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ABSTRACT

A theoretical investigation has been made to explore the behavior of nonplanar (cylindrical and spherical) electrostatic shock waves in a dusty
plasma system that consists of arbitarily charged dust particles, negatively charged heavy ions following Cairn’s distribution, positively charged
ions with two different temperatures, and nonextensive electrons. The reductive perturbation technique is used to derive a modified Burgers
equation analytically. Analytical analysis shows that the characteristics of the nonplanar shock waves, including their polarity, amplitude,
width, and phase speed, undergo significant alterations due to factors such as the charges on dust particles, the number density of parti-
cles, the temperatures of heavy and light ions, nonextensive electron behavior, and dust kinematic viscosity. Furthermore, this study found
shock structures with either a positive or negative potential, depending on the critical value of the proportion of ions to the density of dust
particles. The findings maybe useful in understanding the characteristics of shock waves both in space plasma environments and laboratory
plasmas.

© 2024 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0208014
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I. INTRODUCTION

Dusty plasmas have been introduced as an exciting area of sci-
entific exploration, primarily owing to their crucial role in enhanc-
ing the comprehension of collective phenomena within both space
environments'~* and laboratory plasmas.”” Dust particles become
negatively charged as they accumulate electrons™ due to signifi-
cantly higher speeds than ions, resulting in an excess of electrons
being gathered by the dust grains. Conversely, these particles can
acquire a positive charge through various mechanisms, such as the
emission of photoelectrons caused by UV photons,® thermionic
emission resulting from radiative heating,”” and secondary elec-
tron generation.'” Hence, positively or negatively charged dust
particles have been identified in diverse settings, ranging from
space environments to controlled laboratory dusty plasmas.”'' ™"
Nonetheless, it has been discovered that randomly charged dust

within plasmas not only alters the characteristics of the wave
spectra but also brings forth various new eigenmodes. In recent
times, nonlinear dust-acoustic waves (DAWs), """ including
solitary waves and shock waves, have also gained signifi-
cant interest in understanding the characteristics of localized
electrostatic disturbances in dusty plasmas. Recently, Tanisha
et al.'® analyzed cylindrical and spherically DA modified Gardner
solitons (GSs) in a five-component dusty plasma systems. In
2022, Rajib and Sultana'® studied the nonlinear electromagnetic
wave phenomena by investigating compressive and rarefactive
electron-positron (EP) magnetoacoustic modes in an EP plasma
medium.

However, the influence of two-temperature ions’’ or
electrons” ** on dust acoustic shock waves (DASHWs) in both
space environments”*® and laboratory plasmas*> has been investi-

. . 27.28 . .
gated extensively by various researchers.”””* Hatami and Niknam”
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studied the propagation of ion-acoustic double layers with arbitrary
amplitudes in a nonlinear plasma system containing hot fluid
ions and nonextensive electrons at two temperatures (cold and
hot). Recently, Rajib et al.’’ explored the nonlinear propagation of
dust-ion-acoustic rogue waves within a three-component dust-ion-
electrons system employing the standard nonlinear Schrédinger
equation framework.

This paper studies the characteristics of nonplanar DASHWs in
a dusty plasma system. The formation of DASHWs arises from a del-
icate equilibrium between nonlinearity and dissipation mechanisms.
The dissipation, crucial for shock formation,'! stems from various
sources, such as Landau damping, kinematic viscosity among
plasma constituents, and wave—particle interactions. The primary
aim of this study is to investigate the characteristics of cylindrical
and spherical electrostatic shock formations using the modified
Burgers equation (mBE). These phenomena have been observed
in a variety of environments, including Saturn’s E ring, Earth’s
mesosphere, Halley’s comet tails, Jupiter’s magnetosphere, solar
active regions,”’ and laboratory dusty plasmas.”’ The manuscript
is structured as follows: the governing equations are provided
in Sec. II. In Sec. III, we derive the mBE by employing the
reductive perturbation technique. A brief analytical analysis is
presented in Sec. I'V. Finally, a summary is given in the conclusion
Sec. V.

