
Results in Physics 54 (2023) 107113

Available online 30 October 2023
2211-3797/© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

Obliquely propagating optical wave patterns to the (2 + 1)-dimensional 
chiral nonlinear Schrödinger equation in the absence and presence of 
Atangana derivative 

K.M. Abdul Al Woadud a,b,*, Dipankar Kumar c,*, Aminur Rahman Khan a 

a Department of Mathematics, Jahangirnagar University, Savar, Dhaka 1342, Bangladesh 
b Department of Electrical & Electronic Engineering, Uttara University, Dhaka 1230, Bangladesh 
c Department of Mathematics, Bangabandhu Sheikh Mujibur Rahman Science and Technology University, Gopalganj 8100, Bangladesh   

A R T I C L E  I N F O   

Keywords: 
Chiral Schrödinger equation 
The unified method 
Optical solutions 
Wave obliqueness 
Atangana derivative 
Wave propagation 

A B S T R A C T   

The study aims to explore obliquely propagating optical wave solutions to the (2 + 1)-dimensional chiral 
nonlinear Schrödinger (NLS) equation in both the absence and presence of the Atangana derivative. In order to 
convert the classical-order chiral nonlinear Schrödinger equation to an ordinary differential equation, a trans
formation associated with wave obliqueness is applied. Hereafter, the unified method is applied to the reduced 
equation. As outcomes, the dark, periodic singular with unequal wave length, periodic with equal wavelength, 
periodic, unsmooth periodic, singular periodic soliton solutions are received to the ordinary differential equa
tion. Later, the acquired solutions are then put to the applied transformation associated with obliqueness. 
Moreover, the fractional-order chiral NLS equation is solved by using the spatiotemporal Atangana derivative 
with oblique wave transformation and the unified method. In terms of wave obliqueness, fractionality, and 
applied technique sense, all generated wave solutions are revealed to be novel. Along with their physical ex
planations, the impacts of obliqueness and fractionality on the solutions are graphically illustrated. It is exposed 
that as obliqueness and fractionality increase, the optical wave phenomena change. Additionally, it is discovered 
that the employed method can be used to obtain novel optical soliton features to the chiral nonlinear Schrödinger 
equation with or without fractional and obliqueness constraints. It can be assured that the utilized method is 
more powerful than the other methods. As a result, the method can be used in future research to explain the 
many physical phenomena that arise in optical fiber communication networks.   

Introduction 

Background and motivation 

Nonlinear partial differential equations (PDEs) govern a wide range 
of complex phenomena in the biological, chemical, and physical sci
ences. Many scientists working in this area are drawn to the well-known 
nonlinear Schrödinger equation because it makes it easier to understand 
complex phenomena that arise in fields like quantum physics, fluid 
dynamics, optical physics, and others. Due to the development of 
computational facilities, there have been tremendous breakthroughs in 
recent years in the resolving of the nonlinear PDEs by some important 
analytical methods, such as the homogeneous balance method [1], the 
extended F-expansion method [2], the extended tanh function method 

[3], the modified simple equation method [4], the (G′/G)-expansion 
method [5], the transformed rational function method [6], the gener
alized Kudryashov method [7], the auxiliary equation method [8], the 
Weierstrass elliptic function expansion method [9], the modified 
Kudryashov method [10–13], the sine-Gordon equation expansion 
method [14,15], the extended sinh-Gordon equation method [16–18], 
the hyperbolic function method [19], the Hirota method [20], the Sar
dar subequation method [21–23], the unified solver method [24]. 
Remarkably, three of the papers of Kudryashov [25–27] advise us to be 
careful when using the methods for obtaining exact solutions of the 
nonlinear PDEs. In this regard, we have checked our newly explored 
solutions under the back substitution of the correspondent PDE by Maple 
18 software and found them correct. 
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Governing model and literature review 

Under the investigation of novel optical wave solutions, we consider 
the chiral NLS equation given by [28–31]: 

iψt + a
(
ψxx +ψyy

)
+ i
(
b1(ψψx

* − ψ*ψx)+ b2
(
ψψy

* − ψ*ψy
) )

ψ = 0 (1)  

where ψ = ψ(x, y, t) is the complex function of x, y and t. The spatial 
variables x and y and the temporal variable t are represented in Eq. (1). 
Eq. (1) denotes the temporal evolution of the wave, followed by the 
dispersion term that is given by the coefficient of a, b1 and b2 are 
nonlinear coupling constants and the ‘*’ sign indicates the complex 
conjugate. 

Equation (1) produces chiral solitons, which are crucial in the 
quantum Hall effect [28], where chirp and chiral excitations are known 
to manifest. Several studies have been conducted on the models (1). For 
example, Bulut et al., [29] contributed to solving the CNS equation and 
designed two types of progressing wave solutions such as bright and 
dark soliton trains. Moreover, Bulut et al., [29] identified bright and 
dark soliton solutions of the CNS equation with the aid of the extended 
sinh-Gordon equation method. Younis et al., [30] investigated the CNS 
equation critically with perturbation terms and a coefficient of Bohm 
potential. Consequently, by applying the extended tanh method along 
with their constraint conditions, soliton-like solutions, triangular-type 
solutions, and single and combined non-degenerate Jacobi elliptic 
function-like solutions can be derived. A trial solution technique is used 
for CNS equations [31]. The trial solution technique produces soliton 
and singular soliton solutions. Raza and Javid [29] conducted the op
tical dark and singular solitons for CNS equation by integrating two 
distinct integration schemes namely, the extended direct algebraic and 
extended trial equation methods. Based on the above literature [32–39], 
no studies have been found to construct analytic solutions for the (2 +
1)-dimensional chiral NLS equation with/without considering the 
Atangana’s derivative and wave obliqueness. It is mentioned that some 
scholars used the unified method previously for solving a variety of 
types of nonlinear PDEs without or with the involvement of fractional 
calculus. However, most of them do not include wave obliqueness, as 
well as they are not explained from the physical point of view. There
fore, the present study will apply the unified method to the considered 
equation and interpret the spatiotemporal dynamics of soliton pulses in 
the absence and presence of the Atangana derivative combined with 
wave obliqueness. 

Objectives of the study 

The main objective of this study is 
(i) to apply the unified method to interpret the spatiotemporal dy

namics of optical soliton pulses in the (2 + 1)-D chiral NLS model with 
the absence and presence of the Atangana derivative, 

(ii) to analyze the effects of wave obliqueness on the optical soliton 
pulses, 

(iii) to interpret the effects of fractional parameters on the optical 
soliton pulses, and 

(iv) to analyze the effects of free parameters related to the model and 
method on the optical soliton pulses, as well as, to interpret the method 
used for generating these pulses, 

Recently, the unified method has attracted wide attention as it has 
huge potential in extracting new oblique optical wave solutions of the 
nonlinear PDEs with the absence and presence of fractional derivatives. 

