (cylindrical and spherical)
in five component dusty plasma systems comprising arbitrarily
charged mobile dust fluid, Cairn’s distributed negatively charged
heavy ions, nonthermally distributed light ions of two different tem-
peratures, and nonextensive electrons. In the steady state, we get
nil0 + Nizo + JZaMgo = Mpo + Neo, Where nio (ni0) is the equilibrium
ion density at lower (higher) temperatures, ny is the equilibrium
heavy ion density, Z, is the number of electrons and protons located
on the surface of the dust grain, n.o (14) is the density of electrons
(dust particles) at equilibrium, and J = 1(—1) refers to the positively
(negatively) charged dust. The following normalized equations can
be written for nonlinear dynamics of lower frequency waves, whose
phase velocity is significantly slower than that of the thermal velocity
of ions and electrons but quicker than that of the thermal velocity of
dust,

and 10 v _
T ;E(T natg) =0, (1)
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where the dust particle number density n; is normalized by n4,
the dust fluid motion u, is normalized by C,; = (Z;kpTin/ md)l/ 2,
the electrostatic wave potential ¢ is normalized by Tii/e, p is the
normalized surface charged density,’ and o1 = Ti /T2, 02 = Tir/ Te,
0y, = Ty/Te, Uy = nilO/ZdndO) Hp = niZO/Zd”dO) Hy = ”ho/Zd”dm and
= neo/Zangy = phy + f, — iy, +J. It is noted that Ty, Tip, Ty, and
T, are the lower ion temperature, higher ion temperature, heavy
ion temperature, and electron temperature, respectively. The time

variable t is normalized by w;dl = (mg/4nngZ5e* )72, and the space

variable x is normalized by Apm = (Ti/ 47'md0Zdez)1/ 2 The number
densities of two temperature nonthermal ions, n;; and #;,, heavy ions
ny,, and electrons n, are
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where 8 = 4a/(1 + 3a) and « expresses the population of the non-
thermal ions and heavy ions. The parameter g expresses the strength
of nonextensivity. In the limiting case (g — 1), the g distribution
function reduces to the Maxwell-Boltzmann distribution, and for
q < -1, the g-distribution is unnormalizable. The condition g < 1
refers to the case of superextensivity,”’ whereas the opposite
condition g > 1 refers to the case of subextensivity.”!

lll. DERIVATION OF THE MG EQUATION

To study finite amplitude dust-acoustic Gardner solitons
(DA GSs), initially, we present the stretched coordinates®” as

(Z S(T— th), (9)

T=¢t, (10)

where V, is the perturbation modes phase velocity and the smallness
parameter ¢ measures the weakness of the dispersion” (0 < e<1).
We expand the quantities n4, uy, ¢, and p in power series”” of ¢
in Eq. (11) where M is the system parameter that represents the
system’s state at a given position and time. We take into account
small deviations from the equilibrium position M'®, which is

néo) =1, uéo) =0,¢” = 0,and p© = 0, by employing
M=MD £ 3 M™, (11)
n=1

To the lowest order in ¢, Egs. (1)-(4) provide
w_ o 0T o
ud *Vp(p > nd *vg(p > (12)

v, - . (13)

V3oL q) +u(B-1)

Equation (13) is the linear dispersion relation for DA waves,
where t1 = (@0 — ;) — ,,01)-
We obtain a set of equations in Eqs. (14)-(17) up to a higher

level of ¢ using the values of nfil), ufil), and V),
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p(z) - _%Agbz =0, (16)

v, 1 3
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p

The solution of A(y,; = u.) = 0 for u,, is given by
pc = [](6.uhplpz +VD-ps) - 6M12p1p3] (18)
6py
where D= [J(J(16 + (1 +q)02(96 — 963 + 8(21 + q)0> — 48(q - 3)