Il. GOVERNING EQUATIONS

We examine the propagation of nonplanar (cylindrical and
spherical) DASHWs in an unmagnetized dusty plasma medium con-
taining arbitrarily charged mobile dust, electrons following g nonex-
tensive distribution, nonthermal ions following Cairn’s distribution,
and negatively charged heavy ions at two distinct temperatures.
Therefore, at equilibrium, we have 10 + ni20 + jZ 1140 = Npo + Heos
where j = +1 (+ for positively charged dust and — for negatively
charged dust); Z; is the number of electrons or protons present
on the surface of the dust grain; and niio, #i20, 4o, M0, and ng
are the equilibrium number density of ion with lower temperature,
ion with higher temperature, heavy ion, electron, and dust particles,
respectively. The nonlinear dynamics of low-frequency DASHWs in
a dusty plasma system, where the phase speed is significantly slower
than the thermal speeds of electrons and ions, but faster than that of
dust particles, is described by the following equations:

81’ld 10

W + 7@(7‘ ndud) 0, (1)
Oug ,\, Oua _ ;09 ﬂé( %)
ot "or T or T ar\” or @

0 ).
S i1+ (a- D]
+ (1 + By + Bojg’ e ™
— ua(1+pg+pp*)e
- [Aiz(l + o1 + ﬂafgbz)e*'w - jng, 3)

where v=0 for 1D planar geometry and v=1 (2) for non-
planar cylindrical (spherical) geometry, n; is the density of

pubs.aip.org/aip/adv

dust particles normalized by its equilibrium value ng4, u, is
the dust fluid speed normalized by C, = (ZsksTi/mg)'?, 7 is
the viscosity coefficient normalized by mdndowpd)tf)m, and ¢ is
the electrostatic wave potential normalized by T /e. The para-
meters raised in Eq. (3) are defined as o1 = Ti/Ti, 02 = Tin/Te,
op = Th/Te) Uy = ”ilO/ZdndO’ Hip = 120/ Zahgos Hy = ”hO/Zd”dO) and
U= ne/Zgngy = p,y + iy, — i, +j» where Ty (Ti) is the lower
(higher) ion temperature, T, is the electron temperature, and T
is the heavy ion temperature. The time variable ¢ is normalized by

1/2

a);dl = (mg/4mngZie*)"?, and the space variable x is nor-

malized by Apm = (Ta /47'meZdez)l/ 2. The number densities of
two-temperature nonthermal ions, nonthermal heavy ions, and
nonextensive electrons are

ni1 = nilo 1+ﬂ(T7¢)+ﬁ(%‘5)2]8_(%)’ (4)

nia = i 1+ﬁ(T¢)+/3(“‘5)2]e(?ﬁ), 5)

T
Ny = Mg 1+ﬁ(7fp)+ﬁ(;(ﬁ)z]e_(;t)> (6)
nefneo[1+(q—1) e¢:|2(q 1), (7)

where f = 4a/(1+3a) and « is the combined population of
nonthermal ions and negatively charged heavy ions.

lll. DERIVATION OF MODIFIED BURGERS EQUATION

To formulate the mBE for the electrostatic DASHWSs, we
initially introduce the stretched coordinates as

(=e(r=Vyt), t=¢t, ®)

where V), expresses the phase speed of the DASHWs and ¢ (0 < ¢

< 1) represents a parameter indicating the weakness of the dis-

persion. We then expand ny, uy, and ¢ in power series of &
as

ng=1+ snfi )4 szn(z) + ssnga) N 9)
ug =0+ 5”,(1 ) 4 szu(z) + s3u(3) - (10)
¢:0+s¢(1) +£2¢(2) +s3¢(3) ey (11)

and formulate equations using different powers of €. At the smallest
magnitude of ¢, Egs. (9)-(11) give
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Vy = ! (14)