Methodology 

In this section, we will recount the workflow of the unified method to 
investigate some new optical solutions to a nonlinear evolution equation 
(NLEE). Furthermore, the novelty of the unified method is discussed 
here. 

Outlines of the unified method 

Undertake a general (2 + 1)-dimensional NLEE in the following 
form: 

P(ψ ,ψx,ψy,ψt,ψψx,ψxx,ψxy,ψxt,ψyt,ψψtt,ψxtt,⋯⋯) = 0 (2)  

P is a polynomial of ψ(x, y, t) and its various partial derivatives, which 
appear in both linear and nonlinear terms, where ψ = ψ(x, y, t) is an 
unknown complex-valued function. 

Step 1: With the introduction of the transformation 

ψ(x, y, t) = u(ξ)eiθ(x,y,t) (3)  

where ξ = αcosγx+βsinγy − vt and θ(x, y, t) = pcosγx + qsinγy + wt. 
Here, α and β denote the soliton’s frequencies in the x- and y-directions, 
respectively, while w stands for the wave number. The soliton’s inverse 
width in the x and y directions is represented by the parameters p and q, 
respectively, and its velocity is denoted by v. On the other hand, γ rep
resents the obliqueness and is followed by the equation cos2γ + sin2γ =

1. 
Eq. (2) is transformed into the following nonlinear ordinary differ

ential equation (ODE): 

O(u, uu′, u′, u″⋯⋯⋯.) = 0 (4)  

where the superscripts represent the ordinary derivatives with respect to 
ξ, O is a polynomial of u and its derivatives. If necessary, one integrates 
Eq. (4) as many times as possible and sets the constants of integration to 
be zero for simplicity. 

Step 2: Suppose the solution of a nonlinear PDE can be expressed by 
an ansatz as follows: 

u(ξ) = a0 +
∑M

i=1

(
aiϕi + biϕ− i) (5)  

where ϕ = ϕ(ξ) satisfies the Riccati differential equation 

ϕ′(ξ) = ϕ2(ξ)+ σ (6)  

where ϕ′ = dϕ
dξ, and ai, bi, and σ are constants. The general solutions of Eq. 

(6) are as follows: 
Family 1: When σ < 0, the solutions of Eq. (6) are 

ϕ(ξ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2)σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2)σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

(7)  

Family 2: When σ > 0, the solutions of Eq. (6) are 

ϕ(ξ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2)σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2)σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) − isin(2

̅̅̅
σ

√
(ξ + E) )

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

(8) 
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Family 3: When σ = 0, the solution of Eq. (6) is 

ϕ(ξ) = −
1

ξ + E
(9)  

where R, S, and E are three real arbitrary constants. 
Step 3: The positive integer M can be accomplished by considering 

the homogeneous balance between the linear term of the highest order 
with the nonlinear term of the highest degree appearing in Eq. (4) as 
follows: If it is defined that the degree of u(ξ) as D[u(ξ) ] = M, then the 

degree of the other expressions is defined by D
[

dqu
dξq

]
= M + q, 

D
[
ur
(

dqu
dξq

)s ]
= Mr + s(q+M). Thus, the value of M in Eq. (5) is found. 

Step 4: Substituting Eq. (5) and Eq. (6) into Eq. (4) and collecting all 
terms with the same degree of ϕ together, then setting each coefficient of 
the term with ϕi( − M ≤ i ≤ M) to zero, yield a set of algebraic equations 
for ai, bi, v, w and σ. Substituting ai, bi, v, w and σ into Eq. (5). Using the 
general solutions of Eq. (6) in Eq. (7), Eq. (8), and Eq. (9) the explicit 
solutions of Eq. (2) immediately depending on the value of σ can be 
obtained. 

Novelty of the unified method 

The study of nonlinear PDEs has been pursued in several fields, 
including physics, biology, and chemistry. Therefore, it is crucial for 
scientists to develop new techniques and determine several solutions for 
nonlinear PDEs. The solution of nonlinear PDEs can be accomplished in 
numerous ways. The tanh function methods and the (G′/G) -expansion 
methods families are the two that are most frequently employed. The 
advantages of the unified method, firstly compared to other methods, it 
generates a huge number of solutions. Namely, it gives not only the 
solutions of the other methods but also new exact solutions not obtained 
using other methods. Secondly, it unifies the merits of all the methods in 
one method without needing extra effort. Lastly, it has a simple algo
rithm to apply on the computer. Unlike the others, it reduces the process 
on the computer as much as sometimes even calculated by hand. As in 
refs. [40,41], the unified method is novel and efficient because it 
overcomes the weaknesses and deficiencies of the existing methods, 
such as (i) the tanh-function method [42], (ii) the extended tanh- 
function method [3], (iii) the modified extended tanh function method 
[43], (iv) the complex tanh-function method [44], (v) the G′/G-expan
sion method [45], (vi) the generalized G′/G-expansion method [46], and 
(vii) the (G′/G,1/G)-expansion method [47,48]. 

Mathematical analysis 

Wave transformation in the absence of the Atangana derivative 

To determine optical wave solutions of Eq. (1), the following trans
formation is selected: 

ψ(x, y, t) = u(ξ)eiθ(x,y,t), i =
̅̅̅̅̅̅̅
− 1

√
(10)  

where u(ξ) represents the amplitude component with ξ =

αcosγx+βsinγy − vt and the phase component θ(x, y, t) of the soliton is 

defined as θ(x, y, t) = pcosγx + qsinγy + wt. Here, α and β denote the 
soliton’s frequencies in the x- and y-directions, respectively, while w 
stands for the wave number. Additionally, in Eq. (10), the parameters p 
and q stand for the inverse widths of the soliton along the x and y di
rections, respectively, while v stands for the soliton’s velocity. It is noted 
here that γ represents the wave obliqueness (0 ≤ γ < π/2) and 
(π/2 < γ ≤ π). The integer-order CNS equation specified by Eq. (1) after 
applying the aforementioned transformation and dividing the result into 
real and imaginary parts, the following pair of equations is achieved: 

Re : T1u″ + T2u3 − (T3 + w)u = 0
Im : v = 2a

(
αpcos2γ + βqsin2γ

)

}

(11)  

where T1 = a
(
α2cos2γ +β2sin2γ

)
, T2 = 2(pb1cosγ +qb2sinγ), T3 =

a
(
p2cos2γ +q2sin2γ

)
, and a prime represents the derivative with respect 

to ξ.

Optical wave patterns of the model without the presence of the Atangana 
derivative 

Balancing the linear term (u″) with a nonlinear term (u3) in Eq. (11), 
we find M = 1. Then, the solution of Eq. (11) takes the form 

u(ξ) = A0 +A1(φ(ξ) )+B1(φ(ξ) )− 1 (12)  

By substituting Eq. (12) along with its second derivative into Eq. (11) 
and equating the like powers of φ(ξ), a system of equations is attained, 
which on solving yields the following solution sets: 

Set 1: A0 = 0, A1 = 0, B1 = ±
̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
σ, and w = 2T1σ − T3. 