(B =2)Boz + 24ps(B~ 1)z + (9= 3)*(1 + q)03)) + 24(2(B ~ 1)
= (1+q)02) (uia(=4(B = 1) (01 = 1)or +2(1 + 9) (0 = 1)a2 + p5
(B-1)(o1 - 1)05) +un(=ps(B~1)03 (0 = 1) +4(B~ 1) (0} ~ 1)oy,

=2(1+q)2) (0, = 1)), py = (2-2B+02+q0,), p,=(02+4q0,
+ 20y, — Zﬁah) p3 (201 = 2Bo, + 02+ q0,), p, = (12-12B+ 30,
+740,), =(qg-3)(1+¢q), Ps =4+ (1+q)oap,, and
P=(-1+ ﬂ)

Equation (18) expresses the critical value of w; (ug, for
positively charged dust and u., for negatively charged dust).”
The DASWSs with positive (negative) potential exist below (above)
the values of y, and pc,. The critical value is g, ~ 0.08 for ] = 1,
Up = 0.5, Uy, = 1.1, 01 =0.1~0.3, 02 = 1, 0}, = 0.125, and Uep = 1.58
for J=-1, Up =08, u,=11, 0:1=01~03, 02=041, and
o, = 0.125."" We let A = Ap when p;, # p, but y;; ~ uc, and for
around its critical value (u.), A = Ag™* can be expressed as

Ag = s( g:l )m yclyn - uc| = case, (19)
where
= 2]/42(1“1) o+ (1 +q)o2(f-1) - *H12(1+Q)02(ﬁ— 1)
+ 7ﬂh(1 +q)02(-1) =3(1+q)oa(B-1) - jﬂhﬂh(ﬁ— 1)
- ;Hn(ﬂ -1)° - ?wzal(ﬁ -1)°

—i(l+q)(3—q)02+ah2—l. (20)

In Eq. (20), |u;, — p| is a small and dimensionless parameter™*
and can be taken as the expansion parameter &, i.e., |4; — ol ~ &
s=1fory, > ., ands = —1foru, < pu..Thesurface charge density

p? can be written as

1
£2p(2) ~ —ssiclswz. (21)

To the next higher level in ¢, we obtain a set of equations as
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Now, using Egs. (22)-(24), we get an equation of the form

3
@ —1//+clst 1l/+ aBy @+Baw:0, (25)

or ac " P
where
=3 |vr el DG 3G - S’ (1-38)
+ Ey,«l(l -3B) + 5;4,«2013(1 —3/3)], (26)
B= %; (27)

Equation (25) is known as the MG equation. The change is
due to the additional term 5 v that results from the nonplanar

configuration. It is observed that if we ignore the term y* and set

3

V, 1 3
asB=A = 2| uy + unot - ~oou(1+q)(3 - q) — unoy + —{L ,
2 4 Vy
(28)
the MG equation reduces to a modified K-dV equation using lower

order stretching””** coordinates as
(= el/z(r - Vpt), T= &t

In this modified K-dV equation, the nonlinear term disap-
pears completely at y;; = pi, which causes the broad enough soliton
amplitude to break down the validity of the reductive perturbation
method.”” However, the derived MG equation is valid for nonplanar

configuration as well as for pt;; ~ p.”

IV. SW SOLUTION OF THE MG EQUATION

To study stationary Gardner solitons, we introduce a trans-
formation & = { — Upt, which allows us to write Eq. (25) under the
steady state condition as
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1(dy\’ ~
5(7{) +V(y) =0, (29)
where the pseudo-potential V(y) is

C1S 3

__ W LW
V(y) = BTV TRy (30)

In Eq. (30), Up and B are always positive. According to Eq. (30), it is

clear that
dv
V(¥)ly=o = TE//W) =0, (1)
v=0
VW (32)
dy y=0

The conditions in Eqgs. (31) and (32) imply that SW solutions of
Eq. (25) exist if