Vi (1+q)+ 0 (B-1)

where t; = p, 0, — ;) — 1,01
To the next higher order of ¢, we obtain a set of equations as

on, M Bnd(z) Ouy,® dop ug My
-V, + + 4+
or o¢ oC oVt

=0, (15

(1) (2) (1) 2 (1)
Oy O, 0O 0¢® _ 9uy

or ol T o ar TTae e (9
1 m? 1 ©)
2Ho G a)B-q)¢r" +Juoa(1+q)¢
+unBond® — o + %P‘haﬁ(l)z - unpy®
+,ui1¢(2) - %ﬂﬂ(ﬁ(l)z —ﬂi2ﬁ01¢(2) +.“i2(71¢(2)
_%.”12012(/5(1)2 -jn® =0, 17)

where p = n‘(il)u‘(il). Now combining Egs. (15)-(17), we obtain an

equation in the form,
o’y
-C— =0 18
v-Cor (18)

%+Av/

oy v
or o " 2r

ol 2t

Equation (18) represents the modified Burgers equation, where ¢
=y, A is the nonlinear coefficient, and C is the dissipative coefficient
are given by

3

1 3
A= anizrff—Zazﬂ(l+q)(3—q)—ﬂhrfi+*]4 , (19
VP

1
C=3 (20)

The stationary shock wave solution of Eq. (18) in planar geom-
etry (v = 0) is obtained by the normalized quantity £ = { - Up7 and

7 =ras

¥ = Ym[1 — tanh (§/A)], (21)

where v, = Uo/A is the DASHWs amplitude and A = 2C/Uy is the
DASHWSs width. It is obvious from vy, = Uy/A that y, — co as
A — 0. This means that our theory is not valid when A ~ 0, which
makes the amplitude extremely large and breaks down the validity
of the reductive perturbation method. We can get the time evolu-
tion of the shock wave solution by modifying Eq. (21) as y(& # 0,7")
 yin[1 - tanh (/4)]."

IV. ANALYTICAL ANALYSIS

From Eq. (21), the nonlinear coefficient A is a function of Pip>
> Wy 01> 02, 0, B, and g. Therefore, to identify the parametric
regions where A = 0, we express the parameter y, in terms of the

pubs.aip.org/aip/adv

Hep

0.120
0.30

FIG. 1. Hhep VS 01 and o, when A = 0.

others (f"iz> tys O1> 02, O, B, and g). Thus, the critical value of Yy
(denoted as ) at A = 0 can be represented as

1
pil = Yo = Q[—Wupll’z
+ j(—4 = (1+q)oaps + 6upp1ps + \/1_))]» (22)

where D = [j(j(16 + (1 +q)02(96 — 96 + 8(21 + q)0> — 48(q - 3)
(B-2)Bor + 24ps(B—1)0; + (9—3)°(1+q)33)) + 24(22(ﬂ— 1)
-1+ Q)Uz)(HiZ(—gl(ﬁ - Do = Do+ 2(1 +q)(0r - Voo
+ps(B-1)(o1 - 1)02)2+ n(=ps(B-1)o3(on = 1) + 4(B-1) (0o,
-1oy -2(1+q)02)(0, - 1))],  p,=(2-2B+02+40,), 123
= (201 - 2o, + 02+ q0,),  py=(12-128+30, +7q90,), p,
= (02 + g0, + 20, — 2f0,,), and p; = (g - 3) (1 +q).

0.120

FIG. 2. 4., vs o1 and o, when A = 0.
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FIG.3. yvs&and rforp, =03, v=1,u,=05u,=11,01=0202=1,04
=0.125,4=06,9=03,1=05andj = 1.

Equation (22) expresses the critical value of y;, denoted
as p,, for positively charged particles and p, for negatively
charged particles. It is observed that shock waves exist with
positive potential for u; >u,, and u,; <p, and with negative
potential for 4, <p,, and y; > pu,,. Notably, the nonlinear coef-
ficient A reaches zero at its critical point, p; =pu,, ~0.08 for
positively charged dust (j=1) and g, =pu, ~ 1.58 for negatively
charged dust (j=-1). Equation (22) is calculated for a set of
plasma parameters, p,, = 0.5, 4, = 1.1, 01 =0.1 ~0.3, 02 = 1, and
0, =0.125forj=1and y, = 0.8, 4, = 1.1, 01 = 0.1 ~ 0.3, 02 = 0.41,
and o, = 0.125 for j = —1'>"****" using Mathematica 13.