Set 2: A0 = 0, A1 = ±
̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
, B1 = 0, and w = 2T1σ − T3. 

Set 3: A0 = 0, A1 = ±
̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
, B1 = ±

̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
σ, and w =

− (4T1σ +T3). 

Set 4: A0 = 0, A1 = ∓
̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
, B1 = ±

̅̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
σ, and w = (8T1σ − T3). 

where T1 = a
(
α2cos2γ +β2sin2γ

)
, T2 = 2(pb1cosγ +qb2sinγ), and T3 =

a
(
p2cos2γ +q2sin2γ

)
. 

Set 1 corresponds to the following optical wave solutions with the 
obliqueness of the considered model with the aid of Eqs. (7)-(10): 

ψ1,2(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2+S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠

− 1

×eiθ(x,y,t)

(13)  

ψ3,4(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2+S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠

− 1

×eiθ(x,y,t)

(14)    

ψ5,6(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1

× eiθ(x,y,t) (15)  

ψ7,8(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1

× eiθ(x,y,t) 16)   
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ψ9,10(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1

× eiθ(x,y,t)

(17)  

ψ11,12(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1

× eiθ(x,y,t)

(18)  

ψ13,14(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)− 1

×eiθ(x,y,t)

(19)     

For Eqs. (13)-(20), ξ = αcosγx + βsinγy −
(
2a
(
αpcos2γ + βqsin2γ

) )
t, θ(x,

y, t) = pcosγx + qsinγy + (2T1σ − T3)t, T1 = a
(
α2cos2γ +β2sin2γ

)
, T2 =

2(pb1cosγ +qb2sinγ), and T3 = a
(
p2cos2γ +q2sin2γ

)
are used for the ob

tained solutions. 
Set 2 corresponds to the following optical wave solutions with the 

obliqueness of the considered model with the aid of Eqs. (7)-(10): 

ψ17,18(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

⎞

⎠

× eiθ(x,y,t)

(21)  

ψ19,20(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2+S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠

×eiθ(x,y,t)

(22)   

ψ25,26(x,y, t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ+E))

Rsin(2
̅̅̅
σ

√
(ξ+E))+S

⎞

⎠× eiθ(x,y,t)

(25)  

ψ27,28(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ+E))

Rsin(2
̅̅̅
σ

√
(ξ+E))+S

⎞

⎠×eiθ(x,y,t)

(26)  

ψ29,30(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)

×eiθ(x,y,t)

(27)  

ψ31,32(x,y,t)=±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))+ isin(2

̅̅̅
σ

√
(ξ+E))

)

×eiθ(x,y,t)

(28)  

For Eqs. (21)-(28), ξ = αcosγx + βsinγy −
(
2a
(
αpcos2γ + βqsin2γ

) )
t, θ(x,

y, t) = pcosγx + qsinγy + (2T1σ − T3)t, T1 = a
(
α2cos2γ +β2sin2γ

)
, T2 =

2(pb1cosγ +qb2sinγ), and T3 = a
(
p2cos2γ +q2sin2γ

)
are used for the ob

tained solutions. 
Set 3 corresponds to the following optical wave solutions with the 

obliqueness of the considered model with the aid of Eqs. (7)-(10):  

ψ15,16(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

)− 1

× eiθ(x,y,t) (20)   

ψ21,22(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

× eiθ(x,y,t) (23)  

ψ23,24(x, y, t) = ±

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

× eiθ(x,y,t) (24)   

ψ33,34(x, y, t) = ±

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

⎞

⎠+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t)

(29)   
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For Eqs. (29)-(37), ξ = αcosγx + βsinγy −
(
2a
(
αpcos2γ + βqsin2γ

) )
t, 

θ(x, y, t) = pcosγx + qsinγy − (4T1σ +T3)t, T1 = a
(
α2cos2γ +β2sin2γ

)
, 

T2 = 2(pb1cosγ +qb2sinγ), and T3 = a
(
p2cos2γ +q2sin2γ

)
are used for the 

obtained solutions. 

Set 4 corresponds to the following optical wave solutions with the 
obliqueness of the considered model with the aid of Eqs. (7)-(10):   

ψ35,36(x,y, t) =±

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 +S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 +S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t)

(30)  

ψ37,38(x, y, t) = ±

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(31)  

ψ39,40(x, y, t) = ±

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(32)  

ψ41,42(x, y, t) = ±

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t) (33)  

ψ43,44(x, y, t) = ±

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t) (34)  

ψ45,46(x,y,t)=±

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)

+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)− 1
)

×eiθ(x,y,t) (35)  

ψ47,48(x, y, t) = ±

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

)

+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(36)  

ψ 49,50 (x, y, t) = ∓

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

−
1

ξ + E

)

+

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

−
1

ξ + E

)− 1
)

× eiθ(x,y,t), when σ = 0 (37)   

ψ51,52(x, y, t) = ∓

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

⎞

⎠ −

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t)

(38)  

ψ53,54(x,y,t)=∓

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2+S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2+S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh(2

̅̅̅̅̅̅̅
− σ

√
(ξ+E))

Rsinh(2
̅̅̅̅̅̅̅
− σ

√
(ξ+E))+S

⎞

⎠

− 1⎞

⎟
⎠×eiθ(x,y,t) (39)   
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For Eqs. (38)-(46), ξ = αcosγx + βsinγy −
(
2a
(
αpcos2γ + βqsin2γ

) )
t, 

θ(x, y, t) = pcosγx + qsinγy + (8T1σ − T3)t, T1 = a
(
α2cos2γ +β2sin2γ

)
, 

T2 = 2(pb1cosγ +qb2sinγ), and T3 = a
(
p2cos2γ +q2sin2γ

)
are used for the 

obtained solutions. 
It is notable to mention here that the obtained hyperbolic function 

solutions and trigonometric function solutions are valid for σ < 0 and 
σ > 0, respectively. 

Graphical explanations of the explored optical solutions 

Mathematical forms of the constructed solutions of the chiral NLS 
equation represent dark, periodic-singular with unequal wavelength, 
periodic with equal wavelength, unsmooth periodic, and other solitons 
profiles. All of the exerted solutions, we only plotted graphically along 
with their physical descriptions of the obtained solutions, given by Eq. 
(13), Eq. (17), Eq. (21), Eq. (25), Eq. (27), Eq. (36), and Eq. (43), which 
represent dark, periodic-singular with unequal wavelength, dark, peri
odic with equal wavelength, periodic, unsmooth periodic, singular pe
riodic and other soliton solutions, respectively. 