V(¥)ly=y, =0. (33)
The latter can be solved as follows:

c1sB oB

Uo = 3 Ymat ?V’rznl,b (34)
U

Y2 = wm[l £y /1+ 0], (35)
Vo

where y = —cis/a and Vo = ¢{s°B/6a. Now, using Eqgs. (34) and
(35) in Eq. (25), we get

d 2
(d—zf) 9 (¥ = Y1) (¥ = Ym2) = 0, (36)

where y = a/6. The SW solution of Eq. (25) or Eq. (35) is

N U T YT
W_I:I//mz (V/mZ V/ml)COSh (6)] ’ (37)

where the width of the MG soliton & is

2
0= ——. (38)
AV _yll/le/mZ

Equation (38) expresses the SW solution of Eq. (25). To find
the parametric regimes where positive and negative solitary potential
profiles exist, we carried out a numerical analysis and found A(y;,
= ) = O surface plots. The A(y,, = u.) = 0 surface plots are shown
in Figs. 1 and 2. In Fig. 1, it is seen that 4, gradually decreases with

scitation.org/journal/adv

0.30 0120
FIG. 1. Graph for A = 0, which shows the variation of Hep with o1 and o, for J = 1,
where 4, is the critical value of 4, above or below which positive or negative
potential solitons are found.

0.30 0.120

FIG. 2. Graph for A =0, which shows the variation of u., with o4 and oy, for
J = -1, where u, is the critical value of u;, above or below which positive or
negative potential solitons are found.

FIG. 3. Amplitude variation of positive DA GSs for cylindrical (v = 1) configu-
ration with g, = 0.3, u, = 0.8, w, = 1.1, 09 = 0.2, 02 = 1, 04 = 0.125, B = 0.6,
q=03% s=1,andJ = 1, where s > g,
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FIG. 4. Amplitude variation of negative DA GSs for cylindrical (v = 1) configura-
tion with g, = 0.05, p, = 0.8, u, = 1.1, 01 = 0.2, 03 = 1, 05, = 0.125, = 0.6,
q=03%s=-1andJ =1, where u;, < y,.

FIG. 7. Amplitude variation of positive DA GSs for cylindrical (v = 1) configura-
tion with g, = 2.3, p, = 0.8, u, = 1.1, 01 = 0.2, 02 = 0.41, o5, = 0.125, B = 0.6,
q=03s=1,andJ = -1, where y;; > pc,.

FIG. 5. Amplitude variation of positive DA GSs for spherical (v = 2) configura-

tion with g, = 0.3, , = 0.8, y, =11, 61 =02, 02 =1, 05 =0.125, = 0.6,

q=03%s=1,andJ =1, where y,; > Hep: FIG. 8. Amplitude variation of negative DA GSs for cylindrical (v = 1) configura-
tionwith i, = 1.17, u, = 0.8, 14, = 1.1, 04 = 0.2, 55 = 0.41, 05, = 0.125, 8 = 0.6,
q=033%s=-1andJ = -1, where y;; < g,

15 210 -5 5 10 T15°

FIG. 9. Amplitude variation of positive DA GSs with 8 for u;, = 0.3, u;, = 0.8,

FIG. 6. Amplitude variation of negative DA GSs for spherical (v = 2) configura- pp =11, 61=02, oy =1, 6,=0.125 =03, s=1, and J=1, where
tion with , = 0.05, p, = 0.8, u, = 1.1, 01 = 0.2, 02 = 1, 0 = 0.125, = 0.6, Hi1 > bgp- The blue line is for B = 0.3, the red line is for 8 = 0.5, and the black
q=037s=~1,andJ =1, where u;; < y,. line is for p = 0.7.
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FIG. 10. Amplitude variation of negative DA GSs with j3 for y;, = 0.05, u,, = 0.8,
=11, 01=02, 02=1, 0,=0125 ¢=03, s=-1, and J=1, where
Wit < tc,- The blue line is for 3 = 0.3, the red line is for 3 = 0.5, and the black
line is for = 0.7.