The certain ranges of the dusty plasma parameters
01=01~03, 0,=1 for j=1; 02 =0.1~0.7 for j=-1; and oy,
=0.120 ~ 0.125, = 0.1 ~ 0.9, and g = 0.3 are used in this analytical

FIG. 4. yvs&and rfory, =23,v=1,p4,=05u,=11,01=01,00=1,04
=0.1258=06,g=03,17=05,j=-1.

pubs.aip.org/aip/adv

FIG. 5. y vs & and 7 for y, =0.02, v=1, y;, = 0.5, 4, = 1.1, 01 = 0.1, 02 = 1,
0y, =0.125,3=06,9=03,7=0.5andj = +1.

analysis.'>'**>’® The parametric range considered for this dusty
plasma model is shown in Figs. 1 and 2. Our main results are in the
following.

1. The small amplitude shock waves exist with a positive poten-
tial for p,, > Hg, and yy,; < p, and with a negative potential for
My <ty and pyy > p,, (shown in Figs. 3-10).

2. The time evolution of the nonplanar DASHWs significantly
differs from the 1D planar DASHWs. In addition, the proper-
ties of shock waves are observed to change over time in both
cylindrical and spherical cases.

3. Equation (18) shows that the term -y exhibits singular-
ity at 7=0 and goes to infinity as 7 approaches zero. As
T becomes large, this term diminishes, yielding the Burg-
ers equation. Considering the temporal dimension, we may

-40

FIG. 6. yvs &and 7 for y, =117, v=1, 4, = 0.8, 4, = 1.1, 01 = 0.1, 02 = 1,
0y, =0.125,3=06,4=03,7=05andj = 1.
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FIG.7.yvs&and rfory, =03,v=2pu,=05u,=11,01=020,=1,04 FIG. 9. y vs & and 7 for y, = 0.02, v=2, yj, = 0.5, y, = 1.1, 01 = 0.1, 02 = 1,
=0.1254=06,9=03,1=05andj = +1. 0, =0.125,3=06,9=0.3, 4 =05,andj = +1.

initiate our initial pulse at 7= -40 where the term ; vy is
negligible. It is obvious from Eq. (18) that the nonplanar effect
becomes prominent as T approaches zero and diminishes for
higher values of 7.

4. The height and width of the cylindrical shock wave are larger
than those of the 1D shock wave but smaller than those of the
spherical shock wave.

5. The Burgers equation derived in this context is valid only for
the limits A # 0, A >0, and A < 0. The ranges 0.1 < ¢ < 0.3,
0.1<0,<06, 0.120< 0, <0.125, 0.1 <$<0.9, and -1<q
<1777 of the dusty plasma parameters used in this analyt-
ical analysis are very wide and correspond to space’”* and

laboratory plasmas.

- 40

FIG. 10. y vs £ and 7 for y, = 117, v =2, 4, = 0.8, y, = 1.1, 01 = 0.1, 02 = 1,
0y, =0.125,3=06,4=03,7=05andj = 1.

V. CONCLUSION

We investigated the nonlinear propagation of cylindrical and
spherical DASHW s in an unmagnetized dusty plasma consisting of
arbitrarily charged mobile dust fluid, light positive ions, heavy nega-
tive ions, and nonextensive electrons. We studied the characteristics
of small amplitude cylindrical and spherical DASHWs by employ-
ing the stationary solution of the modified Burgers equation. We
observed that the fundamental properties of DASHWs in dusty plas-
mas undergo significant modifications influenced by the number
densities of heavy and light nonthermal ions (1, nj1, and n;;) and
the temperatures of electrons and ions (Te, Ty, Ti1, and Ti). Our
present study contributes for understanding the key characteristics
FIG. 8. yvs fand 7for  =23,v =2,y =08,y =1.1,01 = 01,0 =1, 0 oflocalized cylindrical and spherical DASHWs in the space plasmas.
= U2, = 0 g/= 18] = Ui ] = = In conclusion, we propose conducting numerical analysis to validate
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the theoretical findings, aiming to observe DASHW s with nonplanar
geometries in both laboratory plasmas such as in pair-ion (fullerene)
experiments™ and space plasmas.*”"’
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