To demonstrate the underlying behaviors of the governing model, 
the obtained solutions to the chiral NLS equation for specific values of 
the free parameters are provided as 3D and 2D graphical illustrations. 
Fig. 1(a)–1(c) display spatiotemporal 3D graphs for the real, imaginary, 
and modulus components of the optical solution ψ1(x, y = 0, t), respec
tively. Every real and imaginary part of ψ1(x, y = 0, t) describes a peri
odic soliton. On the other hand, a dark soliton is indicated by the 
modulus portion of the aforementioned solution (see Fig. 1(c)). The 2D 

cross-sectional line plots of these behaviors at t = 0, which are shown in 
Fig. 1(d)–1(f), respectively, can confirm the sorts of behaviors indicated 
below. The real, imaginary, and modulus parts of the optical soliton 
ψ9(x, y = 0, t) are shown in Fig. 2(a)–2(c) as spatiotemporal fluctua
tions, whereas Fig. 2(d)–2(f) show, respectively, 2D line graphs of the 
real and imaginary components, as well as the modulus of the afore
mentioned solution at time t = 0. The real and imaginary parts of ψ9(x,
y = 0, t) demonstrate periodic singular with unequal wave length soli
tons, which are shown in Fig. 2(a) and 2(b), respectively, whereas 
|ψ9(x, y = 0, t)| designates a periodic-singular with unequal wavelength 
soliton (see Fig. 2(c)). These singular soliton solutions are confirmed by 
their 2D plots at t = 0, which are illustrated in Fig. 2(d)–2(f), respec
tively. The same characteristics have been found for the obtained solu
tion ψ17(x, y = 0, t) that of ψ1(x, y = 0, t), which are displayed in Fig. 3 
(a)–3(f). Moreover, Fig. 4(a)–4(c) display periodic soliton with equal 
wavelength for each of real, imaginary, and absolute parts of 
ψ25(x, y = 0, t). These periodic soliton solutions are confirmed by their 
2D plots at t = 0, which are illustrated in Fig. 4(d)–4(f), respectively. 
The 3D plots for the real and imaginary parts of ψ29(x, y = 0, t) are 
exposed in Fig. 5(a) and 5(b), respectively, which indicate periodic 
solutions but unequal wavelength. However, |ψ29(x, y = 0, t)| yields also 
a periodic soliton with equal wavelength (see Fig. 5(c)). The 2D cross- 
sectional line plot of real, imaginary, and modulus parts of ψ29(x, y = 0,
t) at t = 0 are demonstrated in Fig. 5(d)–5(f), respectively. In Fig. 6(a) 
and 6(b), respectively, each of the 3D representations of the real and 
imaginary portion of ψ47(x, y = 0, t) depicts an unsmooth periodic soli
ton. But the graphical illustration of |ψ47(x, y = 0, t) | gives a smooth 
periodic soliton (see Fig. 6(c)). The shape of the smooth and unsmooth 

ψ55,56(x, y, t) = ∓

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(
̅̅̅̅̅̅̅
− σ

√
−

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) − sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(40)  

ψ57,58(x, y, t) = ∓

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)

−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

−
̅̅̅̅̅̅̅
− σ

√
+

2R
̅̅̅̅̅̅̅
− σ

√

R + cosh(2
̅̅̅̅̅̅̅
− σ

√
(ξ + E) ) + sinh(2

̅̅̅̅̅̅̅
− σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(41)  

ψ59,60(x, y, t) = ∓

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠ −

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t) (42)  

ψ61,62(x, y, t) = ∓

⎛

⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√
⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠ −

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ

⎛

⎝
−

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos(2

̅̅̅
σ

√
(ξ + E) )

Rsin(2
̅̅̅
σ

√
(ξ + E) ) + S

⎞

⎠

− 1⎞

⎟
⎠× eiθ(x,y,t) (43)  

ψ63,64(x,y,t)=∓

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)

−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

i
̅̅̅
σ

√
−

2Ri
̅̅̅
σ

√

R+cos(2
̅̅̅
σ

√
(ξ+E))− isin(2

̅̅̅
σ

√
(ξ+E))

)− 1
)

×eiθ(x,y,t) (44)  

ψ65,66(x, y, t) = ∓

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

)

−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

− i
̅̅̅
σ

√
+

2Ri
̅̅̅
σ

√

R + cos(2
̅̅̅
σ

√
(ξ + E) ) + isin(2

̅̅̅
σ

√
(ξ + E) )

)− 1
)

× eiθ(x,y,t)

(45)  

ψ67,68(x, y, t) = ±

( ̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√ (

−
1

ξ + E

)

−

̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

σ
(

−
1

ξ + E

)− 1
)

× eiθ(x,y,t), when σ = 0 (46)   
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periodic solitons is confirmed by their 2D plots (see Fig. 6(d)–6(f)). The 
real and imaginary parts of ψ61(x, y = 0, t) demonstrate periodic- 
singular (see Fig. 7(a)-(b)), whereas |ψ61(x, y = 0, t)| represent U-sha
ped periodic soliton (see Fig. 7(c)). The 2D plots of these periodic- 
singular soliton solutions at t = 0, which are displayed in Fig. 7(d)–7 
(f), respectively, corroborate the existence of these solutions. 

Optical solitons of the CNS model in the presence of Atangana 
derivative 

Preliminaries of fractional derivative 

A generalization of classical calculus is fractional calculus. It has 
numerous uses in many different branches of mathematics, physics, and 
engineering. Fractional partial differential equations (FPDEs), which are 

Fig. 1. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (13) of (a) Re(ψ1(x, y = 0, t) ), (b) Im(ψ1(x, y = 0, t) ), and (c) |ψ1(x, y = 0, t)|
under the selection of free parameters related to the model and method as p = 2, q = 2, b1 = 5, b2 = 5, α = 1.5, β = − 0.5, a = − 1, σ = − 1, R = − 5, S = − 5, E =

1, γ = 300 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 

Fig. 2. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (17) of (a) Re(ψ9(x, y = 0, t) ), (b) Im(ψ9(x, y = 0, t) ), and (c) |ψ9(x, y = 0, t)|
under the selection of free parameters related to the model and method as p = 1, q = 1, b1 = 1, b2 = 1, α = 1.5, β = 2, a = − 1, σ = 10, R = 1, S = 1, E = 0, γ =

300 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 
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used to model physical and engineering processes, are determined to be 
the best at doing so. For their potential use in mathematical physics, 
biology, and nonlinear optics, these equations have grown significantly 
in importance and attraction during the past few years. Numerous def
initions of fractional derivatives (FDs) have been published in the 
literature over the past few years to spread out the new trends in the field 
of fractional calculus and its practical applications in various research 
fields, including the modified Riemann-Liouville derivative [49], 
Caputo derivative [50], Local fractional derivative [51], Conformable 
derivative [52], Atangana-Baleanu derivative [53], Atangana-Baleanu- 
Riemann derivative [54], Atangana’s conformable derivative [55,56], 
Grünwald–Letnikov derivative[57]. In the work of Tarasov [58], the 
author asserted that a fractional operator must adhere to the generalized 
Leibniz rule. Under this definition, it becomes evident that fractional 

derivatives characterized by non-integer orders, exemplified by the 
Jumarie derivative and the local derivative, are inherently incapable of 
meeting the requirements of the Leibniz rule. Furthermore, in their 
study, Cresson and Szafranska [59] delved into an extensive discussion 
concerning various properties associated with Jumarie’s fractional de
rivative, as well as the local fractional derivative, within the context of a 
practical application. Additionally, within the same analytical frame
work, they discussed the chain rule property. Given the challenges in 
determining the most accurate fractional derivatives, this study focuses 
on discussing the definition and various properties of Atangana’s de
rivative or beta derivative. Detailed information about the different FD 
definitions, properties, and limitations can be found in ref. [60]. Due to 
the unavailability of the most accurate fractional derivatives, we will 
discuss the definition and varieties of properties of Atangana’s 