15 -10 -5 5 10 15

FIG. 11. Amplitude variation of positive GSs with 8 for u, =23, u, = 0.8,
w, =11, 01 =02, 02 =041, 6, =0.125 ¢=0.3, s=1, and J = —1, where
Wiy > M, The blue line is for B = 0.3, the red line is for 8 = 0.5, and the black
line is for = 0.7.

the increase in 0y, and 01, and in Fig. 2, it is seen that u., gradually
decreases with the increase in 0j, and 07.

In this paper, we have solved Eq. (25) numerically and stud-
ied the effects of nonplanar (spherical and cylindrical) geome-
tries on time dependent DA GSs with nonextensive distributed
electrons, nonthermally distributed ions, and heavy ions. The
results are shown in Figs. 3-12. In numerical analysis, the static
solution of Eq. (25) presents the initial condition without the
term 5~ .

-0.025

FIG. 12. Amplitude variation of negative GSs with 8 for u;, = 1.17, u,, = 0.8,
wp=11,01=02, 09 =041, 04 = 0.125, g = 0.3, s = -1, and J = -1, where
iy < He, The blueline is for B = 0.3, the red line is for 8 = 0.5, and the black line
isfor g =0.7.
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V. SUMMARY AND DISCUSSION

We have studied an unmagnetized five-component plasma sys-
tem consisting of two populations of nonthermal ions with two dif-
ferent temperatures, Boltzmann distributed electrons and negatively
charged dust fluid. The main results are as follows:

1. The considered plasma system supports finite amplitude GSs,
whose fundamental characteristics (viz., amplitude, polar-
ity, velocity, and width) strongly depend on many plasma
properties, specifically, igs Bigs yys 015 015 02, Oy G and f8.

2. The fundamental characteristics of GSs exist around y;; = p,
and it is found that they are distinct from K-dV solitons, which
do not occur at y;; = pi..

3. The positive GSs exist when y; > ¢, and negative GSs exist
when p;, < g, forJ = 1.

4. The positive GSs exist when y;; >t and negative GSs exist
when y,; <, for] =-1.

5. For J =1 where p;; >y, the amplitude of the positive GSs
decreases with the increase in 3, as shown in Fig. 9, and for
J =1 where u,; <pc,, the amplitude of the negative GSs
increases with the increase in f3, as shown in Fig. 10.

6. For J=-1 where p, >u.,, the amplitude of the posi-
tive GSs decreases with the increase in f, as shown in
Fig. 11, and for J = -1 where y, <y, the amplitude of
the negative GSs increases with the increase in f3, as shown
in Fig. 12.

7. Equation (25) illustrates that ;- reaches infinity when 7 — 0.
As a result, this term has a singular value at 7 = 0. This term
disappears for large values of 7, and we find the modified
Gardner equation. We begin with a large value of 7 such as
7 = -5 in the direction of time, where the term 5~ is insignif-
icant. The importance of the nonplanar geometrical impact is
clear from Eq. (25) when 7 — 0, and it becomes weaker with
the increase in 7.

8. According to the numerical solutions of Eq. (25), the nonpla-
nar DA GSs are identical for higher values of 7. It is discovered
that the amplitude of cylindrical 1D planar DA GSs is higher
than that of 1D spherical ones and smaller than that of the
spherical ones. The amplitudes of nonplanar (spherical and
cylindrical) DA GSs increase when 7 decreases, as shown in
Figs. 3-8.

In the considered plasma system, cylindrical and spherical
geometries and nonthermal effects play an important role in the
basic characteristics of DA GSs, viz., amplitude, width, polarity,
etc. Overall, the findings of this present study have illustrated the
rich variety of nonlinear aspects of DA GSs in different outer space
plasmas (viz., ionospheres,” auroral acceleration regions, explo-
sions of cluster, supernovas, active galactic nuclei, pulsar environ-
ments, etc.) in addition to experimental species (viz., semiconduc-
tor plasmas®® and intense laser fields’) in the principal plasma
species.*’
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