Fig. 3. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (21) of (a) Re(ψ17(x, y = 0, t) ), (b) Im(ψ17(x, y = 0, t) ), and (c) |ψ17(x, y =
0, t)| under the selection of free parameters related to the model and method as p = 1, q = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, 
E = 0, γ = 150 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 

Fig. 4. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (25) of (a) Re(ψ25(x, y = 0, t) ), (b) Im(ψ25(x, y = 0, t) ), and (c) |ψ25(x, y =
0, t)| under the selection of free parameters related to the model and method as p = 1, q = 1, b1 = 1, b2 = 5, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E =

0, γ = 600 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 
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conformable derivative (ACD) or beta derivative. It is mentioned that 
the beta derivative and its properties were initially proposed by Atan
gana et al., [55]. Later on, Atangana and Alqahtani [56] proved that 
beta-derivative can describe the spread of river blindness disease model 
more accurately than Caputo derivative. According to merely the 
fundamental limit definition of the derivative, the definition of ACD as 
forwarded by Atangana et al., [55] is as follows: 

A
0 Dτ

t (f (t) ) = lim
Δh→0

f

(

t + Δh
(

t + 1
Γ(τ)

)1− τ
)

− f (t)

Δh
, for all t > 0, 0 < τ⩽1  

This derivative is also known as the beta derivative. In this study, the 
definition and characteristics of the beta derivative will be used, let us 
recap some of its useful properties in accordance with ref. [49] for a 
better perspective. 

Assuming that, a, b ∈ R, where R is the set of all real numbers, g =

Fig. 5. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (27) of (a) Re(ψ29(x, y = 0, t) ), (b) Im(ψ29(x, y = 0, t) ), and (c) |ψ29(x, y =
0, t)| under the selection of free parameters related to the model and method as p = 1, q = 2, b1 = − 1, b2 = − 3, α = 1.2, β = − 1, a = 1, σ = 1, R = 5, S = 5, E =

5, γ = 450 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 

Fig. 6. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (36) of (a) Re(ψ47(x, y = 0, t) ), (b) Im(ψ47(x, y = 0, t) ), and (c) |ψ47(x, y =
0, t)| under the selection of free parameters related to the model and method as p = 1, q = 1, b1 = 1, b2 = − 1, α = − 0.5, β = 1, a = − 0.5, σ = 1.5, R = 2, S =

− 3, E = − 1.5, γ = 150 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 

K.M. Abdul Al Woadud et al.                                                                                                                                                                                                                



Results in Physics 54 (2023) 107113

10

g(t) ∕= 0 and f = f(t) are two functions τ-differentiable at a point t > 0, 
whereas τ ∈ (0,1], we have. 

(i) A
0 Dτ

t (af(t) + bg(t) ) = a A
0 Dτ

t f(t) + b A
0 Dτ

t g(t), ∀ a,b ∈ R. 
(ii) A

0 Dτ
t (C) = 0, where C is a constant. 

(iii) A
0 Dτ

t (f(t)g(t) ) = g(t) A
0 Dτ

t f(t) + f(t) A
0 Dτ

t g(t). 

(iv) A
0 Dτ

x

(
f(t)
g(t)

)
=

g(t) A
0 Dτ

xf(t)− f(t) A
0 Dτ

t g(t)
(g(t) )2

. 

By considering Δh =
(
t + 1

Γτ
)τ− 1h, h→0 when Δh→0. Therefore, we 

obtain the following useful property: A
0 Dτ

t f(t) =
(
t + 1

Γτ
)τ− 1df(t)

dt . 

Optical solutions of the CNS model in the presence of Atangana 
derivative 

In recent years, a number of researchers have used the FPDEs to 
apply the definition of the ACD and its properties in order to obtain 
analytical solutions using various analytical techniques [61–64]. Being 
inspired by the mentioned study [61–64], we consider the following (2 
+ 1)-dimensional chiral NLS equation with ACD, which reads (τ = 1) 
[28–31]: 

i A
0 Dτ

t ψ + a
(

A
0 D2τ

xxψ + A
0 D2τ

yyψ
)
+ i
(

b1
(
ψ A

0 Dτ
xψ* − ψ* A

0 Dτ
xψ
)
+ b2

(
ψ A

0 Dτ
yψ*

− ψ* A
0 Dτ

yψ
))

ψ

= 0
(47)  

where A
0 Dτ

t ψ , A
0 Dτ

xψ , and A
0 Dτ

yψ denote the Atangana derivative with 
order τ with respect to t, x, y, respectively, and 0 < τ < 1. The 
fractional-order chiral NLS equation in Eq. (47) becomes the integer- 
order chiral NLS equation defined by Eq. (1) when we substitute τ = 1 
in that equation. It is important to point out that the fractional-order (2 
+ 1)-dimensional chiral NLS equation should be taken into account for a 
number of reasons. From a literary perspective, it can be seen that, in 
general, the fiber also accommodates skew rays, which move at angles 
oblique to the fiber axis [65]. In order to describe the dynamics of 
oblique waves in optical fiber, the solutions resulting from such a 
fractional-order equation may be helpful. Additionally, the solutions can 
be helpful in reducing the internet bottleneck, which is a significant 
problem for the telecom sector [66]. Assume the following complex 
linear oblique transformation [67] to the (2 + 1)-dimensional chiral NLS 
equation with ACD: 

Q(x, y, t; τ) = u(ξ)eiθ(x,y,t), ξ

=
αcosγ

τ

(

x +
1

Γτ

)τ

+
βsinγ

τ

(

y +
1

Γτ

)τ

−
v
τ

(

t +
1

Γτ

)τ

, and θ

=
pcosγ

τ

(

x +
1

Γτ

)τ

+
qsinγ

τ

(

y +
1

Γτ

)τ

+
w
τ

(

t +
1

Γτ

)τ

(48) 

With the help of the definition and feasible properties of the ACD 
[55], a complex linear oblique transformation specified by Eq. (48), Eq. 
(47) is converted to the identical ODE specified by Eq. (11). Following 
that, the fractional chiral NLS equation is solved using the unified 
method. We obtain sixty-eight (68) optical solutions that are unique in 
the ACD sense. For the sake of simplicity, we have included two optical 
solutions obtained using the unified method for Set 2 in the sense of 
ACD. Optical solutions to the fractional chiral NLS equation by the 
unified method are given below for solution Set 2: A0 = 0, A1 =

±
̅̅̅̅̅̅̅̅̅
− 2T1

T2

√
, B1 = 0, and w = 2T1σ − T3.  

where i =
̅̅̅̅̅̅̅
− 1

√
, T1 = a

(
α2cos2γ +β2sin2γ

)
, T2 = 2(pb1cosγ +qb2sinγ), 

and T3 = a
(
p2cos2γ +q2sin2γ

)
are used for the obtained solutions given 

by Eqs. (49)-(50). The effects of the fractional parameter will be dis
cussed in the results and discussion section for solutions given by Eqs. 
(49)-(50). 

Results and discussion 

In this section, the physical explanations of some of the optical sol
itons with fractionality, wave obliqueness, free parameters, and propa
gation behaviors to the integer-order and fractional-order chiral NLS 
equation are explained graphically. It is noted here that the graphical 
explanations of obtained solutions for the integer-order chiral NLS 
equation are discussed in the previous section. The novelty of our 
explored solutions via the unified method is concised in Table 1. To the 
best of our knowledge, the fractionalization of the chiral NLS equation in 
the view of Atangana derivative theory with wave obliqueness is studied 
for the first time. 

Effect of wave obliqueness of the obtained solutions 

Oblique waves can significantly reduce the amount of wave over
topping and reduce the wave loads on coastal structures compared to 
perpendicular waves [68]. On the other hand, in optical soliton, the fiber 
also accommodates skew rays, which travel at angles perpendicular to 

ψ17(x, y, t) =
̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

⎛

⎜
⎜
⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

−
(
R2 + S2

)
σ

√

− R
̅̅̅̅̅̅̅
− σ

√
cosh

(

2
̅̅̅̅̅̅̅
− σ

√
(

αcosγ
τ

(

x + 1
Γτ

)τ

+ βsinγ
τ

(

y + 1
Γτ

)τ

−
(2a(αpcos2γ+βqsin2γ))

τ

(

t + 1
Γτ

)τ

+ E
))

Rsinh
(

2
̅̅̅̅̅̅̅
− σ

√
(

αcosγ
τ

(

x + 1
Γτ

)τ

+ βsinγ
τ

(

y + 1
Γτ

)τ

−
(2a(αpcos2γ+βqsin2γ))

τ

(

t + 1
Γτ

)τ

+ E
))

+ S

⎞

⎟
⎟
⎟
⎠

× e
i

(
pcosγ

τ

(

x+ 1
Γτ

)τ

+
qsinγ

τ

(

y+ 1
Γτ

)τ

+
(2T1 σ− T3)

τ

(

t+ 1
Γτ

)τ)

(49)  

ψ25(x, y, t) =
̅̅̅̅̅̅̅̅̅̅̅

−
2T1

T2

√

⎛

⎜
⎜
⎜
⎝

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
R2 − S2

)
σ

√

− R
̅̅̅
σ

√
cos
(

2
̅̅̅
σ

√
(

αcosγ
τ

(

x + 1
Γτ

)τ

+ βsinγ
τ

(

y + 1
Γτ

)τ

−
(2a(αpcos2γ+βqsin2γ))

τ

(

t + 1
Γτ

)τ

+ E
))

Rsin
(

2
̅̅̅
σ

√
(

αcosγ
τ

(

x + 1
Γτ

)τ

+ βsinγ
τ

(

y + 1
Γτ

)τ

−
(2a(αpcos2γ+βqsin2γ))

τ

(

t + 1
Γτ

)τ

+ E
))

+ S

⎞

⎟
⎟
⎟
⎠

× e
i

(
pcosγ

τ

(

x+ 1
Γτ

)τ

+
qsinγ

τ

(

y+ 1
Γτ

)τ

+
(2T1 σ− T3)

τ

(

t+ 1
Γτ

)τ)

(50)   
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the fiber axis [56]. Fig. 8(a)–8(j) and Fig. 9(a)–9(j) presents the effect of 
wave obliqueness of the CNS equation of the attained solutions given by 
Eq. (49) and Eq. (50), respectively when the fractional parameter τ = 1. 
Fig. 8(a)–8(j) exhibit the wave obliqueness for various wave obliqueness 
values γ = 15◦ , 30◦ , 45◦ , 60◦ , 75◦ , 105◦ , 120◦ , 135◦ , 150◦ and 165◦ , 
respectively with choosing specific free parameters as p = 1, q = 1, 
b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E =

0, t = 0. On the other hand, Fig. 9(a)–9(j) also display the wave 
obliqueness for various wave obliqueness values γ = 15◦ , 30◦ , 45◦ , 60◦ , 
75◦ , 105◦ , 120◦ , 145.05◦ , 150◦ and 165◦ , respectively with choosing 
specific free parameters as p = 1, q = 1, b1 = 1, b2 = 1, α = − 0.5, β =

1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, t = 0. Fig. 8(a)–8(j) and Fig. 9 
(a)–9(j) show that oblique waves propagate clockwise in the xy-plane, 

with amplitudes increasing as increases of γ for 0 < γ ≤ 75◦ and 
90◦

< γ ≤ 165◦ , whereas the amplitudes are decreasing with the in
crease of γ for 75◦

< γ < 90◦ and 165◦

< γ < 180◦ . In order to keep this 
study concise, the variation in oblique wave propagation with wave 
obliqueness of γ for 75◦

< γ < 90◦ and 165◦

< γ < 180◦ is not discussed. 
However, it is also evident from Fig. 8(a)–8(j) and Fig. 9(a)–9(j) that the 
wave profiles have changed significantly as the obliqueness has 
increased. The oblique wave amplitude is maximum at γ = 75◦ and γ =

120◦ in the xy-plane within the wave directions 0 < γ < 90◦ and 
90◦

< γ < 180◦ , respectively, as can be seen from the dark profile. 
However, the amplitudes of smooth periodic waves reach the maximum 
at γ = 120◦ and γ = 145◦ in the xy-plane within the wave directions 
90◦

< γ < 180◦ due to the change of wave shape of the solitons. It is 

Fig. 7. Spatiotemporal illustrations of the obtained optical soliton solution given by Eq. (43) of (a) Re(ψ61(x, y = 0, t) ), (b) Im(ψ61(x, y = 0, t) ), and (c) |ψ61(x, y =
0, t)| under the selection of free parameters related to the model and method as p = 0.5, q = 0.5, b1 = 1, b2 = 1, α = 1.5, β = − 0.5, a = − 1, σ = 1, R = − 1, S =

− 1, E = 1, γ = 750 in the xt-plane, and (d)-(f) 2D cross-sectional line plots of (a)-(c) at t = 0, respectively. 

Table 1 
A comparison between the previously published results and the solutions attained in the present study that represent the novelty of our generated solutions.  

Study What type of 
fractional 
derivative 
is applied? 

Is wave 
obliqueness 
applied? 

Reported soliton solutions to the (2 þ 1)-dimensional chiral NLS equation 

Dark 
shaped 

Bright 
shaped 

Kink 
shaped 

Anti-kink 
shaped 

Unsmooth 
periodic 
shaped 

Periodic 
shaped 

Periodic 
singular 
shaped 

Singular 
shaped 

Present studya Atangana derivative √ √ × √ √ √ √ √ √ 
Sulaiman and 

Yusuf [33] 
Not applied × √ √ × × × √ × √ 

Alshahra and 
Yakout [34] 

Not applied × × × √ × × √ × ×

Akinyemi et al.  
[35] 

Not applied × √ √ × × × √ × √ 

Ghanbari and 
Gómez-Aguilar  
[36] 

Conformable 
derivative 

× × × √ × × × √ ×

Awan and Tahir  
[37] 

Not applied × √ × × × × × √ √ 

Wang and Wang  
[38] 

Not applied × × √ √ × × √ × ×

Note: aThe unified method. The symbol √ represents that the wave obliqueness is applied and the indicated solitons are reported, and the symbol × represents that the 
wave obliqueness is not applied and the indicated solitons are not reported.  
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mentioned that the reported periodic, unsmooth periodic, singular pe
riodic shaped, and other solitons exhibit the same pattern as the dark 
and equal wave length periodic solitons. All figures are not presented 
due to the simplicity and briefness of the manuscript. 

Effect of fractionality of the obtained solutions 

Optical soliton solutions combined with wave obliqueness and 
fractionality to the fractional-order chiral NLS equation are obtained via 
the unified method. To illustrate the effects of the fractional parameter 
of the attained solutions |ψ17(x, y = 0, t; γ = 60◦

, τ)| and |ψ25(x, y = 0, t;
γ = 15◦

, τ)| given by Eq. (49) and Eq. (50), the spatiotemporal variations 
are presented in Fig. 10(a)-(e) and Fig. 11(a)-(e) through 3D graphs, 
respectively under the consideration of different fractional values (τ =

0.15, 0.25, 0.50, 0.75, 0.95). For preparing Fig. 10, the selected free 
parameters are p = 1, q = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a =

0.1, σ = − 1, R = 1, S = 1, E = 0 for solution 
|ψ17(x, y = 0, t; γ = 60◦

, τ)|. On the other hand, for preparing Fig. 10, the 
selected parameters are p = 1, q = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, 
a = − 0.5, σ = 1, R = 2, S = 4, E = 0 for solution 

|ψ25(x, y = 0, t; γ = 15◦

, τ)|. The 2D cross-sectional plot along x-axis at 
t = 0 for these mentioned solutions are shown in Fig. 10(f) and Fig. 11 
(f), respectively for the consideration of different fractional values (τ =

0.15, 0.25, 0.50, 0.75, 0.95). It can be seen from Fig. 10(f) that the 
surface wave profiles along the x-axis are not a complete form of dark for 
τ = 0.15,0.25,0.50,0.75. However, the amplitudes are slightly increased 
with the increase of the fractional parameter. Moreover, the profile 
completes the forms of a dark soliton when we choose τ = 0.95. It can be 
also seen from Fig. 11(f) that the number of oscillations of the periodic 
wave increases with the increase of fractional parameters. However, it is 
discovered that the wave profiles’ amplitudes for the various values of 
τ = 0.15, 0.25, 0.50, 0.75, and 0.95 are nearly identical, but they change 
into the x-axis. It is previously mentioned that the above solutions 
represent the dark and periodic profiles when we consider τ = 1. 

Effects of free parameters with model and transformation 

For dark and periodic solitons Fig. 12(a)-12(c) and Fig. 14 (a)-14(c) 
represent the effects of free parameters b1, b2, and a of the chiral NLS 
model equation, and Fig. 13(a)-13(d) and Fig. 15(a)-15(d) represent 

Fig. 8. Effects of wave obliqueness of the attained solution |ψ17(x, y, t = 0; γ)| with τ = 1 given by Eq. (49): (a)-(j) γ = 15◦

,30◦

,45◦

,60◦

,75◦

,105◦

,120◦

,135◦

,150◦

,

165◦ , respectively under choosing specific free parameters as p = 1, q = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, t = 0. 

Fig. 9. Effects of wave obliqueness of the attained solution |ψ25(x, y, t = 0; γ)| with τ = 1 given by Eq. (50): (a)-(j) γ = 15◦

,30◦

,45◦

,60◦

,75◦

,105◦

,120◦

,145◦

,150◦

,

165◦ , respectively with choosing specific free parameters as p = 1, q = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, t = 0. 
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the effects of free parameters p, q, α, and β transformations of the chiral 
NLS mode equation. In Fig. 12(a), it can be seen that the soliton profiles 
along the x-axis are changed for all values of the free parameter b1 = 1, 
2, 4. Fig. 12(a) demonstrates that the amplitude decreases as the in
creases of the values b1 and the phase component is also changed. 
Similar tendencies have been found for the values of b2 = 0.1, 0.5, 0.9, 
p = 1, 2, 4 and q = 1, 2, 4, which are shown in Fig. 12(b), Fig. 13(a), and 
Fig. 13(b), respectively. Fig. 12(c) represents the different values of a =

0.25, 0.50, 0.75 and 1. From Fig. 12(c), it is visible that the amplitude 
increases as the increases the values of a. Similar tendencies have been 
found for the values of β = 0.25, 0.50, 0.75, and 1, which is shown in 
Fig. 13(d). Fig. 13(c) when the value of a ( − 0.75, − 0.25) increases the 
amplitude propagation toward the negative direction of x-axis. Simi
larly, the value of a (0.25,0.75) increases the amplitude and also 
propagates toward the negative direction of x-axis. From Fig. 14(a), it is 

visible that the amplitude gradually decreases as the increases of the 
values b1 = 1, 2, 3 which propagate toward the positive direction of 
x-axis. A similar propensity has been found for the values of b2 = 1, 2, 3, 
a = − 0.3, − 0.2, − 0.1, p = 1, 2, 3, q = 1, 3, 5, and α = − 0.6, − 0.5, 
− 0.4, which are shown in Fig. 14(b), Fig. 14(c), Fig. 15(a), Fig. 15(b) 
and Fig. 15(c), respectively. In Fig. 15(d), the amplitude gradually in
creases as the increases of values β = 0.2, 0.8, 1.4. 

Wave propagation behaviors of the obtained optical solutions 

Fig. 16 shows the propagation behavior of the dark soliton solution 
|ψ17(x, y, t, γ = 60◦

)| for a sequence of times t = − 30, − 20, − 10, 0, 10, 
20, 30. The dark soliton’s position in the xy-plane changes as time (t)
rises, as can be seen in Fig. 16(a)-16(g). However, the shape of the 
soliton and its amplitude remain unchanged. By examining its cross- 

Fig. 10. Effects of the fractionality on the obtained solution |ψ17(x, y = 0, t; γ = 60◦

, τ)| given by Eq. (49): (a)-(e) τ = 0.15, 0.25, 0.50, 0.75, 0.95, respectively for 
choosing specific free parameters as p = 1, q = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, y = 0, and (f) the variation of the 2D 
cross-sectional plots of (a)-(e) at t = 0. 

Fig. 11. Effects of the fractionality on the obtained solution |ψ25(x, y = 0, t; γ = 15◦

, τ)| given by Eq. (50): (a)-(e) τ = 0.25, 0.45, 0.65, 0.75, 0.95, respectively for 
choosing specific free parameters as p = 1, q = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, y = 0, and (f) the variation of the 2D 
cross-sectional plots of (a)-(e) at t = 0. 
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sectional plots along y = 0 at different times t = − 30, − 20, − 10, 0, 10, 
20, 30, the dark soliton’s aforementioned propagation behavior is 
validated. The soliton is propagating from the positive side of the x-axis 
to its negative side with an increase of time, as can also be observed from 
Fig. 16(h). For a sequence of times t = − 9, − 6, − 3, 0, 3, 6, 9 and 
assuming the free parameters as p = 1, q = 1, b1 = 1, b2 = 1, α =

− 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, the propagation 
behaviour of the periodic soliton solution |ψ25(x, y, t, γ = 45◦

)| is shown 
in Fig. 17. As time (t) increases, the position of the dark soliton in the 
xy − plane changes, as shown in Fig. 17(a)-17(g). The propagation 
behavior of the dark soliton at different times t = − 9, − 6, − 3, 0, 3, 6, 9 
is validated by its cross-sectional plots along y = 0. The soliton propa
gates with increasing time from the negative side of the x-axis to its 
positive side, as shown in Fig. 17(h) as well. 

Conclusions 

The (2 + 1)-dimensional chiral NLS equation equation is examined in 
this study in order to discover some innovative soliton solutions and 
wave obliqueness using the unified method. The key findings of this 
investigation are presented here. The unified method yields dark, peri
odic singular with unequal wavelength, periodic with equal wavelength, 
periodic, unsmooth periodic, and singular periodic soliton solutions 
which are presented in Figs. 1-7. The applied methods have also added 
some novel oblique wave solitons to the investigated equation. As the 
obliqueness and fractionality change, it has been shown that the wave 
profile also changes. The 3D graphical illustrations and 2D cross- 
sectional graphics for different values of various parameters are repre
sented to understand the effects of the changing values of the parameters 
on the attained solutions. Figs. 8-9 provide a graphic illustration of the 
impact of wave obliqueness on the dark and periodic soliton. Due to 

Fig. 12. Effects of the free parameters on the chiral NLS equation for the obtained solution given by |ψ17(x, y = 0, t = 0, γ = 60◦

)|: (a) b1 when p = 1, q = 1, b2 = 0.1, 
α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, (b) b2 when p = 1, q = 1, b1 = 1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, (c) a when p = 1, q = 1, 
b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0. 

Fig. 13. Effects of the free parameters on the transformations of the chiral NLS equation for the obtained solution given by |ψ17(x, y = 0, t = 0, γ = 60◦

)|: (a)p when 
q = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, (b)q when p = 1, b1 = 1, b2 = 0.1, α = 1.2, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E =

0, (c), α when p = 1, q = 1, b1 = 1, b2 = 0.1, β = − 1, a = 0.1, σ = − 1, R = 1, S = 1, E = 0, (d)β when p = 1, q = 1, b1 = 1, b2 = 0.1, α = 1.2, a = 0.1, σ = − 1, R = 1, 
S = 1, E = 0. 
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the increase in wave obliqueness γ (0 < γ < 90◦ and 90◦

< γ < 180◦

), it 
is discovered that the soliton rotates in a clockwise manner. The effects 
of fractionality are presented in Figs. 10-11. On the other hand, Figs. 12- 
15 show the cross-sectional plots and physical descriptions of the im
pacts of the free parameters (a,α, β, b1, b2, p, q) on the investigated dark 
and periodic solitons. It is discovered that the dark and periodic soliton 
profiles change as the free parameters change. As time increases, all the 
attained solitons propagate in the xy-plane. The wave propagation be
haviors of the obtained solutions are explained graphically in Figs. 16- 
17. The summarized results indicate that the wave propagation of soli
tons is controlled by the free parameters and wave obliqueness. The 
described solitons can also be utilized to explain the wave propagation 

behaviors in physical and telecommunication systems, which is another 
significant point to emphasize here. Therefore, the obtained optical so
lutions could assist the researchers in further investigations to explain 
unknown wave approaching obliqueness in the field of fiber optics and 
optical communications. 

Compliance with ethical standards 

This article does not contain any studies with human or animal 
subjects. 

Fig. 14. Effects of the free parameters on the chiral NLS equation for the obtained solution given by |ψ25(x, y = 0, t = 0, γ = 15◦

)|: (a) b1 when p = 1, q = 1, b2 = 1, 
α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, (b) b2 when p = 1, q = 1, b1 = 1, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, (c) a when p =

1, q = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, σ = 1,R = 2, S = 4, E = 0. 

Fig. 15. Effects of the free parameters on the transformations of the chiral NLS equation for the obtained solution given by |ψ25(x, y = 0, t = 0, γ = 15◦

)|: (a) p when 
q = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, (b) q when p = 1, b1 = 1, b2 = 1, α = − 0.5, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, 
E = 0, (c) α when p = 1, q = 1, b1 = 1, b2 = 1, β = 1, a = − 0.5, σ = 1, R = 2, S = 4, E = 0, (d) β when p = 1, q = 1, b1 = 1, b2 = 1, α = − 0.5, a = − 0.5, σ = 1, 
R = 2, S = 4, E = 0. 
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[59] Cresson J, Szafrańska A. Comments on various extensions of the Riemann-Liouville 
fractional derivatives: About the Leibniz and chain rule properties. Commun 
Nonlinear Sci Numer Simul 2020 Mar;1(82):104903. 

[60] Teodoro GS, Machado JT, De Oliveira EC. A review of definitions of fractional 
derivatives and other operators. J Comput Phys 2019 Jul;1(388):195–208. 

[61] Ismael HF, Bulut H, Baskonus HM, Gao W. Dynamical behaviors to the coupled 
Schrödinger-Boussinesq system with the beta derivative. AIMS Math 2021 Jan 1;6 
(7):7909–28. 

[62] Kumar D, Paul GC, Seadawy AR, Darvishi MT. A variety of novel closed-form 
soliton solutions to the family of Boussinesq-like equations with different types. 
J Ocean Eng Sci 2022 Dec 1;7(6):543–54. 
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